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Abstract We present how the formalism of geometric phases in adiabatic quantum dynamics provides geometric
realisations permitting to “embody” the Everett’s many-worlds interpretation of quantum mechanics, including
interferences between the worlds necessary for the probability changes and the decoherence processes needed to
solve the preferred basis problem. We also show that this geometric realisation is intimately related to quantum
gravity (especially to matrix models), showing that the many-world interpretation can be consistent with quantum
gravity. The concept of wormhole borrowed from general relativity is central in this geometric realisation. It appears
not only as an image by analogy to help the interpretations, but also as a true physical model of quantum wormhole
in quantum gravity, the two ones being consistent which each other.

Keywords Many-worlds - Geometric phases - Quantum gravity - Wormhole

1 Introduction

Quantum mechanics is a successful theory to report experimental phenomena at the microscopic level and to predict
results (or more precisely probabilities of results) through mathematical calculations. But it is well known that this
theory is notably difficult to interpret. The reason for this is that our mental representations were forged by our
sensory experiences at the macroscopic scale and are not useful for the microscopic world. It follows a large literature
concerning the philosophy or the interpretation of quantum mechanics (see for example ref. [1-3]). Most quantum
mechanics textbooks are written adopting the Copenhagen interpretation which consists to literally interpret the
mathematical formalism. In the famous parable of the Schrodinger cat, when the cat state is \%ﬂalive) + |dead)),
the Copenhagen interpretation states that the cat is “simultaneously” (in a superposition) of “alive” and “dead”,
the law of excluded middle being not applicable in quantum mechanics. But there are many other interpretations,
as for example the many-worlds interpretation of Everett [4] where the quantum state describes two worlds (or
“branches”), one where the cat is alive and the other where it is dead, which are compatible with the observation
as long as the box enclosing the cat is closed. Due to the difficulty of interpretation, a lot of physicists prefer to
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adopt an attitude concerning the quantum mechanics within positivism, idealism (in the sense of Immanuel Kant)
or instrumentalism.

In the present paper, we want to discuss the interest of the concept of geometric phases introduced by Berry
[5,6] in the interpretation and the understanding of quantum dynamics from a realistic point of view. The interest
of this subject is that it permits a geometric formulation of quantum dynamics, helping to “visualise” some abstract
concepts. Moreover, as we will see in this paper, the concept of geometric phases is also relevant to discuss two
other important problems in quantum mechanics, the quantum-classical transition by decoherence, and the problem
of quantum gravity. This paper is organised as follows. Section 2 presents the concept of geometric phases and
the resulting geometrisation of quantum dynamics. Section 3 presents a generalisation of the concept of geometric
phases (based on the adiabatic transport of several states) and its relation with the many-worlds interpretation
of quantum mechanics. Section 4 presents another generalisation (adapted to the problems of decoherence and
entanglement), and discusses the question of the preferred basis of the many-worlds interpretation. In Sect. 5,
we present a model of quantum gravity for which the concept of geometric phases is very important. Section 6
discusses the question of the complexity of gauge theories through a comparison with geometric phases analysis
and electrodynamics. Finally in a concluding section, we discuss the role of the geometric phases in a philosophical
point of view concerning quantum mechanics. In the whole of this paper, we discuss the interest of the concept of
“wormhole between worlds” in the interpretation of quantum dynamics. Section 5 presents also a physical model
of quantum wormhole in quantum gravity (quantisation of wormholes issued from general relativity) which is
in complete agreement with the interpretative concept of “wormhole between worlds”, justifying the consistency
between the two concepts.

The difficulties of interpretation of quantum mechanics induce difficulties to have intuitive mental images of
quantum dynamics. From a pedagogical point of view, the geometric phases formalism provides geometric reali-
sations of the many-worlds interpretation (by gauge fields similar to electromagnetic fields in “parallel” manifolds
linked by “wormholes”, see Sects. 2—4) which can help to built relevant mental images. Quantum gravity, which is
one of the most important field of research of modern physics, is particularly difficult to discuss at an undergraduate
level. Section 5 presents a simple model of quantum gravity easily related to usual quantum mechanics and general
relativity via the geometric phase formalism. Moreover, the study of geometric phases can be used to introduce a
discussion concerning epistemological questions about the ontology of quantum mechanics and electromagnetism
as presented in Sect. 6 and in conclusion.

2 Basic concepts about geometric phases
2.1 Berry—Simon geometric phases

Following the principles of quantum mechanics, the states of a quantum system are described by an Hilbert space
2 (complex vector space), the observables modelling measurement devices are described by the set of self-adjoint
linear operators (linear maps) of this Hilbert space £(J¢), and the dynamics is described by the Schrodinger
equation:

thiyr) = Hx@)|W () ¥ € A, (1)

where H € L(J€) is the system Hamiltonian (energy observable). We suppose that H is time-dependent through
several classical variables x € .# belonging to a manifold .# (we can view .# as a domain of R” for example).
For example, in the Born—Oppenheimer approximation [8,9], 77 is the state space of the electrons of a molecule
whereas x are the positions of the different nuclei (the movement of the nuclei being supposed correctly described by
a classical evolution). Let {A, € R}, be the instantaneous eigenvalues of H (supposed non-degenerate, continuous
and differentiable with respect to x) and {|a, x) € 7}, be the associated normalised eigenvectors (supposed
continuous and two times differentiable):

H(x)la, x) = Aa(x)|a, x). 2
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In the strict adiabatic approximation, if |y (0)) = |a, x(0)), we have [9]
W (1)) ~ e o e @dt p—t [y Ai(x(t’))fc"(t’)dt’w’ x(1)) 3)

(we adopt the Einstein convention, the repeated upper/lower index i is equivalent to a summation) where A; =
—1{a, x|dila, x) € R(9; = %). The approximation being valid if

h(b, x|9;|a, x)x’

1 4
Ab — Aa < “4)

Sup max
p b#a

or equivalently if T > T where t = inf, miny+,(Ap — Aq)/R (for b such that the non-adiabatic couplings
(b, x]9i|a, x) are not all zero) is the smallest Rabbi period of the quantum system (characteristic time of the
quantum evolution) and where T is the duration of the interaction (characteristic time of the classical evolution
t +— x(t)). The adiabatic approximation is then valid if the classical evolution ¢ + x(¢) is slow. The adiabatic
approximation is equivalent to state that if the evolution of x is slow, the quantum system stays in the same instan-
taneous “equilibrium” state |a, x(#)) (as in classical mechanics, a ball on a plate stays at the same place on the
plate if this one is moved very slowly). ey e g called dynamical phase whereas e’ Jo Ai @) @har'
is called geometrlc phase [7] because it depends only on the shape of the path 4 C .# drawn by t — x(1):

fo A (x ()X (Hdt = f(g A dx, with A=— (a, x|V|a x) viewed as a (tangent) vector on .7 .

2.2 Magnetic analogy

Since the phase of the eigenvector is arbitrary, we can consider phase changes as

la, x) = e'*W|a, x) )
and then
A = A + grady (6)

This formula is similar to the gauge change formula for a magnetic potential A By analogy we can then introduce
a magnetic field F = curlA (invariant under gauge/phase change). The adiabatic phase phenomenon is then similar
to the Aharonov—Bohm effect [10] associated with the transport of a charged particle in a magnetic potential. By
using the closure relation associated with the eigenvector basis, we can prove that the components of F are

Frekiy = 8iA; — 9, A (7)
= —1(di{a, x|)(3jla, x)) + c.c. ®)
= —1 Y (b, x[3i]a, x)(b. x|d;]a, x) + c.c. ©)

b#a

(ekij being the Levi-Civita symbol). F is then the field of the non-adiabatic couplings. Note that Hla, x) =
Agla, x) = (0;H)|a, x) + Hojla,x) = (9;iry)]a, x) + Aq0i]a, ), and by projecting this equation onto (b, x| we
have

(b, x| |a, x)
(b, x|0ila, x) = ————— (10)
Aa(x) = Ap(x)”
If at a point x, another eigenvalue crosses Ag, €.2. Ay (xy) = Ap(xy) (b # a), then F diverges at x,. The crossing
point x, appears then as a magnetic monopole [8] and to satisfy the condition Eq. (4) the path 4 must avoid the
neighbourhood of x,.
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2.3 Generalisations of geometric phases

We can also consider a degenerate eigenvalue A,. In that case, A becomes matrix valued [11] and is analogous to
a non-abelian gauge field (for a degenerescence degree equal to 2, A is analogous to a weak nuclear interaction
potential (in the Yang—Mills model), and for a degree equal to 3, A is analogous to a strong nuclear interaction
potential).

We can also consider non-adiabatic but cyclic dynamics [12] zhl{h) H(t)|y (1)) with H(T) = H(O) Let n=
dim 7 be the dimension of the Hilbert space and {|i)};—o....,—1 be a basis of .7#. We have |1// Z o w'|i) with

w! € C.Normalised quantum states can be then represented by n — 1 complex numbers z’ Wi The set of all possi-
ble configurations of these numbers generates a (complex) manifold .# (which replaces the manifold of the classical
parameters of the adiabatic approximation). For example With atwo- level system, We have |¢) = w®|0)+w!|1) with
|w? |2+ |w!|? = 1. We can then choose w® = cos 5  andw! = ¢'¢ sin 5 9 andthenz! = ¢'¢ tan § M is then a sphere
(the Bloch sphere), (6, ¢) being its spherical coordlnates system whereas (Ree(z!), Jmm(z')) are the coordinates
in the plane of the stereographic projection of the sphere. [P (1)) = e f(;(‘“H"”)‘”/e” f(;(AfziJrAf?)dt/lw(t)) is the
cyclic state associated with the cyclic evolution (H(T) = H(0) = |¢(T)) = |¥(0))), with A; = —1(y|-L % [vr)
and A; = (1//| -|1). So we can consider non-adiabatic dynamics in the same manner than adiabatic dynamics,
by just replacing the manifold of the classical parameters by the (complex) manifold of the normalised quantum
states. But since this one is complicate to describe (except for the two-level system case), we prefer for the sake of
simplicity to consider only the adiabatic case in the sequel of this paper.

.....

3 Adiabatic transport of several eigenstates

Consider a set of N < dim . instantaneous eigenvalues {A,}qc(1,..., N} (for convenience these ones are labelled
from 1 to N but they are not necessarily the smallest eigenenergies of the quantum system). A generalisation
of the adiabatic theorem [13] states that if | (0)) = Zévz 1 Cala, x(0)), then we have the following adiabatic
approximation:

N
¥ (1) ~ Z Uba(t)calb, x(1)), (11)
a,b=1

where U is N x N unitary matrix (a “non-abelian phase”) such that

dUu((t)

dr

with E = diag(Xry, ..., Ay) is the diagonal matrix of the eigenvalues and A; is the matrix of elements [A;],p =
(a, x|0;|b, x). This adiabatic approximation is valid if

Kb, x|9;|a, x)x* . (13)
su max _— .
tpae{l,...,N},b>N Ap — Ag

= (= E(x(0) + Ai(x ()i (1)) U (1) 12)

In general [E, A] # 0 and it cannot be possible to separate the non-abelian dynamical and geometric phases,
generating a complicated geometric description [14]. Here we want to consider a special case, where N = 2 and
where the path 4 C .# does not meet any eigenvalue crossing except at time #, where A1(x(tx)) = A2 (x(t4))
(supposed to be a conical crossing). Suppose now that the condition Eq. (4) is satisfied for any time ¢ except in a
small neighbourhood of 7, and that ¥’ is differentiable in the neighbourhood of .. In these conditions we can prove
[9] that Eq. (11) is reduced to

1Y (1)) = cre™ 1 OD 1 x (1)) + cre ™20 12, x (1)) (14)
Vt < t, and
[ (1)) ~ Cle*l(wl (0,1*)+<p2(t*’l))|2’ x(1)) + Cze*l((ﬂz((),t*)ﬂm (t*’l))|1’ x(1)) 15)
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Vt >t with g (s, 1) = A~} f; Aa (x(t’))dt’—i—fst A (x(NF(HdY, AC = — (a, x|%|a, x). In the electromagnetic
analogy of the adiabatic transport, everything happens as if the manifold .# were endowed with a structure of two
“worlds” {.#“}, in which we find two different magnetic fields F® = curl A%, While we do not measure the energy
of the quantum system, permitting to the state to be a superposition of |1, X) and |2, X) (with probabilities |c;|> and
lea|?), (29, A“)}a can be viewed as a manifestation of the two worlds of the Everett interpretation. There is a
world .# ! where the charged particle (equivalent to the quantum system in the magnetic analogy) sees a magnetic
field F! and another world .72 where it sees a magnetic field F2.The magnetic monopole at x, = x () is then the
manifestation of the interferences between the two worlds, since the “part” of the particle being initially in the world
M goes in .#/* when the path € passes through the monopole (and reciprocally for the “part” being initially in the
world .#?). From a geometric point of view, .# ' and .#? can be viewed as two parallel spaces linked by a kind of
“wormhole” at x,. Note that in general relativity, since a wormhole appears for an observer as a source of magnetic
field (the magnetic lines entering in the wormhole go out in another sheet of space-time), it appears as a magnetic
monopole [15]. Note that the passage from a world to another one (the inversion of the occupation probabilities)
does not need that ¢ passes exactly through x,, it needs only that € passes through a small neighbourhood of x,
the transition being then ensured by a Landau—Zener transition [9]. The values of the occupation probabilities are
sustained in this adiabatic approximation, but if we suppose that 4 is not differentiable at x, (supposed to be a
conical crossing), then for r > t, we have [16]

[V (1)) ~ c/le*l(fﬂl((),l*)Jr(/)z(l*,l))|2’ x(0) + C/ze*l(wz((),f*)ﬁﬂ] (l*,l))|1, x(1)) (16)

with c’] = cosa cr+e'P sina ¢y and c’2 = cosa c|+e P sina ¢, where 2« is the angle between the tangent vectors

of ¢ at x, fort — ¢t and for t — #;} and B = arg(1, x|9; 2, x>|t—>t*_x|iz—>z+ + 7. The interferences between the

two worlds can then modify the occupation probability values. With a higher speed X, in place of an instantaneous
transition at #, we have a smooth transition in a larger neighbourhood of ¢,. In other words, the size of the region
around the magnetic monopole inducing a transition between the worlds increases with the particle speed. The
general formula Eq. (11) corresponds to this case where the “wormhole influence” is extended on the whole of %
The discussion can be easily generalised with N > 2 and with several crossings (monopoles, wormholes).

The adiabatic picture provides then a geometric realisation of the Everett interpretation of the quantum mechanics,
available in quantum dynamics. The many worlds are parallel manifolds {.#“} where live different magnetic
potentials A The interferences between the worlds are localised at the magnetic monopoles (common at two
worlds) which play the role of wormholes between two worlds. We can illustrate this by the simplest example of
the following Hamiltonian:

0 —
H(x,y)=(x+lyx 0”) (17)

of eigenvalues and associated eigenvectors:

Ax(x,y) = +r (18)
I+, x )—L( " )—i<l> (19)
XY _\/Er Xty _ﬁ e'?

_ _ ! x—ly)_L(e”) 20
| ,x,y)—ﬁr< )= 5 (20)

with x + 1y = re'?. The magnetic potentials are

- Yéx — Xéy 1.

AT =g Y43, 21

T2 2r? @1
 thi FE _ cud At — O At . gy 1

We can remark that in this case F~ = curlA~ = 0 (except at 0), but Sﬁ(ﬁ AT - dx = %5 for any closed curve ¢

surrounding r = 0 one time in the counterclockwise direction. Due to the magnetic monopole of magnetic charge

% at r = 0 (where A™ is singular), even if the magnetic field is zero, the circulation of the magnetic potential is

not zero, as in the Aharonov—Bohm effect [10]. A useful representation of the worlds {.# +} consists to use their
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Fig. 1 Up: .#* embedded
in R3 and the representation
of a path ¥ passing through
the “wormhole” (magnetic
monopole) with a bend
(blue for the part of the
particle starting on .~ and
green for the part starting on
#7T). Middle: occupation
probabilities in the bare
basis (|0), [1)) in which the
Hamiltonian Eq. (17) is
written, for the path 4" and
the initial condition

[v(0) =

V024, x(0), y(0)) +
V0.8]—, x(0), y(0)). Down:
occupation probabilities in
the instantaneous eigenbasis
(|£, x (), ¥(¢))). The three
plots are drown in atomic
units. In the bare picture, the
interpretation of the
evolution of the quantum
probabilities are not clear.
In the adiabatic picture, we
can explain the evolution by
the geometric representation
(fromt =0tot =0.5a.u.
the particle is in the
superposition of two worlds
4% with the initial
probabilities, at + = 0.5 a.u.
the passage by the
wormhole induces the
exchange of the worlds and
the bend of the curve mixes
the probabilities)
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embedding in R3 provided by (x, y) — (x, y, A+ (x, y)). The wormhole is then a crossing point of the two surfaces,

see Fig. |

The adiabatic geometric picture is not in contradiction with the fact that the worlds in the Everett’s interpretation
are emerging structures and not parallel “space-times” (the system, the observer, the space-time, the universe
remain single but presenting both a relative state as a superposition of branches in the language used in the Everett’s
original article [4]). Firstly, we can note that the path 4" and the time with which it is traveled are common to the
two worlds (same path projected on .#* in Fig. 1). The “space-time” is then common as in the usual Everett’s
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interpretation. Moreover, the structure ({.#*, A*}) emerges from the diagonalisation of H (the potential measures
realised by the observer concern the instantaneous energies). In his original paper, Everett presents his reasoning
leading to his many worlds interpretation by introducing explicit relative states as bipartite states of the system and
the observer. This entanglement is present in the adiabatic picture by the labelling of the quantum eigenstates by
the classical parameters x (“state” of the observer in the meaning of the “state” of the experimental device used by
the observer to control the quantum system). It is possible to use a different formalism (not directly related to the
many-world formulation) permitting to built states associated with the geometric phase phenomenon which present
explicitly entanglement between the system and the observer and are consistent with the electromagnetic analogy
(see Appendix A).

In the context of the adiabatic approximation, the preferred basis problem takes a special form. This problem is
the fact that the worlds of the Everett’s interpretation are associated with a particular basis. But from the point of
view of linear algebra, the mathematical underlying structure of quantum mechanics, the basis choice is arbitrary.
In the context of the adiabatic assumptions, the many-worlds {.#Z“, A} (as manifolds endowed with a magnetic
field) are determined by the instantaneous eigenstates {|a, x)}. These states permit the geometric formulation of
the dynamics as a particle moving in many-worlds and submitted to magnetic fields and “wormholes” between the
worlds. Why this choice of basis is preferred? Suppose that the Hilbert space .77 is infinite dimensional (this is the
current true situation without any approximation). We can decide to choose any basis to represent the system. For
example, we choose the eigenbasis at time # = 0. By a change of basis in Eq. (14) we have:

V(1) = Z Ka(1)]a, x(0)) (22)
a=1

with

Ko(t) = c1e71 O (a, x(0)[1, x (1)) + c2e 20D (a, x(0)]2, x(1)). (23)

Due to the evolution ¢ — x(t), if initially only two states (in the basis (|a, x(0))),) are populated, a lot of them are
populated during the dynamics. The preferred basis, the x-dependent adiabatic basis (|a, x)),, is the basis involving
the use of the minimal number of states relative to the observer order to represent the dynamics (“relative” in the
meaning of being associated with a possible measurement, the choose of a time-dependent basis including |y (¢))
is not relative to the observer since the state of the quantum system is not necessarily associated with a possible
measurement by the observer and it depends on the history of the quantum system). This is an import point of the
many-worlds interpretation, the different worlds are the manifestation of the entanglement between the observed
quantum system and the observer. |1/) is a relative state representing the correlation between the system and the
observer. In the adiabatic formalism, this is done by the dependency of the basis on x. These classical parameters are
measured quantities by the observer (as the nuclei position in the Born—-Oppenheimer approximation for example)
or are control parameters modulated by the observer (as the intensity, the frequency, the phase or the polarisation
direction of an electric field in laser control of an atom for example). Moreover, in a pragmatic point of view, we
can consider the preferred basis as being the one in which the quantum dynamics is intelligible (as in the example
presented Fig. 1). One might think that this pragmatic attitude is unsatisfactory since we would expect that an
interpretation concerns the “reality of the Nature”. But if we consider that the many-worlds interpretation is at first
a representation of relative states between the quantum system and the observer, it is natural to consider that the
preferred basis be intelligible for the observer.

An argument [17] states that the solving of the preferred basis problem requires the incorporation of the deco-
herence. In next section, we explore the incorporation of this one in the framework of geometric phases.

@ Springer



D. Viennot

4 Geometric phases of open quantum systems
4.1 Weak adiabatic transport

In the reality the quantum systems are not isolated and are submitted to interaction with a large environment com-
posed by the matter, the electromagnetic field and the vacuum fluctuations surrounding the system. This environment
can be modelled by a large quantum system described by an Hilbert space & . The bipartite system, composed by
the observed system and its environment, is then described by the Hilbert space .77 ® & with an Hamiltonian:

Hior(x) = H(x) @ lg + 1 @ He(x) + €V (x), (24)

where H is the Hamiltonian of the observed system, Hg is the Hamiltonian of the environment and €V is the
interaction operator between the system and the environment. Note that we have considered the possibility that the
classical control of the observer x acts also on the environment and on the interaction. The state |/)) € 7 ® & of
the bipartite system obeys to the Schrodinger equation:

) = Hio (x(0) |9 (1)) (25)

But the observer observes and measures only the system, not the environment. Moreover, & is large (large number
of quantum degrees of freedom) and impossible to know. So the information concerning the state of the environment
is unknown to the observer. The relative state between the system and the observer is then given by the partial trace
over & of the bipartite system state:

p(t) = trely () (¥ ()] (26)
= > fa. aly ) (¥ )b, a)la)b] @7
a,b a=1

(Jar)) is a basis of & and (]a)) a basis of 7 (the partial trace is independent of the choice of these bases), the Latin
labels being associated with the system and the Greek labels with the environment. The partial trace erases the
information concerning the state of the environment. The mixed state p represents a statistical mixture of quantum

states. For example, with a 2-level system, the density matrix is p = <IZ 0 pc > in a basis (|0), |1)), in which p, is
1

the probability of occupation of the state |a) and |c| is the coherence. If |c| is large the state p is close to a quantum
superposition of the states (|0), |1)) (the state is |0) and |1)) and its purity P(p) = tr(p?) is close to 1, whereas if
¢ = 0 the state p is a statistical mixture of the states (as in classical statistical physics, the state is |0) or |1), it is
unknown due to the lack of information concerning &) and its purity is small (except if pg or p; is close to 0). Due
to the interaction V, during the dynamics the state of the bipartite system becomes entangled and by consequence
the purity and the coherence of p decrease (a phenomenon called decoherence [18]). The von Neumann entropy
S(p) = —tr(p In p) measures the degree of entanglement of the bipartite state and the lack of information of the
observer concerning the state of the system due to the lack of knowledge on the environment.

In the perturbative regime (¢ < 1) a weak adiabatic theorem [19] takes into account the effects of the environment.
Let (|a, «, x))¢) be the instantaneous eigenvectors of H,,, with |a, o, x))e = |a, x)®|a, x)+O(€) where (|a, x)) are
the eigenvectors of H (x) (states of the system) and (|«, x)) are the eigenvectors of Hg (x) (states of the environment).
The associated eigenvalues are denoted by (AS, (x)), (114 (x)) and (v (x)). Under an assumption similar to Eq. (4)
for (vy) (the time characterising the classical evolution ¢ +— x(¢) is large with respect to the time characterising
the dynamics of the environment, meaning here that the environment is sufficiently large for the external actions
cannot induce on it sudden changes) and under the assumption |, + vg — e — vyl > € Ve, V(bB) # (ca) (no
quasi-resonance between the transitions of the system and the ones of the environment involving the state |«, x))
then if | (0))) = |a, «, x(0))) we have at the first order of perturbation: [19]

p(t) = Up(O)UA(0) pSe (XU LU L (1), (28)
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where pf, (x) = trgla, o, x))ec (@, o, x| is the mixed state associated with the initial bipartite eigenstate, and where
the operators Ug and Uy4 are defined by

thUg = E*(x(t)Ug (t) 29)
1Ua = Us A1) (1) (30)

with

Ef(x) = Zx b, x) (b, x| + O(e) 31

and

AP (1) = —1trg (Paa(¥)Vla, e, x)ee . . x1) (32)

Pou(x) = Y |b, o, x)ec{(b, o, x|. The geometric phase Uy and the potentlal A are operators of the sys-
tem in th1s weak adiabatic transport. We ﬁnd the usual magnetic potential A= —1c{{a, a, x|V|a o, X)e =
tr(p5, (x)A(x)) as the statistical averaging of A. Let (Ibaa, x)e) be the diagonalisation basis of pg, (x) (o5, (x) =
2 b P lbaa,s X)ee (baa, X|), we have then

A=Y piAp (33)
b

with fIbb = (baa, x|.,i|bao,, x)e. Due to the lack of information S(pj,) = — >, p3*In pp®, the particle is
submitted to the magnetic potentials ,Zlbb with probabilities p7*. A can be then viewed as a random variable of
magnetic potential, A being its mean value.

We return to the question of the preferred basis of the Everett’s interpretation. In the weak adiabatic transport
the dynamics is described with the eigen mixed state pj, (by conjugation with the operator valued dynamical and
geometric phases). Following the argument concerning the preferred basis [17], this one can be defined as being the
one in which no coherence appears (no quantum superposition). This is then the diagonalisation basis of pf, (x).
But

lin})pfm(x) = la, x){a, x|. (34)
€—>

Without the effect of the environment, the preferred basis is well the eigenbasis of H (x) as in the previous sections.
Note that due to the operator valued dynamical and geometric phases, p(¢) is not diagonal in the basis (|bgq, X)¢)-
But p(#) depends on the followed path ¢t — x(¢), it cannot define a preferred basis independent of the history of

the system. If the environment induces a decoherence process, the external action represented by the evolution of
X can recreate some coherence (via the action of the operator valued phases).

4.2 Adiabatic fields

As for the geometric phase associated with closed systems, it is possible to generalise the operator valued geometric
phase of open quantum systems to non-adiabatic evolutions [20]. .# is then replaced by the manifold of the density
matrices and the potential can be defined directly with the density matrices as being solution of —1 Y p= il,o + pil?.
In the adiabatic case, this potential is

APy (1) = —1trg (Via, @, ¥ (a, @, x1) (35)

A and 2 are not exactly the same operator, even if tr(,ole) = tr( ,oja.ﬁ) = A, but in the assumption of the weak
adiabatic approximation we have [21]:

Uikt~ A (36)
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The two potentials define two operator valued adiabatic fields:

B = curi®l + 12 A 2

- NN - - -

F=curlA+1ANA-B.

Since the potentlals are operator valued with components which do not commute, the wedge product is not zero:

(Ql A Ql), =gk A Ay = 8l/k[9lj, ] # 0 (e being the Levi-Civita symbol).
We can show [22] that:

o F= tr(pja]? ) has the same physical meaning that in the previous sections (for closed quantum system). It is a
magnetic field viewed in the world .#,, by the particle. The crossings of the system eigenvalues (u;) appear as
magnetic monopoles and “wormholes” between two worlds of the system. In addition to these usual structures
of magnetic monopoles (points of singularity of F ), A qq presents also lines of strong magnetic field F. These
“magnetic strings” do not imply an exchange of worlds as the monopoles, but the passage of the path ¢ through
one of this line induces a sudden increase of the entropy (and a sudden increase of the entanglement between
the system and the environment, see Ref. [22]).

o B= tr(0g, B) is a measure of the entropy slow variation in the world ., induced by variations of the classical
parameters X (see Ref. [22]). Moreover, the crossings of the environment eigenvalues (vg) appear as singularities
and “wormbholes” between two worlds of the environment.

The presence of this B-field may seem strange in the magnetic analogy. In fact such a field appears in the context of
string theory [23] (we will discuss its meaning in string electrodynamics Sect. 6). As the analogy with wormholes,
this suggests a relation between the geometric phase theory and quantum gravity.

5 Geometric phases in matrix models of quantum gravity

Penrose argues that the many-worlds interpretation is unsatisfactory because it involves only standard quantum
mechanics which does not take into account gravity [24]. This needs to consider a quantum gravity theory for
which the lack of experimental data induces no evidence of its structure. The literature abounds of hypothetic
candidates for the quantum gravity theory. The main approaches are string theory [25], quantum loop gravity [26],
non-commutative gravity [27] and emergent gravity [28]. This is not the place to make a review of this subject. We
present here a simple model of quantum gravity in which the geometric phases have an interesting role.

5.1 A matrix model of quantum gravity

The main principle in the considered model is that quantum gravity must be obtained by considering the quantisation
of the classical observables from the viewpoint of an ideal local Galilean observer (so a free falling observer). General
relativity theory can be inferred from the Einstein’s elevator thought experiment: an observer watches an object in
an elevator cabin whose cable is cut (we neglect all friction forces). Due to the equivalence principle (the inertial
mass is equal to the gravitational mass), the acceleration of the three bodies (the observer, the object and the elevator
cabin) does not depend on their masses: ma, g = mE = /R = E (where E is the gravitational field and R is any
Galilean frame). So, in the elevator frame R, the accelerations of the object and of the observer is zero: a IR = 0.
The gravity is then locally erased in the free falling frame R (no experiment of the observer inside the elevator
cabin can reveal the gravity), justifying to identify gravity to an inertial effect and the free falling frames to local
Galilean frames (local because experiments on large scale—outside the elevator cabin—can reveal the gravity since
E depends on the distance to the planet center). So, free falling worldlines correspond to dynamics without external
forces. But these ones are not straight lines. To sustain the principle of least action, we claim that the free falling
worldlines are geodesics of the space-time (a geodesics being the line of minimal length joining two points). These
geodesics being curves, the space-time is curved.
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We return now to the quantisation problem of the gravity. Because of the elevator experiment, an ideal local
Galilean observer sees locally a flat space-time (any curved manifold can be locally identified with its tangent
space: in the neighbourhood of a point xg on .#, we can write for any observable f(x) = f(xg) + % (x' — x{,) +
O(|lx — x0||?) permitting to identify the points of the neighbourhood with the tangent vectors generated by (;):
x ~ xo+ (xf — x{))a,- ). We quantise then the observables of this one. The flat space-time viewed by the local Galilean
observer can be endowed with a coordinate systems (x4) (with x* = ¢, x! = x, x> = y and x3 = z) and with the
Minkowski metric ¢>ds? = napdxAdx® = c?dr> — dx? — dy* — dz* (where s is the proper time of an observed
object moving in direction (dx, dy, dz) during the time dt measured by the Galilean observer’s clock). (x?) are
the fundamental observables of the space-time, since the other observables can be written as functions of (x™). The
space-time quantisation consists then to a quantisation rule x’ ~» X’ (defining a semi-classical Poisson structure,
see Ref. [29] for more details) where X € L£(#) is an operator of some Hilbert space . of the space-time. In
a next section, with the example of quantum wormholes we present a procedure to obtain such operators using an
algebra of creation and annihilation operators. We choose to not quantise the time ¢ since this one corresponds to the
clock of the local Galilean observer (and not a time of the observed object). Due to the quantisation, [X 1 X] #0
and so we have Heisenberg uncertainty relations AX’ AX/ > Z|([X?, X/])|. The set of noncommutative coordinate
observables (X"); defines a fuzzy space [30], a simple example of a noncommutative manifold (in that meaning, the
model can be viewed as a model of noncommutative gravity). We can interpret the fuzzy space as follows. Consider
the eigenbasis of X!, by definition this observable can be rewritten in this basis as

x} 00
| 0x)0
X' =19y 0x31 . (37)

The interpretation is obvious, (xC}) are the possible outputs of the measure of X'. We can then think that the ath
eigenstate corresponds to a “point” of coordinate on the first axis equal to the value x)z .Butbecause of [X !, X?] £ 0,
X? is not diagonal in the eigenbasis of X'
2 .2 2
11 X12 13
2 .2 .2
X21 422 X33

X2 = 2 .2 2 38
A3 X32 X33 (38)

We would like interpret x2, as the coordinate on the second axis of the “point” associated with ath eigenstate of
X', But what are the off-diagonal elements xgb? In usual quantum mechanics, off-diagonal elements are couplings
between states. xéb is then a coupling between the two “points” a and b in the second direction. What is a coupling
between two points? From a classical viewpoint, we can interpret this one as a string linking the two points, the
tension of this one transmitting energy from a point to another one. The model can be then also associated with
string theory. In this one we say that (X') describes a stack of D0-branes (the “points” corresponding to the string
ends) linked by bosonic strings and forming a noncommutative D2-brane (the fuzzy space). The quantisation rule
x' ~» X' canbe then borrowed to string theory, and more precisely to the BFSS (Banks—Fischler—Shenker—Susskind)
matrix theory [31]. But note that the previous discussion is basis-dependent, in another basis the possible outputs
of the coordinate measurements and the couplings change. The description by “points” is then not pertinent, and
the quantum degrees of freedom (DO-branes and strings) are inseparable objects. The notion of points is replaced
by the one of quantum state. In any state |W)) € C> ® /7, (W|X'|W)) is the mean value of the coordinate i of the
state |W)) measured by the observer, with a dispersion Ay X! = /(W[(X1)2|W)) — (¥|X{|W))2. C? is the Hilbert
space of a spin degree of freedom associated with the orientability of the fuzzy space. More precisely, {(¥|o |¥))
(6 = (o}, 02, 62) are the Pauli matrices) can be viewed as the mean value of a normal vector to the fuzzy space
defining a local orientation (by the right-hand rule) at the state |W)).
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The local Galilean observer observes a “test particle” (to reveal the gravity, as in Einstein general relativity
theory, the observer must send a test particle and observes its geodesic). This one is supposed to be a massless
%-spin fermionic particle (a spin is needed to observe precession effects (Thomas or de Sitter precessions); the
particle is supposed to be massless to this one does not curve the space-time at the Planck length). Since the test
particle is in the hand of the observer, it is described by classical coordinates (x’) measured by this one. The quantum
state | W), the quantum coordinate observables (X') and the classical coordinates (x') of the test particle are related
by the noncommutative Dirac equation providing by the BFSS theory [31]:

W) = D)W (s)) (39)
with

mPC2 : -
D, = 0; ® (X' — x"id ) (40)

s being the proper time of the test particle, mp = \/% and {p = \/72:? being the Planck mass and the Planck
length. In the string theory viewpoint, the test particle is in fact a fermionic string linking the fuzzy space (described
by (X)) to a probe DO-brane (described by (x)). X! — x’id e is then the quantum observable of the distance
between the two ends of the fermionic strlng in the direction i. (¢") are the spin observables of the fermionic string,
andsoo; ® (X! —x'idy) =6 © (X — X id ) is the inner product of the spin and of the string vector (the vector
between the two string ends). Equation (39) is a Schrodinger-like equation. ID, can be then viewed as a kind of
Hamiltonian. More precisely, D, is the displacement energy observable, intuitively the tension energy of the probe
fermionic string. Indeed we have

d - . l . .
Do X —Xidyl? + Sei ok ® X, X1, (41)

If the probe DO-brane (the test particle) is move far away from the fuzzy space, the distance || X —Xid |1? grows
and the tension energy of the string increases. In a state |W)) corresponding to a high delocalisation of the string
end attached to the fuzzy space, we have Ay X' Ay X/ > 1|(W|[X?, X/]|W))] large. Due to the high delocalisation
of the string end, this one has a large tension energy.

Where is gravity in this model? We can prove [32—34] that at the thermodynamical limit (number of strings tending
to infinity) and at the semi-classical limit (7 — 0, limit of the macroscopic scale), gravity (curvature of space-time)
emerges at the macroscopic scale from the noncommutativity at the Planck scale of the quantum flat space-time
described by the fuzzy space. We can intuitively understand how curvature emerges from the noncommutativity.
The main manifestation of a classical curvature can be found in the holonomy of the parallel transport of a tangent
vector (a tangent vector parallel transported along a closed path does not return to itself after the transport). At
the infinitesimal representation, this comes from the non-triviality of the operator V;V; — V;V; where V; stands
for the covariant derivative in the direction x' (a vector field w is parallel transported along v if v'V;w/ = 0,

where V,w/ = %w/’ + Fijkwk, I/, being the Christoffel symbols of the curved manifold). More precisely, for

any co-tangent vector v, (V;V; — V; Vv, = —lRi jklvl where R;; J kl is the Riemann curvature tensor. On a flat
classical manifold, where the covariant derivatives are simply V; = 3 -, wehave V;V; —V;V; = O In the case of
a noncommutative space, where x’ is replaced by an operator X', the natural derivative replacmg is the partial

commutator L yi = ——[X’ e].Butinthatcase LyiLy;—Ly;Lyi = L_ 4Ixi, X]],andsosmce[Xl X1 # 0, the

operator LyiLyj — Ly; L xi 7 01is not trivial (even if no Christoffel symbols are added to the natural derivatives).
We can then understand the way how gravity/curvature emerges from the noncommutativity at the Planck scale of
the flat quantum space-time. In this meaning, the present model is also an example of emergent gravity theory. In
this paper, we want to consider the emergence of gravity at the Planck scale, where the geometric phase associated
with Eq. (39) has an important role.
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5.2 Emergent gravity by adiabatic quasi-coherent picture

We want to consider the adiabatic regime of Eq. (39). We need then to examine the instantaneous eigenvectors of

mx:

Dyla, x)) = ha(x)la, x)) (42)
particularly, we are interested by the state |0, x)) and a surface .# C R? such that
Vx e, |ho()| <I[rp(x)] (Vb #0) (43)

|0, x)) minimises then the displacement energy (the state for which the probe fermionic string has zero tension
energy Ao(x) = 0 is such that the two ends are more close as possible, and the probe DO-brane—the test particle—
is more close as possible to the fuzzy space). Moreover, if Lo(x) = 0 we can prove [29] that |0, x)) minimises the
Heisenberg uncertainty relations and is then an analogue in quantum gravity matrix model to a coherent state [35].
So, |0, x)) are the states closest to classical states of a classical manifold, and then closest to the usual notion of
points of a manifold. But they are not true classical points (Dirac distributions) since the non-separability of the
things that we would like to call “points” of the fuzzy space is sustained by the non-orthogonality of the states
{0, y10, x)) # 0 evenif x # y. So being at a “quantum point” |0, x)) induces to have a non-zero probability of
measuring the “location” at |0, y)) for any y. |0, x)) is a state of the fuzzy space which is labelled by a point x in the
classical space being in the observer’s mind (x being the location of the test particle in the flat classical space that
the observer thinks he sees). The “quantum reality” from the viewpoint of the test quantum particle in a quantum
space is a state |0, x)) non-separated from the others (it is only separated from - orthogonal to - the states of higher
displacement energies). |0, x)) is called quasi-coherent state when .#Z = {x € R>, det(/d,) = 0}. .# is then the
classical surface closest to the “quantum geometry” defined by the fuzzy space associated with (X?). .# can be
viewed as a slice of space representing the emergent geometry at the Planck scale in the quasi-coherent state. In
general, .# is a curved surface inducing an emergent curvature and then inducing gravity effects. (0, x|o |0, x))
(with x € .#) is a normal vector at .# at the point x. .# is endowed with the metric induced by the embedding of
M inR3:

axi xJ
Yab = 8”%@’ (44)
where (u!, u?) are local curvilinear coordinates on .#. We can prove [36] that y,, = yfé” + vy with

yast = (3, ((0,x|)||)? — Xid_y|128510, x)dudu® is the quadratic variation of the mean value of the square
distance observable. The main contribution to the metric is due to the noncommutativity of the fuzzy space
Y = 13,0, xDloi, 01 ® [X', X/13,/0, x)du®du®. The curvature (the non-trivial form of y) emerges then
well from the noncommutativity of the quantum space.

In the usual adiabatic approximation, the solution of Eq. (39) with |¥(0))) = |0, x(0))) is

W (s)) = e~ o AGEDFEE 0 (5))) (45)
for a path s > x(s) € .4 on the slice of space .# and with
A(x) = =10, x|V10, XN (46)
9 axi
= —1(0, X|W|0, x»\x:x(u)ﬁea 47)

¢, being the unit vector tangent to . in the direction u“ at x (u). What is the role of Ain quantum gravity? Firstly
let .#) be the copy of .# viewed by the test particle at the proper time s. M = | | o0, M )y ¢ R*is then a
three-dimensional submanifold of the classical space-time of the observer, foliated with respect to the proper time
(the leaf .# ) is a two dimensional slice of space at fixed proper time). Suppose that . *) is associated with |0, x)),

- . . _,A.4% . .
then .2 199 s associated with e *4 & 9910, x)). Since |0, x)) is the quantum state of the fuzzy space closest to a

point of a classical manifold, we see that starting from a state |0, x)) at time s, we arrive at the state e 1A-T 450, x)
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at time s 4 ds and not at the equivalent state |0, x)). A defines the shift (the geometric phase) between the two
states. Then, in the classical point of view, A can be identified with the shift vector of the space-time foliation (let
P be the point on the leaf .#‘*) of curvilinear coordinates u, P’ be the point at the intersection of the normal vector
at A at P and .44 and P’ be the point of .#Z (s+d5) of curvilinear coordinates u, then the shift vector is

N —
Ads = P’'P"). We can prove [36] that the metric of the emergent space-time M is
c2ds? = 2dr? — (A%dr + du®)(Abedr + dub)yap (48)

which is well the metric of a foliated space-time of shift vector A. We can see that the preferred basis of the adiabatic
picture induces a preferred foliation of the space-time M (by defining the metric and the shift vector via the state
|0, x))). This preferred foliation appears at the search of the classical space-time closest to the quantum one, and
so the search of the most intelligible representation for the observer at the vicinity of this observer (we join here
the argument already evoked at the end of Sect. 3). The link between preferred bases of the Everett interpretation
and preferred foliations in relativity has been already point out in Ref. [37] by philosophical arguments. The usual
interpretation of Aisa magnetic potential in .#. What is the meaning of the fact that this magnetic potential is
identified with the shift vector? As shown in Ref. [36], the presence of A in the emergent metric Eq. (48) induces
that the geodesics in M are curved in the same way as trajectories of a charged particle moving in a magnetic field.
So the usual interpretation of A and its role in emergent gravity are consistent. More precisely, it is shown in Ref.
[36] that A is a manifestation of the torsion of M. In contrast with usual general relativity, the emergent space-time
at Planck scale is not torsion free (an effect also present at the semi-classical thermodynamical limit [38]). This
torsion is in the emergent classical geometry the souvenir of the quantum aspect of the space-time at the Planck
scale. .

We can also consider the weak adiabatic transport, in that case 2l is associated with the entanglement between
the spin state of the test particle and the quantum state of the fuzzy space. — 1S (with AL =9 — %tri{) is the
Lorentz connection of the emergent space-time M, so the observable governing the spin precession [36].

Is this approach of quantum gravity consistent with the Everett’s many-worlds interpretation? To answer to this
question, it is interesting to consider the example of a quantum wormhole.

5.3 Quantum wormholes

The concept of wormhole in general relativity initially comes from the Einstein—Rosen bridges [39,40] which
are extensions of the black hole solutions of the Einstein equations. This kind of wormhole is not traversable.
The quantum version of these ones by a fuzzy space has been studied in Ref. [41] where it is shown that a
particle can traverse a quantum Einstein—Rosen bridge by tunnelling effect. Here we want to consider another kind
of wormholes, the Morris—Thorne wormholes [42] which are classically traversable. A classical Morris—Thorne
wormhole is characterised by the following space-time metric:

ds* = *d® — de* — (b + £2)(d6* + sin® 0dg?), (49)

where by is the radius of the wormhole throat, ¢ is the proper radial distance to this throat. The space slice of
equation § = 7 and r = C*' can be embedded in R3 by

) =boln | — + S (50)
r) = n R [
Z 0 bO b(%

with r = /€2 + b2, (r, @) being polar coordinates of the (x, y)-plane. The slice is represented Fig. 2.

To define a quantum Morris—Thorne wormhole, we follow the procedure used in Ref. [41], by considering the
quantum wormhole as a deformation of the noncommutative plane. Let @ and a™ be the annihilation and creation
operators onto the Fock space .7 (the operators of the quantum harmonic oscillator). The quantum coordinate
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e

Fig. 2 Spacesliceat = 7
andt = C* of a
Morris—-Thorne wormhole
of throat radius bg
embedded in R3. The sheets
of space £z(r) linked by the
wormhole are represented
by two different colours.
The wormhole itself is the
circle of radius bg at which
the two sheets are glued
together (by varying 6, this
one becomes a sphere of
radius bg)

observables X and Y are defined by X = Ep% and Y = {p % In other words, a = i(X +1Y)isa
quantum complex coordinate observable onto the plane. The quantum radial coordinate observable is defined by

+00
F=tpVata=10p) Valnnl, 1)

n=0

where (|n)) is the canonical basis of the Fock space Z (a™|n) = +/n + 1|n + 1) and a|n) = n|n — 1) except for
n = 0 where a|0) = 0). The last quantum coordinate observable is then defined by

Z = z(F) (52)
+o00

—tp Zln(ﬁ%—«/n—l) In) (nl, (53)
n=0

where we have chosen to consider a quantum wormhole with throat radius equal to the Planck length by = £ p. For
one sheet, the Dirac operator (the displacement energy observable) is

2
b, = ’"KP o @ (X —x) (54)
P
o (@Z-/tp at-a
_mPC( a—ao (—ZT+Z)/ZP) (53)

witha = (x +1y)/Lp and z = £p In(|ae| + +/|a|?> — 1) and where the matrix is written in the canonical basis of C?
for which (73|%) = |%) and o3| — %) =—| - %).
The quasi-coherent states are similar to the usual Perelomov coherent states [35], these ones are

+oo 5
— a2 Yy 56
o) = e Z:(j) M"” (56)

The Heisenberg uncertainty relation for X and Y is minimised in the state |«). We note that the points || < 1
(<= r < bp = Lp) are forbidden in the classical wormhole (the “hole”—the genus—in Fig.2). These points are
forbidden since they do not belong to the space-time (a coordinate r < by is not in the slice of space). But in the
quantum model, this implies that Z is not self-adjoint:

+00
Z/tp = I (ﬁ+ Jn = 1) n) (n|
n=1
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 10)(0 57
—lE| (0], (57)

where we have chosen the Riemann sheet of the complex square root /—1 = —1 order to have a negative imaginary
part (moreover we have chosen the main value of the complex logarithm). Even if the region |o| < 1 is classically
forbidden, quantum wave functions can penetrate in this region as evanescent waves.

3 T el
(¢|]TmmZ|a) = —Eﬁpe . (58)
For large value || > 1, this quantity is negligible and no effect of the nonselfadjointness are visible. For small

value || <« 1, we have (¢|JmmZ|a) =~ —%Ep, and it follows

_1m 2 mpc -
—th [PP zjmst|a> ~ e_pT7S|O[>. (59)
During the evolution (generated by Eq. (39)), a state |«) (with |@| < 1) in the forbidden region is exponentially
dissipated (as expected for a evanescent state). The characteristic time of the dissipation is %t p wheretp =

ho_
mpc?

\/hc:? is the Planck time. So wave function entering in the classically forbidden region is quickly dissipated. But
this dissipation is only present in this single sheet model. Where does the wave function disappear? In the other
sheet of the representation of Fig.2 (by definition the wormhole is a transition between two space-time sheets). A
double sheet quantum model is represented by the following Dirac operator:

T DY /mpc?  1Imm(Z —z2)/Ep
D, =mpc (—ljmm(Z—z)/Zp D Jmpc) ) (60)

with

£ 5 [ ERee(Z —2)/Lp at —a
by =mpe ( a—ao FRee(Z — z)/ép) 61)

Ree(Z) = Lp Z:j In (ﬁ + /n— 1) [n)(n|. The matrix lﬂ)XC is written in the basis (|+), |—)) of the states of
presence in the two sheets. The dissipation operator of the single sheet representation, :Jmm(Z) = —:50)(0], is
now treated as a coupling between the states |£) (when the wave function disappears from the upper sheet, it goes
to the lower one). We solve the eigenequation:

B0, &) = Aow(@)|0£, ) (62)

with |Ag+ ()| = min |Sp(),)|. We have two minimal displacement energies (Ag— = —Ao4) due to the degeneres-
cence induced by the double sheet. The sheet label + is attributed with respect to the probabilities to be on a sheet,
more precisely the label + is attributed such that (0+, «| P4+ |0+, o) > (0+, o| P_|0+, ) where Py = |£)(=£]|.
The result of the numerical solving of Eq. (62) is shown Fig. 3.

As expected, an eigenvalue crossing occurs in the neighbourhood of the classical throat of the wormhole. This
crossing induces a transition from an eigenstate associated with the upper sheet to an eigenstate associated with
the lower sheet. But it is interesting to note that at the throat the eigenstates correspond to an equiprobability to
be on the two sheets. Classically, the border between the two sheets is arbitrary chosen at the minimal throat,
but in fact the two sheets form a connected surface (Fig.2), and other choices are possible. Quantically, this is
replaced by a quantum superposition of the states |£) in the neighbourhood of the throat for the eigenstate |04, o)
(more precisely the state |0+, o) presents entanglements between the states |£) and the states of the other quantum
degrees of freedom). Finally we can claim that a quantum wormbhole in the meaning of emergent gravity is well a
“many-world wormhole” of the interpretation of the quantum adiabatic dynamics.

Remark: Fig.3 shows also that the minimal displacement energies asymptotically cross at |o| — +o00, but this
crossing cannot induce transition since the coupling is zero lim|q|— 400 ((0+, @|IJmm(Z)|0—, a)) = 0.

The computation of At = —1E;1 [((0==% a|§a |0+, «)) is not obvious, but using a decomposition onto the eigen-
states of the noncommutative plane [36,41], we can write that At = #é}p + A;t(r)ér with A going quickly to 0
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Fig. 3 Up: minimal
displacement energies of the
single sheet operators:

|Ag” ()| = min [Sp(B7)].
Middle (first): minimal
displacement energies of the
double sheet operator,
solutions of Eq. (62).
Middle (second):
Probability that the test
particle is on the upper sheet
when its state is |0£, o))
(solutions of Eq. (62)).
Down: Comparison of the
profile of the classical
wormhole slice Fig.2 with
the mean values of Ree(Z)
in the eigenstates |0+, «))

with r > 1. The metric of the emergent space-time is then

c?ds? = *di* — (/6% + V) (cdt + Lpdg)? —
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(63)

with £ = /r? — E%,. The difference with respect to the classical metric Eq. (49) provides from the shift vector A%

the manifestation of the torsion at the Planck scale.

@ Springer



D. Viennot

6 Emergence and complexity

Emergentism is a philosophical idea which opposes to reductionism by thinking that fundamental new laws emerge
from the complexity [43]. In other words, the behaviour of a complex system cannot completely be reduced to the
individual behaviours of its parts. This concept is particularly important in statistical physics where the complexity
results from the large number of degrees of freedom. But the complexity can also result from nonlinearities,
and unexpected organised behaviours can emerge from simple laws which at first appear to give only disorderly
behaviours, as for example the Langton’s ant cellular automaton [44]. We have previously noted that the many-
worlds are an emergent structure (and not a predefined space-time property) coming from the diagonalisation of
H (the potential measurement of energy by the observer). One could say that for an unobserved system, the many-
worlds do not exist and emerge only at the observation. The complexity coming from the bipartite interaction
between the system and the observer. This is in agreement with the idea that the preferred basis of the many-worlds
picture comes from decoherence processes resulting from entanglement of the system with a large environment. The
complexity is then the same than in statistical physics (the large number of degrees of freedom of the environment).
In the previous section, we have presented a simple model of quantum space-time resulting from the quantisation
of the classical flat space-time, in which gravity emerges at the macroscopic scale with the thermodynamical limit
(anew an emergence as in statistical physics). We have presented also the emergence of gravity at the Planck scale
in the adiabatic quasi-coherent picture which results from the observation of a test particle whose the spin state is
entangled with the space-time state (the state |0, x)) is generally entangled). An emergence in the same way than
the many-worlds structure emergence.

In the adiabatic picture, the emergence of the many worlds {.#,}, is accompanied by the emergence of gauge
fields { Aa } generators of the geometric phases. Does this emergence reflect the complexity of the problem? To answer
to this question, it needs to discuss the complexity of a gauge theory. It is interesting to consider first the simplest
example of electrostatics. Let a first observer and U be its neighbourhood in the space. This observer defines (by
observations/measurements) an electric potential V* and an electric field E= —gr—ac)l V. Letasecond observer and
its neighbourhood U# who defines the fields V# and E= —gr_ac)lvﬁ. Suppose that the two neighbourhoods have a
non-zero intersection. On U% N U® the two observers are agree concerning the electric field, but due to the arbitrary
gauge choice, in general we have VB(x) — V(x) = k® € R (Vx € U% N UP). To take into account this question
of the gauge choice, we can claim that the electrostatic gauge theory is defined by the following equivalence class
of potentials [V]p = {V* + k%, withVx e U*NUP, VA(x) — V¥(x) = C"} e er, (ve), » the choice of the good
open cover' of the space {U®}, being arbitrary. The mathematicians called [V ]p a Deligne cohomology class [45]
of degree 1 (a concept of algebraic topology), it defines a gauge invariant field by E= —gradV.

Consider now the case of magnetism. Now the two observers are not agree concerning the magnetic potential:
AP— Ao = gr—zlzl)("‘/3 where x*? is a functionon U*NUP. Generally, Vx € UNUPNUY ,wehave x@V = x4 xP7.
But this is not the case in presence of a magnetic monopole where x%# + x#v — y*7 = *bY ¢ 7 for which
(U*, UP, U} is a good open cover of a sphere centred onto the monopole and z*#7 is its quantised magnetic
charge (see Ref. [15]). Finally the magnetic gauge theory is defined by the degree 2 Deligne cohomology class
[, Alp = {(x®F + ¢ — ¢% A% 4+ gradc®), withVx € U* N UP, AP — A% = gradx® and ¥x € U* N UP N
UV, xPr — o 4 o = C*"Y R u (U9}, defining a gauge invariant field F = curlA (X denoting the set of
differentiable functions from U to X). The electromagnetic theory in the Minkowski space-time is also a degree 2
Deligne class with the potential four-vector in place of A and the Faraday tensor in place of F. The interest to view
the Deligne class [y, A]D as the fundamental essence of the magnetism is related to the Aharonov—Bohm effect
[10]. In this effect, a particle which sees only a zero magnetic field in the whole of its path, presents a measurable
effect (by interferences) of the non-zero magnetic potential. We could then think that this one is more pertinent to be
the essence of magnetism in place of the magnetic field. But A is submitted to the arbitrary gauge choice, whereas

1" A good open cover {U%} of a manifold ., is a set of open simply connected subsets of .2 (one piece no hole), such that | U =M
and such that any intersection of a finite number of open sets {U“} is also a simply connected open set.
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a physical essence of the Reality needs to be uniquely defined. The circulation of K, 55%, A-di , has the default to be
defined on non-local (extended) objects (closed paths %) in place of the points of the space. The equivalence class
[x, A]D seems then to be more consistent to be the essence of the theory.2

We can increment the construction and define a degree 3 Deligne cohomology class as being [§, 7, E]D =
((E*PY 1-0PY — v 4¢P 9B _gradz®P kP K, BY 4-curlk®) with Vx € U*NUP, BF — BY = curlii®f and Vx €
UYNUP U, 7P — 5% 4+ 7% = —grad&®” and Vx € U NUP N UY NUP, gPYS — £ard 4 gafs _ gaby —
Ccste} £ ER oy K B o (U o defining a gauge invariant field H = divB®. This class corresponds to a physical
theory, the 2-form electrodynamics [46]. In usual magnetism, a gauge invariant quantity is the potential vector
circulation 9&5 A - dX on a closed trajectory % (it is the fundamental quantity in the Aharonov—Bohm effect [10]).
For a path % crossing several open sets of different gauge choices, we have a gluing relation f% A-di = f%u A«
dx + xP(x*P) + f%;a A% . d%, where € is cut into two parts, €% C U% and 47 < UP, at an arbitrary point

x® e € N U* N UP (the circulation is independent of this arbitrary choice). Suppose that we generalise the
magnetism theory by replacing point particles by closed strings. In that case, the closed trajectory % is replaced by
a closed surface .7 having the topology of a torus. The circulation must then be replaced by a flux gﬁﬁy B -dS. For
a surface .7 having the topology of a tube crossing two open sets, we have now the gluing relation ﬂy B-dS =
e B*.dS + fipup 1P dl+ 76 BB .dS, where € ¢ 7N U”‘qﬂ U? is aloop cutting .7 in two parts. B* and
71%F are the fields defining the degree 3 Deligne cohomology class. B is the B-field appearing in string theory [23]
previously cited. An usual magnetic potential A can appear also in 2-form electrodynamics to treat open strings (l}
being coupled with the string body and A being coupled with the string ends).

Clearly, we see an increase of the complexity of the gauge theories in the sequence: electrostatics — electromag-
netism — 2-form electrodynamics (string theory). The Deligne degree appearing as a degree of complexity. What
is the situation for the point of view of the adiabatic picture of quantum dynamics? Firstly note that a free evolution
1Y (1)) = e ™ |g xy with | (0)) = |a, x) (H(x)|a, x) = rq(x)|a, x), x being not moved), is associated
with a degree 1 Deligne class [A,]p (the energy origin being arbitrary, it constitutes a gauge choice), A, playing
the role of an electric potential. The magnetic analogy shows clearly that the geometric phase of strong adiabatic
transport defines a degree 2 Deligne class [y, A]D (where x is the transition functions associated with magnetic
monopoles—the eigenvalue crossings). And finally the geometric phase of weak adiabatic transport defines a degree
3 Deligne class [£, 7, B] where B is the B-field. For the sake of simplicity, we have not introduce in the previous
sections the fields £ and 7, but we can find explicit examples of these ones in Ref. [47] in the case of the Floquet
adiabatic transport (a method to treat light-matter interaction, where we consider Floquet quasi-energy states which
are entangled states between the matter states and the photon states). Another example can be found in Ref. [48]
for the adiabatic transport of a quantum resonance where the interaction with the environment is not modelled by
entanglement but by dissipation as in the example of the quantum wormhole with the single sheet model (as for
eigenvalues crossing of the quantum wormhole, the resonance crossing is not a single point but a circle). Finally,
we see table 1 the correspondence between the complexity of the dynamical system and the complexity of the
geometric phase gauge theory.

This symmetry is intriguing from the point of view of the hierarchy of the physical theories. On the one hand,
degree 3 gauge theory seems to be more fundamental than degree 2 gauge theory, since string theory corresponds
to physics at a smaller size and higher energy than usual electrodynamics; but on the other hand, degree 3 gauge
theory seems to be less fundamental than degree 2 gauge theory, since adiabatic transport with entanglement is the
composition of two “physical structures” (adiabatic transport and entanglement dynamics). Since the increase of
the complexity can induce the emergence of a theory similar to the descent to the most elementary, the concept of a
“most fundamental theory” (or of a “theory of everything”’) defended in the reductionist attitude seems to be hardly

2 This is not unusual to consider equivalence classes as physical objects. This is for example the case of the “wave functions” in
quantum mechanics. These ones are not simply square integrable functions, but an equivalence class of square integrable functions up
to the addition of functions of zero Lebesgue measure (functions of zero integration), to have a true Hilbert space (the addition of zero
Lebesgue measured function to a wave function does not change the probabilities nor the measurement outputs).
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Table 1 Correspondence between quantum dynamical systems of control parameters x and geometric phase gauge theory

Quantum dynamics Deligne degree Electromagnetic analogy
X static 1 electrostatics

x slowly moved 2 electromagnetism

x slowly moved 3 2-form electrodynamics
+ entanglement (string theory)

or dissipation

difficult to properly define. The concept of emergence of a never-ending tower of theories related to each level of
complexity or to each level of size/energy domain seems to be more consistent.

Remark: it is known that string theory needs addition of six compact extra-dimensions to the space-time (not
taken into account in the previous discussions in this paper). An emergent compact extra dimension to ./ appears
also in Floquet adiabatic transport [47]. Moreover, by a similar principle, it is shown in Ref. [49] that in the BFSS
matrix model, six compact extra-dimensions emerge from the initial four space-time dimensions due to the effects
of the quantum vacuum fluctuations (playing the role of an environment).

7 Conclusion

Geometric phases in adiabatic quantum dynamics provide a concrete geometric realisation of the many-worlds
of the Everett’s interpretation of quantum mechanics. The main characteristics of this interpretation (“superposi-
tion” of worlds, “interferences” between compatible worlds, emergence of the many-worlds structure due to the
observation, relation between the preferred basis and decoherence phenomenon), have geometric realisations in the
adiabatic picture taking the form of gauge theories onto copies of a control manifold. This geometric picture of the
many-worlds interpretation is compatible with the matrix models of quantum gravity. We have seen a symmetry
between the increase of complexity in adiabatic quantum dynamics and the descent to the most fundamental theo-
ries in electrodynamics (including the unification with gravity at the last stage of string theory). If we consider the
geometric picture of adiabatic dynamics as the concrete realisation of the many-worlds interpretation, this shows, in
contradiction with some criticisms concerning this one, that it is intimately related to quantum gravity: interferences
between worlds (needed to have quantum transitions and changes of the probabilities of occupation) are strongly
related to the quantum wormhole concept; gauge theory characteristic of string theory (degree 3 Deligne classes)
emerges if we take into account entanglement with an environment (and so decoherence phenomenon) which is
needed to solve the preferred basis problem.

What can be deduced, philosophically speaking, from the symmetry of the emergence of gauge theories following
the descent to the fundamental and by the increase of the complexity of the dynamics? What can be deduced from
the intimate link between the geometric phase formalism and the emergence of gravity in quantum space-times?
Fundamentally, we have no difference between the control manifold of the adiabatic transport and the classical
flat space-time in which the observer positions its test particle (two ones denoted by .# in the previous sections).
These two manifolds are just parameter spaces in the mind of the observer needed only to have a representation of
the dynamics and to organise the results of measurements by the quantum observables (H (x), X', ID,). We have
called “analogy” the symmetry between the two situations, geometric phases and electromagnetism/gravity. But
the example of quantum gravity matrix model shows that it is maybe more than an analogy. We could consider that
the mathematical structure (here a class of algebraic topology and its geometric realisation) defines the physical
meaning. This point of view is sometimes invoked in the consideration of the ontological problem of quantum
mechanics. At a middle point between the traditional object realist position (there is a Reality independent of the
mind, accessible and intelligible, composed by objects) and the idealist position (the thing-in-itself is essentially
unknowable in nature, we only put in order partial and biased representations of a Reality) or the instrumentalist
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position, we have structural realist positions. In these ones, we consider that the relations between the objects or the
structures in which these objects take place, is the true essence of the Reality and not the objects themselves. It is
possible to see the many-worlds interpretation as a structural realism since the many-worlds structure is relative to
the relation system—observer. Another possibility consists to claim that familiar concepts from our mental images
fail to render reality on the microscopic scale, only terms from abstract mathematics can describe it. So, in this
position, mathematical structures are closest to the essences of the Reality than objects (particles, atoms,...). This
position is called mathematical realism of physics, einsteinian realism or pythagorean realism [3] (I prefer this last
name, the first one induces confusion with platonicism which concerns the independent reality of mathematics, and
the second one attributes to Einstein an adherence to this point of view, which is not obvious). In this pythagorean
realist point of view, the emergence of quantum gravity (with curvature and torsion) and the emergence of many-
worlds (with magnetic potentials and B-fields) in adiabatic dynamics with entanglement, are the same “physical”
process consisting of the increase of the Deligne degree of the gauge theory (which is the only essence of the
reality as the underlying mathematical structure). The geometric phases formalism could then be a link between
the many-worlds interpretation and the pythagorean position in a syncretism of these two structural realisms.
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Appendix A: System—observer entangled state formulation

In the original formulation of his interpretation [4], Everett uses explicit relative states as states of a bipartite system
constituted by the observed quantum system and the observer. We see here that it is possible to realise the same
thing by a different way with the geometric phase formalism using the Schrodinger—Koopman method [50]. We
consider anew the Schrédinger equation

thdg |y (1)) = Hx () |y (1)) (AL)

with |Y) € 57, x € A and H : .4 — L(F).Inthis equation, the observer appears only via the control parameters
x belonging to the control manifold .. In the previous sections, we have considered that the evolution ¢ — x(t)
is given a priori and forces the quantum system. Consider that this evolution results from a classical dynamics:

G ), (A2)

where {-, -} is the Poisson bracket of the classical system (observer) and H is its classical Hamiltonian. x can be
a set of couples degrees of freedom and conjugate momenta (. being then the phase space of the observer),
Eq. (A2) is then the Hamilton equations; or x can be classical observables concerning the observer and Eq. (A2)
is the evolution equation of these ones. Note that this discussion can be generalised to non-Hamiltonian evolution
(dissipative system) [50] but for the sake of simplicity we do not consider here this possibility. Let the following
equation be called the Schrédinger—-Koopman equation:

tho [W(0)) = (H —1h L) | W (1)), (A3)

where |W) € # @ L*>(#,du(x)) (u is a measure on .# preserved by the Hamiltonian flow), H (x) being
considered as an operator of J# ® L*(.#,du(x)) (acting by multiplication in L>(.#,dju(x))) and %3 €
L(L*>(A , du(x))) is defined by

Vf e LA, du(x), ZLu(f)=(f H). (A4)
We can prove (see Ref. [50]) that the solutions of Eq. (A1) and Eq. (A3) are related by
1Y (1)) = (x (O (@)), (A5)
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where t +— x(¢) is solution of Eq. (A2), (x| being the linear functional providing the value at x € .# of the
states of L2(#,du(x)) Vf € L2(A,du(x)), (x|f) = f(x) € C). By this fact, the Schrédinger—Koopman
(SK) state |W)) is another representation of the dynamics, but this one represents both the quantum system and its
observer/control. It can then play the role of the relative state.

In the adiabatic limit without eigenvalue crossings, we have

O @) =Y cae™Dla, x(1)) (A6)
a
with @q (1) = ™! fot Aa(x())dt + fé A (x (t'Nx!(t"dt' (A, and |a, x) being the eigenvalues and eigenvectors of
H and A% = —; (a, x|§|a, x)). A possible entangled state can be then (in the adiabatic approximation)
o) = [ Y e Ola x0) © kO 71D, (A7)
a

where [ Z[x(t)] denotes the Feynman path integral (restricted onto paths solutions of Eq. (A2)). ¢, plays the role of
the classical action for the world/branche .7, in accordance with the electromagnetic analogy (£, = i~ A4 +A9. %
being the Lagrangian of the interaction of a particle of unit charge with an electromagnetic field of scalar potential
—h =1, and vector potential A).

|W (1)) is the state of the bipartite system constituted by the quantum system and the observer (in the meaning
of the experiment device used by the observer to control the quantum system). |x) is the observer state where
the control parameters have the values x. f e ¥a (I)Ia, x()) ® |x())P[x(t)] can be interpreted as the state of the
bipartite system where a measurement of H has been realised and has provided the result A, independently from the
evolution ¢ +— x(¢) followed by the observer (since we have a quantum superposition of all possible evolutions).
And then, in |W(?))), this part represents the state of the world with the outcome of the measurement of H is A,
independently from the history of the observer. In this meaning, |¥)) is the state of the many-worlds structure
including all possibilities for the system and the observer (the “state of the Universe”). The observer “viewing”
the outcome A, after measurement “lives” in the world of state [ c,e™"% Dla, x (1)) ® |x (1)) Z[x(1)] (relative to
this outcome). In contrast with the Copenhagen interpretation, the measurement does not induce a wave packet
reduction, the state of the “Universe” |W)) is not modified, the measurement is just the “disclosure” of the world
in which the observer “lives” relatively to the observed outcome. |W)) is the state of the many worlds structure
in the meaning of it is the state independent of a particular outcome of the measurement and independent of the
history of the observer. We can see an emerging structure depending on the choice of the considered measurement
by considering a basis change. Let O be another observable, (|i)); be its eigenbasis and (u;); be its spectrum. In
this new basis we have

W) ~ / S k@)l ® [x(0) 21x ()] (A8)

with k; (x (1)) = Y, cae D (ia, x(1)). In a same way, fk,- (x(@)]i) ® |x(2))P[x(t)] is the state of the world
relative to the outcome p; of the measurement of O. Note that this approach is different from the original Everett’s
approach of the state of the Universe which does not involve path integral formulation. The introduction of this
formulation in the present context is due to the use of the adiabatic approximation which implies that the evolution
of the observer is classical. The path integral formulation with the Schrédinger—-Koopman formalism are used to
treat the entanglement in a bipartite system mixing quantum and classical degrees of freedom. In the Everett’s
theory, no quantum-classical mixture occurs, and all objects of the universe are considered quantum.
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