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Abstract

We study, by using tools of the dynamical system theory, a fermionic string
streched from a non-commutative D2-brane (stack of DO-branes in the BFSS
model) to a probe DO-brane as a quantum system driven by a chaotic system,
the (classical and quantum) chaos being induced in the D2-brane dynamics by
quantum fluctuations. We show that this dynamics with fluctuations induces
a decoherence phenomenon on the reduced density matrix of the fermionic
string which is characteristic of the chaotic behaviour since it presents an
horizon of coherence. Moreover, we show that this dynamics is associated
with an invariant torus which involves extradimensions emerging from the
fluctuations for the viewpoint of the fermionic string, extending a 3D space by
six compact dimensions. The situation studied can be considered as a model
of qubit (supported by the fermionic string) in interaction with a quantum
black hole (modelized by the non-commutative D2-brane).

Keywords: brane mechanics, matrix model, quantum fluctuations,
decoherence, quantum chaos, extradimensions, black hole

(Some figures may appear in colour only in the online journal)

1. Introduction

In a recent paper [1], we have studied the decoherence phenomenon induced on a qubit
(supported by the spin of a fermion) falling into a black hole. This study has needed some
strong semi-classical approximations in quantum field theory on curved space-time (only first

! Author to whom any correspondence should be addressed.

1361-6382/18/135007+18$33.00 © 2018 IOP Publishing Ltd  Printed in the UK 1


https://orcid.org/0000-0001-9284-3088
mailto:david.viennot@utinam.cnrs.fr
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6382/aac603&domain=pdf&date_stamp=2018-06-04
publisher-id
doi
https://doi.org/10.1088/1361-6382/aac603

Class. Quantum Grav. 35 (2018) 135007 D Viennot and L Aubourg

quantization of the fermion, localization of the qubit (WKB approximation), adiabatic approx-
imation of the dynamics). In the present paper, we want to consider this problem in a ‘quantum
gravity context’. An interesting model of quantum black holes arises in the matrix model with
D-branes [2—4]. In the BFSS (Banks—Fischler—Shenker—Susskind) matrix theory [5], a stack
of DO-branes forms a noncommutative D2-brane represented by Hermitian matrices (the non-
commutative coordinates on the D2-brane). The initial conditions on these matrices fix the
topology of the D2-brane (as for example a fuzzy sphere) and adding small initial fluctuations
induces thermalization of the system in a state corresponding to a black hole horizon. By add-
ing a fermionic string stretched from the D2-brane to a probe D0-brane, as for example in [3],
we have a qubit model supported by the spin inner degree of freedom of the fermionic string. It
has been proved [6-8] that under these conditions the matrix brane dynamics involves chaotic
motions. The fermionic string is then driven by a chaotic system. In previous papers [9-11]
we have shown that quantum systems driven by chaotic flows are distinguished from quantum
systems driven by random noises by a phenomenon called horizon of coherence, i.e. a dura-
tion at the beginning of the dynamics in which the quantum coherence is sustained before to
fall with an increase of the entropy. In the present paper, we want to study this phenomenon
for a fermionic string in contact with a D2-brane. Moreover we have proposed in [12] a natu-
ral mathematical approach to study quantum systems driven by chaotic flows, based on the
Schrodinger—Koopman formalism [13—15]. This formalism is a generalization of the Floquet
theory for which we have shown [16] that it has similarities with the classical string theory. In
particular, a closed extradimension must be added to the control manifold (playing the role of
the space) in the context of this Floquet theory. In this paper, we want to show that by a similar
mechanism, compact extradimensions emerge from the quantum chaotic fluctuations from
the viewpoint of the fermionic string treated by the Schrédinger—Koopman approach. For this
reason, at the starting point we consider a matrix model in a 3D space, the other compact six
dimensions of the BFSS model emerging from the fluctuations in our approach. Note that the
reduction to three dimensions, can also be interpreted as an orbifold reduction as in [3].

This paper is organized as follows. Section 2 presents elementary ingredients of the BFSS
matrix theory. The different models used for the numerical simulations are also presented.
Section 3 studies the dynamics of the quantum fluctuations, in particular we show the exist-
ence of an invariant torus in the phase space of the matrices modelizing the noncommutative
D2-brane. Section 4 presents the main results of this paper concerning the dynamics of the fer-
mionic string driven by the D2-brane: a quantum chaos signature in its spectrum, an horizon
of coherence in the evolution of its reduced density matrix and the emergence of the compact
extradimensions from the fluctuations. Throughout this paper, our results are enlighten by
numerical simulations. In particular, we drawn the geometry of the compact extradimension
manifold emerging in our approach.

Throughout this paper, we consider the unit system such that h=c=G=1
(¢p = tp = mp = 1 for the Planck units).

2. The BFSS model

In this section we present the elementary ingredients of the BFSS theory, to more details the
reader can see [5, 17, 18].
We consider a stack of N DO-branes in a 3D-space, represented by Hermitian matrices

X; € Mywn(C) for i = 1,2,3 (noncommutative coordinates for the D2-brane formed by the
P

stack). Intuitively, X’ = <f1 S1i2> represents a stack of two DO-branes with coordinates
S X
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in the target space R® {x\}; and {x}};, linked by a bosonic string of oscillation radii {|s’,|}:
(arg s', is the phase for the oscillation in the i-direction).

We consider also a probe DO-brane of coordinates x; € R and a fermionic string linking the
D2-brane to the probe brane described by a state:

wl v
Wy =N : [+]Hhe]| | €C*®CN Wecaninterpret )¢ as ¢ (x,) (x, being
o ey
the pseudo-position of the ath DO-brane of the stack): the spatial delocalisation of quantum
particles is replaced by the quantum superposition of N attachment points for the string. The
inner degree of freedom modelized by the Hilbert space C? (with canonical basis (| 1), | 1)) is

the spin of the fermionic string.
The total system is represented by the matrices:

o W) ) ®

where |dx;) € CV represents quantum fluctuations of the vacuum creating and annihilating
bosonic strings linking the stack (the D2-brane) to the probe DO-brane. |dx;(t = 0)) is ran-
domly choosen following a Gaussian law.

The dynamics of the system is governed by the Lagrangian densities:

1... 1 o
w%mson - ixlxi + Z [Xj, Xl] [Xj, Xz] (2)
Lermion = _Z\I]T‘i] + \I]To'i by [Xi» \IJ] 3)

involving the following equation of motion:
X, — [X,.[X, X/)] = 0 )
with the Gauss constraint [X, Xl =0,

) = o' ® (X; — x;)|) Q)

{X;}: obeys then to a matrix classical wave equation (X, [X;, X/]] taking the role of a non-
commutative Laplacian). The string state |¢}) obeys to a Schrddinger equation with quantum
Hamiltonian H(1) = o ® (X;(t) — x;(¢)) [3, 19].

The initial conditions concerning X;(t = 0) fix an initial topology for the noncommutative
D2-brane. Usually, the works concerning such a model use a fuzzy sphere at # = 0. In order
to test the independance of our analysis from the initial topology we consider also a fuzzy
ellipsoid, a fuzzy cylinder, a fuzzy torus and two noncompact noncommutative manifolds, a
noncommutative plane and a fuzzy hyperboloid. The characteristics of these models are pre-
sented table 1. Numerical simulations for the integration of equation (4) are realized by using
a leap-frog integrator as in [2]. For the non-compact manifolds, a cutoff in the basis is realized
which needs a numerical correction to avoid numerical artefacts (see appendix). The integra-
tion of the Schrodinger equation (5) is realised by a split operator method for the evolution

operator: U(ty, 0) ~z e~ H" A1 o=tH A for g partition 0 < f; < ... < 1, of step At equal
to the one used in the leap-frog integrator.
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Table 1. Noncommutative manifolds used as initial conditions for the D2-brane
(see also [20]). For the numerical simulations, the choosen parameters of the models are
a=150=04and k= 12.5.

Manifold Algebra Coordinates

Fuzzy sphere X; = ]l J;

Fuzzy Jj-representation of su(2)(N = 2j + 1) [J;,J;] = vejudi

ellipsoid X, = %Jl, X, = ;?]2, X; = ]l,]3
Fuzzy Jj-representation of iso(2)(N =2j+1) [C,V] =V X, = Lyt

cylinder b2y

’ Xo = 105X = 5C

Fuzzy torus

v4vi v—vt
=4 X =

N—1 N—1 _
C=3 Cn)(n|V =73 Vyn)(n+1| 2 e

n=0 n=0 5 X3 =C.
with [N) = |0), G, = 5L sin(Z®2)) and
(27r(u+5+0.5) )

Vo= C(;\b;a cos(:"r/N) + % (e R+’ S [0’ ID
NCplane  c¢cr algebra (N = +00) [a,a™] = id X =otgt X, = o=t X, =0
Fuzzy k-representation of X; = % K;
hyperboloid ~ su(1,1)(N = +00) [K1,Kz] = —1K3, [K3, K] = 1Ko,

[KQ,K3] = ZK]

3. Dynamics of the quantum fluctuations

3.1 D-brane equation with fluctuations

The equation X; — [X;, [X;, X]] = 0 corresponds to the set of coupled equations:

% = % 1% %]

1033637 = [6x7) (05]) — {103) (571, X; — )

18) (01 (X7 = ) = (00 — ) dx) (3 ©)
i = 2(65](X; — x)|67) — 2Re((3x5] (X7 — 27)[6x)) ™

|03) = — [X — x?|6x) — ([Xi, X'] — (X7 = 27) (X; — x:))|0x;)
— (6x718x;)|0x;) + (2(0x;|0x7) — (6x7|6x;)) |6x;7) (8)

where |A|> = A;A’ for a set of matrices {A;}i=123 and {-,-} denoting the anticommutator.
We are interested by the last equation which governs the evolution of the fluctuations. Some
examples are drawn figure 1. We see that the fluctuations evolve until to reach a plateau corre-
sponding to the thermalization of the system (the system with the fluctuations has reached
a steady state). The existence of this long term stability suggests that the dynamical system
described by (|dx;)); presents an invariant manifold.
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Fluctuations for a fuzzy sphere Fluctuations for a fuzzy ellipsoid
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Fluctuations for a fuzzy torus Fluctuations for a NC plane
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0.4
— llléxs>]| — llioxs>||
0.3y — llléxz>ll — llisxe>ll
02 — lloxs>]l — llléxs>|l
0.1
t t

50 100 150 200

Figure 1. Evolution of the amplitudes of the fluctuations |dx;(7)), for the fuzzy sphere,
ellipsoid, torus and the noncommutative plane. Initial conditions for |dx;(r = 0)) are
choosen following a Gaussian law with o = 0.01. The number of D0O-branes is N = 201
(for the noncommutative plane the cutoff is N = 11) (simulations show that the
thermalization duration grows with N).

3.2. Existence of an invariant torus

We consider the nonlinear equation (8) where we treat {X;}; and {x;}; as being constant (the
variations of these quantities are supposed very slow compared to the variations of {|dx;)};
and we consider them as being frozen in a first time).

We restrict our attention to the case N = 1 which is instructive for our discussion, |dx;) is
then reduced to be a complex scalar dx; € C obeing to the nonlinear equation:

83 = —||X — x|20x; + (X! — x9)(X; — x;)0x; — 20xT6x;0x; + 26x;:0x75x;.
©)
We can rewritte this equation as
6x; = Fi(dp) = dpi
{5pi = Fi(ov) (10)

where dp; € C is the momentum associated with dx;, F;(0x) being the right hand side of the
equation (9). We adopt the notations such that the indices 7, i, i and i respectively stand for dx;,
dpi, 6x; and &p; . These equations define a dynamical system in the phase space I' = C® ~ R!2,
It is clear that dx; = 0 and dp; = 0 (Vi) is a fixed point of the dynamical system. Since the
quantum fluctuations are small, the starting point of the dynamical system is in the neighbour-
hood of 0. The Jacobian matrix of the dynamical system is

OF

OF = o5t = =|IX = x|} + (X; = x) (X; — )
7

— 26xi6x; — 2@5}%5} + 40x;0x7 (11)
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H 6Fg i
5F;’ = 8(57)9- = —20x;0x; + 2§xk§xk§j (12)
. OF .
OF/ = LY
5 } (13)

and OF; = 8ng = 8F,j = 8Flj = 8F;7 = 0. It follows that the Jacobian matrix at O (in the
representation (i, 1,1, 1)) is

S 0
OF |(sx6p)=0 = (0 S) (14)

0 —I
5= (id3 0) (15)

where [ is the following ‘inertia matrix’:

with

Y22+Y32 - —Y\Y3
I=| -/ Yi+Y; —-DY; (16)
-YY; -hY; Yi+Y;

with ¥; = X; — x;. Sp(S) C @R, indeed let A be an eigenvalue of S: Se = le. e = (e,¢)
—le = AC d then —Ie = M.

e e
A e Sp(—I), but I > 0 and then MN<0 <= AeiR. S being real, its spectrum contains
three couples of conjugated purely imaginary eigenvalues.

The 12 local Lyapunov values of the dynamical system in the neighbourhood of 0 being
purely imaginary, the fixed point is simply stable, the evolution of dx is then quasi-periodic
with 3 fundamental frequencies (the eigenvalues of v/7) and the phase trajectory in T is
wrapped around an invariant 6-torus T¢. By the KAM (Kolmogorov—Arnold—-Moser) theorem
[21], the torus is stable under the perturbations induced by the fluctuations of X and x, and it
is slowly deformed with the global evolutions of X(#) and of x(¢).

Now we consider the case N > 1. By a similar approach, the Jacobian matrix at O of the
dynamical system governing the quantum fluctuations is

S 0 0 Iy
OF|(j62).13p))=0 = (0 s)’ 8= (idSN 0> (17)

with the My «y(C)-valued ‘inertia matrix’

with é,e € C3. The eigenequation is equivalent to

Y22+Y32 —Y2Y1+[Y1,Y2] —Y3Y1+[Y1,Y3]
Iy=|-Y1Y2+ Y2, Y] Y} +Y3 —Y3Y, + [V, V3] | . (18)
—Y1Y3 4 [V3,Y)] —YoY3 + [V3, 15 Yi +7Y;

Let |0x;) = 0x;|u;) be a decomposition of the fluctuation vectors with dx; being the complex
amplitude of the quantum fluctuations and |;) being the ‘polarization’ of the fluctuations (with
|lu;(r = 0)|| = 1). We set that dx; obeys to the same equation that in the case N = 1 (with an
abelianization of the brane coordinates):
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8% = —tr]X — x[*0x; + tr (X7 — x/)(X; — x7)) 6x; (19)
- 2@5)9-5)6,- + 20x;0x 0x;.

It follows that the Jacobian matrix of this equation is the same than for N = 1 with the inertia
matrix:

(Y2 +7Y3) —u(V1Ya) —u(V1Ys)
I=| —au("Y2) wu(Y?+7Y) -—uYs) |. (20)
—tI‘(Y1Y3) —tl‘(YzY3) tr(Y12 + YZZ)

The phase trajectory of dx is then wrapped around a 6-torus T®.
Concerning the polarization, it obeys to

dln 6x,-|ul>

da
. . . §xj
—trm ([X;, X/] — (X7 = x')(X; — x))) — |u;)

\u,) = —trm |X —.x|2|bt,'> -2

0x
+ | Ox/ox; — 2@5)615)0 |uz)
J Ox; J !

+ (2M6x16xj<ui|u1> — 6x/6xj<u’|u,->) |uj) @1)

where trmA = A — trA.
In order to illustrate the deformation of the invariant torus with respect to the evolution of
X(f) and x(f), we can draw the Lyapunov frequencies of the dynamical system with respect

to t, see figure 2. The effect of the thermalization can be also viewed with the evolution of the
Lyapunov frequencies.

3.3. Dynamics onto the invariant torus

Now we want describe the dynamics of the fluctuations onto the invariant torus TS. The linear-
ized dynamics is defined by

3

Sx(t) =~ Z(caekaléa +dae™ e (22)
a=1
3
3p(t) 2> (cae™'eq + dae™ '}, (23)
a=1

where A\, € @R are the Lyapunov values and —1&, = M e, €0 = Aala (Seq = Aqen and

Ser = —\qe}, the star denoting the complex conjugation).
o = ;- 6x(0) + e, - 0p(0) (24)
do = éq - 6x(0) + &4 - 0p(0). (25)

Let {0a}aef1...6) be the local coordinates onto T®. Since the previous equations represent a

.....

phase trajectory wrapped around T®, the immersion equations of T® into C® are
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Local Lyapunov frequencies for a fuzzy sphere Local Lyapunov frequencies for a fuzzy ellipsoid
25
20
_ 20
15 [A1] — M
— Al 15 — |A2|
10 — gl — |Asl
10
5 5
- . =t L L L =t
100 150 200 50 100 150 200
Local Lyapunov frequencies for a fuzzy torus Local Lyapunov frequencies for a fuzzy cylinder
15
— Ml — Ml
— A2l 10 — Al
— 1Al — A4
5L
. . oy . . . ot
100 150 200 100 200 300 400

Figure 2. Evolution of the local Lyapunov frequencies of the equation (19) (Sp(+/7)) for
fuzzy sphere, ellipsoid, torus and cylinder. The initial fluctuations are choosen following
a Gaussian law with ¢ = 0.01. The number of DO-branes is N = 201.

3
0x Y (ca€éq + dae'’ e (26)
a=1
3
p Y (cae’q + dae0e}). (27)
a=1

We rewrite these equations as

6

5)6,‘ = Z ;",'aezea (28)
=1
6

opi =Y Fiae'’e (29)
=1

with Fio, = Calaiif a < 3, Fiq = do_3e*_, . if o > 3. It follows that

a—3,i

6
Spi =1 Fiae* 0o (30)
=1

Finally we v&irite op; = 1RO where the matrix R is defined by the elements Fine@~. We have
then § = —R~'5p. The dynamics onto T® is then defined by the equation

6 = SmR(0)"'F(x(0)) 31)
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where x : TO — C3is defined by x(0) = 30 _ (ca€Pén + dpe’>+3é%),and F : C° — Clis
defined by F;(0x) = —tr|X — x[20x; + tr (X7 — x/)(X; — x;)) 6x; — 20x06x;0x; + 28x;0x7x;.

Finally we have § = F(0) with
F=SmR 'Fo X- (32)

Remark. Note that at the linear approximation, 6, (f) ~ A.t and 0,43(f) ~ — A1, it fol-
lows then 0, (¢) ~ —0,13(1).

4. Dynamics of the fermionic string

4.1. Chaotic behaviour

We consider now the dynamics of the fermionic string governed by equation (5) with the
Hamiltonian H" = ¢/ ® (X; — x;). The dynamics of the string is indirectly affected by the
fluctuations included in the dynamics of X and x. Following [6-8], these dynamics are cha-
otic. We can verify this fact by studying the dominant asymptotic Lyapunov exponent ) of the
dynamics of X, figure 3. A > 0 confirming its chaotic behaviour. The numerical simulations
show that the value of ) is highly dependent from the model and from the initial fluctuations.
The spin of the fermionic string is then driven by a classical chaotic system.

The classical chaos in the dynamics of X(¢) is established, but we want to know if the
quantum Hamiltonian H®" presents quantum chaos. A commonly used criterion of quantum
chaos is the level spacing distribution (LSD) of the spectum [22]. A regular system presents
a LSD as Dirac peaks, a (pseudo)-random system presents a LSD as a Poisson distribution
and a chaotic system presents a LSD as a Wigner-Dyson distribution. The LSD for H° for
a fuzzy sphere at a time after thermalization is represented figure 4. We see clearly that the
LSD of H®' (after thermalization) follows a Wigner—Dyson distribution characteristic of the
quantum chaos (we have the same results with the other models). It is interesting to note that
the thermalization does not involve a pseudo-random behaviour but well a quantum chaotic
behaviour.

We have then both classical and quantum chaos: in the classical evolution of X and in the
quantum dynamics governed by H°'.

4.2. Horizon of coherence of the reduced density matrix

Let 1)) be the state of the fermionic string solution of equation (5). We consider the reduced
density matrix:

p = trev ) (¢ (33)

corresponding to the mixed state of the spin of the string. This spin is subject to the entangle-
ment with the string attachment degree of freedom, to the classical chaotic fluctuations of X
and x, and to the quantum chaos induced by H®" after the thermalization. In previous works
[9-11], we have shown that a quantum system submitted to a chaotic flow presents an horizon
of coherence, an initial duration where the quantum system is preserved from the decoher-
ence phenomenon induced by the chaos. This horizon of coherence is a quantum version of
the horizon of predictability of the classical chaotic flows (see discussion in [12]). In order
to study this point for the spin of the fermionic string, we consider the coherence |(1 [p] 1}
of the averaged density matrix p (the average being realized on the initial conditions of the
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Lyapunov exponent for a fuzzy sphere

!

0 50 100 150 200

t

Figure 3. %ln M (computed with the Sprott algorithm [7]) with X(¢) and
Xo(?) the dynamics of the D2-brane respectively with and without fluctuations in the
initial conditions, with ||X|| = /||X;|]2]|IX?||l2 (| - || being the usual matrix norm). The
system is a fuzzy sphere with the initial fluctuations choosen following a Gaussian law
with 0 = 0.01. The number of DO-branes is N = 201. The curve tends to the dominant
Lyapunov exponent \ = 0.75.

' LSD for a fuzzy sphere
1.0

0.8}

0.6}
0.4}

0.2}

\
Ll

\
\

0.0

Figure 4. Level spacing distribution of H®M = ¢/ ® (X; —x;) at a time after the
thermalization for a fuzzy sphere with the initial fluctuations choosen following a
Gaussian law with ¢ = 0.01, compared with the Poisson distribution (green) and with
the Wigner—Dyson distribution (red). The number of DO-branes is N = 201.

fluctuations) and its von Neumann entropy S(p) = —tr(plnp). The results are compared with
the coherence and the von Neumann entropy of the reduced density matrix py for Xy without
fluctuation, in order to distinguish the effects due to the quantum entanglement (present in the
two cases) from the effects of the chaos (present only with the fluctuations). Some results are
drawn figure 5. We see the existence of the horizon of coherence before the fall of the coher-
ence and the increase of the entropy, in accordance with the chaotic behaviour. Note that we
have the same thing for p (without average on the initial fluctuations) but with strongly noisy

10
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coherence for a fuzzy sphere von Neumann entropy for a fuzzy sphere
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Figure 5. Coherence and von Neumann entropy of the spin mixed state of the fermionic
string, for Xy without fluctuation (po) and for X with fluctuations (p), with fuzzy sphere,
torus and hyperboloid. The initial fluctuations are choosen following a Gaussian law
with o = 0.01. The number of DO-branes is N = 11 (for the fuzzy hyperboloid the cutoff

is N = 11). The vertical line indicates the horizon of coherence. The initial condition for
the string is [¢(r = 0))) = %ﬂ N+ ®(1,0,..,0).

curves. In contrast with the quantum systems studied in [12], we do not see any correlation
between the horizon of coherence and the dominant asymptotic Lyapunov exponent. This fact
is maybe due to the possibility that the decoherence is dominated by the quantum chaotically
behaviour of H' rather than by the classical chaotically behaviour of X(t), even if the hori-
zon of coherence is shorter than the thermalization duration. In fact, after a lot of numerical
simulations with each model of D2-brane and for different values of o (initial dispersion of the
fluctuations), we have noted that for the small values of o, the horizon of coherence follows a
law of the form ty = —alno — 8 (with «, § > 0 depending on the D2-brane model), and for
the large values of o, it follows a law of the form ty = % + § (withy > 0, § € R depending
on the D2-brane model). These laws are empirical, a more theoretical analysis needs a better
understanding of the quantum chaos or of the intertwining between classical and quantum
chaos, which is not the subjet of this paper.

1
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4.3. Schrédinger—Koopman approach and emergent extradimensions

The natural mathematical structure to study a quantum system driven by a chaotic flow is the
Schrodinger—Koopman approach [13]. It consists to enlarge the Hilbert space of the quantum
system by L*(T',du(q)) the space of square functions on the stable phase space I' of the
chaotic flow (u is a probability measure on I' preserved by the flow). In this enlarged Hilbert
space, the dynamics is governed by a Koopman Hamiltonian Hx = —tF*(q) % ®id + H(q)
where H is the usual quantum Hamiltonian of the driven system and F : I' — I" is the gen-
erator of the flow. The wave function solution of the Schrédinger—-Koopman equation (¢, ¢)
and the wave function solution of the usual Schrodinger equation t,(f) are related by
g (1) = U(t,q(t)) with t— g(t) €T the phase trajectory of the chaotic system with
q(0) = qo. The interest of the approach is that the mixed state associated with the average onto
the initial conditions, p(r) = [L. [44(1))(¥,4(1)|du(g), is obtained as a reduced density matrix
p(t) = trp2p.auy ¥ (2))) (¥ (2)]. The decoherence induced by the chaotic flow can be then inter-
preted as an entanglement between the quantum system and the classical chaotic flow.

In this section, we want to show how it is possible to adapt the Schrodinger—Koopman
approach to the fermionic string driven by the D2-brane. Because of section 3.2 we know that
the stable phase space for the chaotic flow can be chosen as being a 6-torus T®. The polari-
zation part of the fluctuations is directly driven by the flow onto T® via equation (21). Let
X;(t,0) be the D2-brane coordinates for fixed values of 6 (X(¢) = X(z,6()) with 6 = F(6),
F : T® — T® being defined equation (32)). Since at the linear limit we have 0, () ~ —0,.3(¢)

we have X(t,..04..00+3..) = X(t,.. — 0n43.. — 0,..). Due to this exchange symmetry, we can
write that the fermionic state is of the form:
(1) =y (1,01(2)..04(1)..) + D_(t,04(2)..01(2)..). (34)

It follows that

l%lw(t)» = 104 ) + o O ) + aF 0al )
i) + o F o)) +oF alip-)). (35)

The dynamics can be rewritten as the following Schrodinger—Koopman equation:

()= (6 #)am (R 5)a
i <a"® (Xi(t,é?) ~x(1.0)) 7 0) _xi(t’e)))> x (IZjiﬁ) .

with [t (1, 01 4, 02(2), 03(1), 041, 05(1), 06(1)))) € C* @ CV ® L*(T,,dp) (where dp is the
Haar measure on T? , the torus generated by 6; and 6y).

() =0 (1,01 (¢), 02(1), 0(1), 0a (1), 05(2), 0 (1)) + |10 (8, 0a (1), 62(1), 03(2), 61 (1), 05 (1),
06(t))) is solution of the fermionic string Schrodinger equation.
Let the deformed Dirac matrices be

i 0 g;
"=, o (37)

., (F' 0 (10
u _<0 F4>~F (o —1) (38)

12
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, (0 FY [0 1
=o)L o 59

where ‘~’ denotes the linear approximation where F* = —F! (94 ~ —91)- Let 74 = <(1) 01>

and 47 = 01 (1) , it is easy to verify that {y4,~8} = 4268 (VA,B = 1, ...,4,7). We can
then consider that 7, k*/F' and x’/F" constitute a deformed Clifford algebra (the deforma-
tion being associated with the nonlinear part of the dynamics onto the torus).

We can now reiterate this argumentation with the couple (6,,05) by writting that
Yi(t) = Y4 (t,..02(2)..05(1)..) + Y1 _(2,..05(2)..02(2)..) and with (65,6s) by writting that

Yig(t) = Yray(t,..05(2)..06(2)) + yy_(2,..06()..05(2)).
Finally the dynamics is described by the following Schrodinger—Koopman equation:

O = (<0 30 21 (K(00) - x(00) ) [P o)

where 6 € T, |¥)) = C'® @ CV ® L*(T%,du) (where dyu is the Haar measure on T®). The
spinor is defined by

(ORI
Yyt
Yyt
Vi
(L
(R
(R
b
with Y4y € C? ® CN ® L*(T®, du). The deformed Dirac matrix (generating a deformed
Clifford algebra) are defined by

(41)

v = - (42)

F4

K = (43)
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T[1,4] with a f h .
1,41 with a fuzzy sphere T[1,6] with a fuzzy sphere

0.5

T[3,2] with a fuzzy torus

Figure 6. The compactified dimensions as a non-regular 6-torus of radii F*(z,6) (for
t after the thermalization) by section 6% = O for four values of a. The section 2-torus
T, B] (with « and 3 the indices of the non-fixed angles) is represented by the classical
embedding of a torus into R?. The initial fluctuations are choosen following a Gaussian
law with o = 0.01. The number of D0O-branes is N = 11. The evolution of the geometry
is low after the thermalization.
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We recover the solution of the usual Schrédinger equation by [1(f)) = Z§:1<0(t)\\11,<(t)>>)
where 6(t) is the trajectory on T®.
We can rewrite the Schrodinger—Koopman equation as:

) = (P @ Yo +9' ® (X — )| V) + Z|T)) (49)

where Y, = —1AF o mot30n With AF,, = %, and where Z = —X*™d3 329 modelizes
« a+3

the interaction with the nonlinear fluctuation field, X% = % and 8' =o' ® ¢! ® 00,

BP=0'®0'®0", B =0"2c°®0c" and p* = 3’ = ° = 0! ® 0! ® ¢!. Equation (49)
(without Z) is the equation for a fermionic string in a 9D space R? x T® with a D2-brane
wrapped in the six compactified dimensions, {X;};= 23 being its noncommutative coordinates

.....

in the compactified dimensions (see [23-25]). The compactified dimension radii are b

27
(the geometry is a dynamical variable). It is interesting to note that with the Schrodinger—

Koopman representation, the six supplementary compactified dimensions can be considered
as emerging from the quantum fluctuations in 3D space without adding any assumption or
consideration. Since the space-time geometry is revealed only by test particle (probe fermi-
onic string), it is not possible to distinguish the 4D space-time with quantum fluctuation in the
Schrodinger—Koopman picture from a 10D space-time in the Schrodinger picture having the

Since the dimension radii are known we can compute the geometry of the extradimensions
by the numerical simulations. Some examples are drawn in figure 6.

5. Conclusion

The classical and quantum chaotic behaviours of the fluctuations in the D2-brane dynamics
involves decoherence in the spin mixed state of a linked fermionic string. This system can be
viewed as a model of qubit interacting with a quantum (micro) black hole (the noncommuta-
tive D2-brane representing its quantum horizon). Except the duration of the thermalization,
the results seems weakly dependent on the number N of DO-branes in the stack, but for a
better discussion concerning (large) black holes, it needs to study the thermodynamic limit
N — +o0. But this needs different numerical approaches that the ones used in this paper. The
chaotic behaviour induces the existence of an horizon of coherence in the evolution of the spin
mixed state (its values seems depend only on the D2-brane model and on the initial dispersion
of the fluctuations). The application of the Schrodinger—Koopman approach to treat the effects
of the fluctuations onto the fermionic string state, makes appear six compactified extradimen-
sions in the modelization. A 4D space-time with quantum fluctuations in the Schrodinger
picture is then equivalent to a 10D space-time in the Schrodinger—Koopman picture with
fluctuations corresponding to the nonlinear part of the evolution (Z operator in equation (49)).
It would be interesting to generalize the present study to the other matrix theories (BMN and
IKKT models [17, 18]).
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Appendix. About the numerical simulations

For the CCR algebra, the numerical simulations need to restrict the description to finite dimen-
sional Hilbert space. Let N € N* be the cutoff in description and Py = Z;VZO |n){n| be the
projector onto the subspace used in the simulations. Let ay = PyaPy, a;; = Pyat Py and
Iy = Py be the numerical representations of the generators of the CCR algebra. The problem
is that these operators do not satisfy the definition of the CCR, since

aNa,'\‘,' — (1]—\‘]_(11\/ = lN—l 7N|N><N| (Al)

We see that the error is not small, it is equal to the cutoff value. If it is limited to the last state
at this stage, during the propagation of the brane equation, it quickly contaminates all states.
The solution is a redefinition of the commutator in the numerical representation:

VA,B € Env(ccr),  [Aw, By]y = RS™R ® (AxBy — ByAy) (A.2)
where Ay = PyAPy, ® is the term to term multiplication: (A ® B) i = A;iBjj, and the renor-
malisation matrix being

L oae -

TR U
We have then

lay, ay ]y = 1. (A4)

The same thing occurs for the su(1, 1) algebra: let Py = EZ:O |k, m) (k, m|

Ky Ky — Ky Ky = —2K3y_| +N(N +2k — 1)
and Ky Ky — KiKy = +Ki. We set then

VA, B € Env(su(1, 1))

[An, Buly = Ry' "V @ (AyBy — ByAy) (A.6)

k,N){k,N| (A.5)

with the renormalisation matrix

_2(N4k) e
(R}S;/U(l’l))ij — { N(N+2k—l) lf l _J - N . (A7)
1 everywhere
We have then
Kv.Kyly = 2Ky  [K3y. K&y = £K5. (A.8)
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