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We show that the holonomy of a connection defined on a principal composite
bundle is related by a non-Abelian Stokes theorem to the composition of the ho-
lonomies associated with the connections of the component bundles of the com-
posite. We apply this formalism to describe the non-Abelian geometric phase (when
the geometric phase generator does not commute with the dynamical phase gen-
erator). We find then an assumption to obtain a new kind of separation between the
dynamical and the geometric phases. We also apply this formalism to the gauge
theory of gravity in the presence of a Dirac spinor field in order to decompose the
holonomy of the Lorentz connection into holonomies of the linear connection and
of the Cartan connection. © 2010 American Institute of Physics.
[doi:10.1063/1.3496386]

I. INTRODUCTION

T

A composite bundle is a tower of bundles E(T,F,)— T(B,F,;)— B [the notation T(B,F)—B
denotes a locally trivial fiber bundle, with base space B, typical fiber F, total space T, and
projection r, with B, F, and T being three C*-manifolds and 7 being a surjective map]. The
concept of composite bundle was introduced by Sardanashvily in Ref. 1, with E(T,F,)—T a
vector bundle, to describe both the non-Abelian geometric phase and the non-Abelian dynamical
phase. Sardanashvilyz’3 and Tresguerres4 have also used composite bundles to describe the gauge
theory of gravity. To complete the description of a non-Abelian geometric phase with a non-
Abelian dynamical phase, we have introduced in Ref. 5 the concept of principal composite bundle.
A principal composite P(M,G)-bundle P,(S,G)— S(R,M)— M mimes a principal bundle, where
a base fiber bundle S(R,M)—R plays the role of the base manifold, and where a structure
principal G-bundle P(M,G)— M plays the role of the structure group (R, M, S, P, and P, are
C”-manifolds and G is a Lie group). We have shown that a principal composite bundle defines a
locally defined G-bundle P, (M X R,G)— M X R called total bundle, and two kinds of “leaf” of
fibers. One consists of bundles isomorphic to P(M,G)— M, and the others are called transversal
G-bundles (Q,(N,G)— N). In the present paper, we specify the principal composite bundle struc-
ture, particularly from the viewpoint of the local data and of the torsion of the total bundle.
Moreover, we study the holonomy of a composite connection and we show that it is related by a
non-Abelian Stokes theorem to the product of the holonomy of the structure bundle connection by
the holonomy of one of the transversal bundle connections.

This paper is organized as follows. Section II presents the principal composite bundle geom-
etry. Section III studies composite connections and the associated holonomies. The link between
composite holonomies and geometric phases, when the geometric phase generator does not com-
mute with the dynamical phase generator, is studied in Sec. IV. Under a relevant assumption we
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find that the non-Abelian phase is the product of the non-Abelian geometric phase and of the
non-Abelian dynamical phase with fixed adiabatic parameters. Finally, we consider the composite
holonomies arising with a Dirac spinor field transport in a curved space-time.

A note about the notations used here: the symbol “= " between two manifolds denotes that
the two manifolds are diffeomorphic. The symbol “— 7 denotes an inclusion between two sets.
O"(M,g) denotes the set of the g-valued n-forms of the manifold M. d,; denotes the exterior
differential of M. T .M denotes the space of tangent vectors of M at x e M and TM denotes the
space of tangent vector fields of M (the tangent bundle of M). L .M denotes the space of smooth
closed loops in M with base point x. fog(x) denotes the composition f(g(x)). I'(U, P) denotes the
set of local sections of a fiber bundle P— M over UCM.

Il. THE PRINCIPAL COMPOSITE BUNDLE GEOMETRY

This section presents the relevant definitions concerning the principal composite bundles. The
first part presents the global theory (as in Ref. 5) but with enlightenment concerning the torsion of
the total bundle; the second part introduces the local theory (which is not treated in Ref. 5).

A. Global geometry of a principal composite bundle

P
Definition 1: (Principal composite bundle) Let G be a Lie group and P(M,G)—M be a
principal G-bundle over a manifold M. A principal composite P(M ,G)-bundle is a tower of fiber
Ty s
bundles P.(S,G)—S(R,M)—R, such that

e VyeR, WEl(y)ZM,

* for every good open cover {V'}; of R, there exists a diffeomorphism Xg: ng(Vi)—>Vi XM,
« Vye Vi m (75 (1) = x5, P.
P(M,G)— M is called the structure bundle of the principal composite bundle. ‘
(A good open cover of R is a set of simply connected contractible open sets covering R.) Xls*y
is the map induced in the bundles by x§,= X;l’?T_l ) [the fiber diffeomorphism of S(R,M) over y],
) 510

i.e., it is the bundle isomorphism such that the following diagram commutes:

P = mlaon PP

-
| | _ L7p
S = w0y X_lsf M -
msl sl

R = {v}

As a principal bundle defines a total space which is locally a Cartesian product of manifolds, a
principal composite bundle defines a total space which is locally a fiber bundle.

Definition 2: (Total twisted bundle of a principal composite bundle) Let P.(S,G)—S(R,M)
KXY =
—R be a principal composite P(M ,G)-bundle. Let ¢%:U%X G— ' (U%) C P be the local trivi-
alization of P(M,G) ({U%}, being a good open cover of M). We call total twisted bundle of P,

— S—R, the set of principal G-bundles {Pfr(M X Vi,G)— M X V'}; defined by the following local
trivialization:
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FIG. 1. Scheme of a principal composite P(M,G)-bundle P,(S,G) — S(R,M)— R. A single fiber over (x,y) is represented
by a dotted line. This fiber belongs to the longitudinal leaf of fibers X;‘,P and to the transversal leaf of fibers Q..

U*X V' XG— P,
(x,7,8) = X5, B3(x,8).

o
where PL=m'(m5" (V') with the projection defined by N'p € P, 77J;+(P)=(ngsoqf+(p)°77+(l7);7TS
o, (p)).

Since X§§¢$(S,G)= WI](Xg_yl (x)), for each y e VNV, Xé’;qbg(xgyo Xg;l (x),6)= Xg*yqbg(x,G).

Definition 3: (Torsion functions of the twisted total bundle) We call torsion functions of the
total twisted bundle of a principal composite P(M ,G)-bundle P.(S ,G)ES(R,M)iiR, the auto-
morphisms of M defined for all y e V'OV by

M—M
x> by o X (),

where (pij represents the torsion of {P'.(M X V',G)}; since

ij.
)

£ (1..G) = (9] (1).7.6).

The total twisted bundle is a principal G-bundle if and only if cp;jzidM, ie., if S=SRXM [the
bundle S(R,M) is trivial].

There are three notions of fiber in a principal composite bundle (see Fig. 1). One is the usual
fiber of the total bundle of the composite, i.e., 71";;1 (x,y) for (x,y) € M X Vi. The second kind plays
the role in the principal composite bundle of the fiber diffeomorphic to the structure group in a
principal bundle, i.e., wll(wgl(y)) = X?;P. We call it a longitudinal leaf of fibers. The third kind has
no analog in a simple principal bundle; it is a transversal leaf of fibers.

Ty s
Definition 4: (Transversal bundles) Let P.(S,G)—S(R,M)—R be a principal composite
P(M ,G)-bundle and ¢S, be the local trivialization of its total twisted bundle. We call transerval

o Tox
bundle over x e U*CM the set of principal G-bundles {Q}'(V',G) — V'}; defined by the following
local trivializations:

ViXG—QYCP,
(v,8) — ¢%(x,y,8)

ai

The projection of a transversal bundle is then defined by Vq € Q}", m} (q)=mso m,(q).

N
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We remark that if x € UM UP then there exists two diffeomorphic transversal bundles over x:

Q“’ Qﬁ’ We denote by d)’éﬁ(’ Qﬁ’—>Q‘" this dlffeomoi})hlsm Vxe U*NUPNU? and for ¢
€ ')( )= ¢ o d)ﬁ "(q)- h“ﬁ ni (ﬂ'Qx(q)) with haﬁ (y) € G (the dot in the preceding ex-

pressmn denotes the right action of G on o).

Property 1: The family of the transerval bundles {Q“ (R, G)— R}, cyaq of a principal com-
posite bundle is torsion free, i.e., haﬁy(z (y)=e (e is the identity element of G).

This property follows from the following commutative diagram:

¢aﬁ(z)

—1 -1
o ) 8 mee ()
H< ll,~ l* ll,~
— — —
WPl(x) gl WPl(x)
Vy e V.

Remark: Let {W*},; be the good open cover of S defined by

WDti= U XSyl(UD[)
yeV

The local trivialization of the principal G-bundle P,(S,G)—S is
Wai N W;I(Wai)
(S,g) — X.iS'*qTS(x) ¢g(XfS‘ﬂ-S(_v)(s)7g) '

ai,
Ll

B. Local data defining a principal composite bundle

A principal bundle, as P(M,G)— M, is totally determined by the knowledge of the manifolds
P and M and of the local diffeomorphism ¢%: U*X G— P [or equivalently the fiber diffeormo-
phism ¢p =dp(x,.)]. However, it is often more practical to determine the structure of a principal
bundle by using entities defined only with M and G (without any explicit reference to P). Indeed
the explicit geometry of the manifold P is often unknown. The local data defining a principal
bundle are the transition functions g%ﬁ e Q%U*N UP,G) (see Ref. 6) which are related to the local
diffeomorphisms by

Vxe U NUP,  f(x.e) = dplx.g5°(x). (1)

They satisfy the cocycle relations
Ve UNUPN U, gif(x)gd(x) = ¢37(x), (2)
Vxe U*N UP, 'B(x) g Ba(y), (3)
Since xgygbp(go”(x) G)= )(S‘ ¢3(x,G), there exists gj(”‘) e QUVINV/,G), such that

X5 (@Y(x).€) = Yoy p5(x. 85 (7).
Property 2: Yx € U*NUP and ¥y € VINV/, we have

g ()P () = gl (g (@) )

This property follows from the two following calculations:
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X5, Ph(@(0),0) = X5, (), 85%(¢) (1)) (5)
=Xy 50,0 (1) g5 (x))), (6)

Xor (@l (x),0) = Xy #x 8P (v) (7)
=x5, 56,2572 () (8)

The transition functions of the total twisted bundle of a principal composite P(M,G)-bundle
P.(S,G)—S(R,M)—R are defined by

V(xy) e UsNUPX VNV, g @B (xy) = g (x)gdP(y) = P (»)giP (e (x).  (9)
They are related to the local diffeomorphisms by
V() e UNUPX VIOV, ¢ll(el(x)..e) = ¢yl P (x.y)). (10)

Property 3: The transversal transition functions satisfy the twisted cocycle relation

. . « a k(a
VyeVinVin vk gfi?(y) = ﬂ‘@k@J@) (11)

This property follows from the two following calculations:

Xord (@ (x).€) = X5, b, g (). (12)
X5, b5} (x),0) = Xs, B3¢} o ) (0), ) (13)

=xh B84, (). £y () (14)

=Xs, (. g’ﬂa)(y)gw(x)(y» (15)

Property 4: The transition functions of the total twisted bundle satisfy the twisted cocycle
relation

V(x,y) e U*N UPAUYX VNV N Vk gﬂ)(yk)(x y) = g(al (ﬂj)(x y)g++1)(7k)(¢'](x) y).

(16)
Indeed we have
g4y = 857 (085 () (17)
a i ki
=g g () (18)
i ki

=02 (@] ()l ) (19)
=g\ ) (@ (0).). (20)

The twisted cocycle relation can be rewritten as
gi‘f)(yk)(x y) = g(al)(ﬁj)(x y)g(ﬂ’)(’/k)(x,y)h(“i)(ﬁj)(yk)(x,y), (21)

with
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h(m)(ﬁ/)(yk)(x y) g(,BJ Vk)(x’y) lgSﬁj)(Vk)((P (x) y) (22)

R BIA) e QOU*NUPNUYX VINVINVE,G) represents the obstruction to lift the total twisted
bundle into a principal bundle. The notion of total twisted bundle introduced in this paper extends
the notions of twisted bundle and bundle gerbes.LlO

Proposition 1: Let giai)(ﬁ i) e OUWYNWFI G) be the transition functions of the principal
G-bundle P.(S,G). These transition functions are related to the transition function of the total
twisted bundle by

(m)(ﬂj)(x y) = g(m)(ﬂj)(Xg—yl(x)). (23)
Indeed ¥'s € WENWE we have
P(s,0) = ¢ (5,81 (s)) (24)
and
BL(G(),,0) = HFx5 () 0), (25)
4 (x.y,8) = (X5, (),8). (26)
(ai)(B))

We can note that the usual cocycle relation concerning g

relation concerning g’ “’)(51),

involves the twisted cocycle

(w) Bl)(Xt l(x))g(ﬁl)(yk)( Xl 1(x)) = g(az)(yk)(xg—yl(x)).
)(’5.y <P}j(x) (27)

Proposition 2: A composite principal P(M ,G)-bundle over S(M,R) — R is completely deter-

mined by the knowledge of automorphisms ¢”:M—M and functions g(m)('6 ) e QO(UrN UP
XVINVI,G), such that g(m) P(x,y) is independent of y € R and of i, and satisfying the twisted
cocycle relations

V(xy) e USNUPNUY X VINVINVE gl B ()¢ B0 (li(x),y) = g{20 ¥ (x, y).
(28)

Indeed, we can reconstruct the manifold S by
S= uVi XM/~ (yx)~G'x)ey=y and yeVNV=x ="y (29)
and the manifold P, by

P.=UWYX G/~ (s,8)~(s'.g')=s=s" and s e WN W =g =ggiojri)(,3j)
a,i

X (Xsimy(5)(5): 75(5)) (30)

lll. COMPOSITE CONNECTIONS AND COMPOSITE HOLONOMIES
A. Global definition of a composite connection

The fibers of P, being diffeomorphic to G, there exists a tangent vector subspace, such that
T.P,DV,P,=g for re P, (where g is Lie algebra of G) called the space of vertical tangent
vectors (see Ref. 6). A connection is a choice of a supplementary subspace H,P, called the space
of horizontal tangent vectors, 7,P,=V,.P,® H,P,. We want to reduce the choice of the horizontal
tangent space to be compatible with the composite structure.
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Definition 5: (Composite connection) Let P.(S,G)—S(R,M)— M be a principal composite
P(M ,G)-bundle. A composite connection is a choice of a horizontal tangent space H,P. at each
point r of P, such that there exists a horizontal tangent space H,P at each point p of P with
XsysHyP CHy ) P

)(Sy* denotes the tangent map of )(f{; (the lower star denotes the push-forward).
A connection being defined by a 1-form (for which the horizontal tangent space is its kernel,
see Ref. 6), we have the following definition.

Definition 6: (Composite connection 1-form) Let P, (S,G) — S(R,M)— M be a principal com-
posite P(M,G)-bundle. A connection 1-form we Q'(P,,g) is a composite principal connection
1-form if there exists a connection I-form wp e Q' (P,g), such that ¥y € V', )(;;*i;w:wp, where

—

iy: 77_1(7751()/))—>P is the canonical injection.

XSy denotes the cotangent map of )(S‘ (the second upper star denotes the pull-back). The
important property of a composite connection 1-form is that Xs z ‘w is independent of y and of i.

—

Let iy: Qf—P, be the canonical injection. The transversal bundle is endowed with the con-
nection 1-form ng=if*w e 0104, g).
B. Local data associated with a composite connection

Let w € Q!(P,,g) be a composite connection of P.(S,G)—S(R,M)—R. Let U,O\‘,}XR el (U~
X Vi, P,) be a local section of the principal bundle P'(M X V',G), such that

V(xy) e UNUEX VIOV, ol n(@(x).9) = 0 g(x,y) - g4 F(x,y). (31)

i

The gauge potential associated with the connection is Af’: g € QN (U*X Vi g). By construc-
tion we have

Vx,y) e UNUPX VNV,

@ API(x,y) = g\ (x,y) T AL (x, ) 8PP (x, ) + VB (x,3) g g PP (x,y),  (32)

where ¢/ : Q*(M X VIN V) — Q*(M X VN V/) denotes the cotangent map of (x, y)'—><p’f(x) We

have then
i p e 0970 5 267" (x)
oAl (x,y) = AP((x).y) P dx* + | AP(e(x).y) 3y + AP (x).y) |dy”,

(33)

where (pij ¥(x) is the v-th coordinates of the point (p” (x)eM.
Let F¢ o =dA} o A“’ A‘” QX(U*X Vi,g) be the curvature of the principal composite bundle.
By construction we have

¢ FY(x,y) = g5 () O ) gl P ). (34)

We can also use the language of the 2-connections on the total twisted bundle (see Ref. 7-10),

AP(x,y) = gl@DBD (x, )T A% (x,y) g DB (x, y) + g DB (e, y) Vg g PP (x, ) + ATP) x,y)
(35)

where Aifiﬁ )(x, y):Affj (x, y)—cpij*Afj (x,y) is the potential of the 2-connection. By construction we
have

F¥(x,y) - g0 @ () Fo(x, )80 (v) = F¥(x,y) — @7 F¥(x,y), (36)
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=dy ALY () +[A(x,y), ALY (6, 9)] = AL (e,3) A AT (x,y), (37)

where F fr"i plays then the role of the curving associated with the 2-connection (usually denoted by
B).

C. The intertwining curvature

The transversal bundle Q is endowed with the gauge potential Al(a)

=A% e QN(V',g), where j,: Iii}ﬁx}f We have then

M><R(x Sk ng

Vye ViNV, oA (y) =gd ()AL ()i () + g5l () drgl (). (38)
For x € U*N UP, the gauge potentials of Q“(R,G) and QP (R,G) are related by

ABP(y) = g5P() ALY (1) g8 (). )
Xl;vl mxze( ,y) e '(U*,P) is a (y,i)-dependent local section of the prlnCIPal bundle P(M,G).
With it we can define a (y,i)-dependent gauge potential of P, A = }?/;;RX?; " wp

i ik— 1% l*** ai 1 o .  M—MXR
=0hxrXsy sy ly®= ]yA e Q'(U%,g), where j: )H(A y - It is more 1nterest1ng to endow

P(M,G) with a gauge potential independent of y. Let o, € I'(U?, P) be a local section of P, such
that o (x)=0%(x)-g%#(x), we define the gauge potentlal Ap=05wp e Q(U?,g). The relation
between Ay and the family {A“( }yeviy is just a (y,i)-dependent gauge transformation, indeed

V(x,y) e U*X V', 3 g;i(x) e G, Xg’;_loﬁx,e(x,y) = oy(x) 'g;”(x), (40)

and then

AZ(x) = g2 AB )T (x) + g (0 (x). 1)
We note that

V(xy) e UsNUP XV, gif(x)gh(x) = g'(x)g5 (). (42)

We have then
Vxe U*N UP, Ag(x) = g%ﬁ(x)_lAg(x)g%ﬁ(x) + ggﬁ(x)_ldMggB(x), (43)
AR (x) = 3P0 AR () 855 (x) + g (x) M d g 3P(x). (44)

The gauge potentials of the total, structure, and transversal bundles are related by

AL (xy) = A5 () + A () (45)

=g (x) AR () + ALY (y) + g (1) dyg ().
(46)

We prefer another gauge choice: gf(x,y): g;‘i(x)Afi(x,y)g;‘i(x)‘l+ g;”'()c)dﬂ,,X Rg}o,‘[(x)‘l, in which
we have

ALi(ny) = Ap(0) + A0, (47)
with gi(“)(y) g‘"(x)Al(a (y)g;’”(x)“ + g;fi(x)dkg;”(x)". We call this choice the gauge of decompo-

sition since it 1solates the gauge potential of P(M,G).
Finally, we compute the curvature of the composite bundle,
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= dy gAY + A9 A AY (48)

=Fp+ Fg? +dyAg? +[ALAGY],

ai(a)
DpAgx (49)
where Dp=dy;+[A},.] is the covariant differential associated with the connection of P(M,G), Fj
is the curvature of P(M,G), and F, ’(“ is the curvature of Q“(V',G). We note that

V(xy) e UNUPXVINV, @i Fl = gled B paige®) - ang - ol DEATP

— “(ai)(ﬁj)—nggi(a)g‘(ai)(ﬁj)’ (50)

with g 4“’)(’3] (x,y)= g}‘” '((p;’(x))g(m) D (x, y)gﬂf(x) We call DPA’(O‘) the intertwining curvature of
the composue bundle, since it measures the covariant variations of the connection of Q”’(V’ G)

with respect to the variations of x [the covariance being defined with respect to the connection of
P(M,G)].

D. Composite holonomy

Let Cpxr € L'(XO ‘0)(M>< V') be a closed path in M X Vi, C;, € L, M be its “image” in M, and
CrelL, V be its “image” in R. The holonomy of the path CMXR in the total bundle P! (M
X Vi, G) measures the difference along the fiber ' ~(x0.y,) between the two end points of the
open horizontal lift of the closed path Cj;x. It is defined by (see Ref. 6)

Holz (Cyxr) = PchRefﬁA*, (51)

where PCMXR is the path-ordering operator along Cp;y g, i.e., Pee’ x is the solution of the following
equation:

x(s)
dPeelx A P ) Ag dx*(s)

X , 52
ds ce ds (52)

where s— x(s) is a parametrization of C.

In the composite bundle, we are interested in the comparison between the holonomy in the
total bundle Holj (Cy/xr) and the holonomies in the structure bundle Hol, (Cy) and in a relevant
transversal bundle (for example, the transversal bundle at the base point x) HongXO(CR). Ideally,

we would prefer the composite holonomy to be the composition of the component holonomies:
Holy (Cyx R):Hong (CrHoly (Cy) (the product between the two holonomies is the group law of
+ X0

G). Obviously this is not the case. The following theorem expresses the difference between the
composite holonomy and the composition of the component holonomies by using the intertwining
curvature (which measures precisely the intertwining between the two connections).

Theorem 1: Let P.(S,G)— S(R,M)— R be a principal composite P(M ,G)-bundle endowed

with a composite connection defined by the gauge potential A“’(x y)=Ag(x) +Al(a)(y) (within the
gauge of decomposition). Let Cg € Ly R. Let h € I'(Cg,S) be a local section ofS(R M) over Cg. We
suppose that

e there exists a local chart V'CR, such that CrC Vi
e there exists a local chart U*CM, such that xsh(Cg) C U

The difference between the composite holonomy of the section h in the principal composite
bundle (which is defined as being the holonomy of Cy;xg in the total bundle) and the composition
of the holonomies of Cr and of Cy; is
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) t(a)
HO]AM(CMXR)HOlACV(CM) IHOIAI(CY)(CR) ! ]PC efﬁf)(3 v T()C y)DP/“ Qxa(y Xy ldXde (53)

where xy=Xsh(y0). Cor=Xsh(Cr) € Lo M, and Copser={(Xsh(3).3):y € Ca} € Ly sy (MXR). The
second integral is along Cy, (it is not ordered) and

l (@)
T(x,y) = PC e’ v0 QXUPC ef)‘ AP (54)
This theorem can be viewed as an equivalent of the non-abelian Stokes theorem (Ref. 11) in the
composite bundle, and it is proven in Appendix A. The term appearing in the right hand side of
Eq. (53) is gauge equivariant: if

AL (x.y) = gey) AL (138 (xy) + 80x) darcrg (). (55)
then

XshO)r oy e’ File)’ 1 Xsh(y) Fil@)
PCR@(”XS T (x})DPM Oxa T' (xy) ™ dxtdy —g(xo yO) I]PC e I 3 T(X})DP'”' Q"”T(x " dXMdV g()C ’yO)

(56)

The composite holonomy is the composition of the component holonomies if and only if the

intertwining curvature vanishes D PA’(”)—dMA’(“ +[A%,A ’(a)] 0.
If we relax the second assurnpt10n by supposing that CM crosses several charts U%, the works
of Alvarez in Ref. 12 show that the correct definition of the holonomy of Cyyp is

y

- PR a(ap f“‘“’yﬁ”iﬁ" BY(B oyl s, A
H01A+(CM><R) = PCM (Xo v T+ gp ()C )PC (B ye Py + gp (x 7) ...... gp (x )]PCMXRe

(x[uz,y{a) + s
(57)

where U®,UB, ..., U¢ are the charts crossed by Cy, x%8 is an arbitrary point on U*N UPNC,,, and
y®# is the point of Cg, such that xsh(y®)=x%%. The preceding expression is independent of the
choice of the points {x*},, s We can then apply Theorem 1 on each piece of Cyxg, i.e.,

()] i( Aila) ai(
Hol (Cyxr) =Pe, ep f?(g T eDPAG T ey Pe e )”OPC el APg B(xP)

h(\

BY ~; By
P S P ey DRSO 1By P epd P Sl By
X Pe ey Pe 'y 0P el Pgip?(xF7) ...

Yo Xgh(,\’) i ayila)paig. N1 Yo Fil@) X 4
% ]PCRefy!“fx!“ T (xy)DpAGY T e y) ™ p CRefy{“AQXg”PCMefX“AP- (58)

The simple composition of the component holonomies does not appear because of the higher
degree of intertwining due to the chart transitions.

Now we relax the first assumption by supposing that Cy crosses several charts V'. Let Cﬁw
—{)(L'gh(y) y e CrNV}. Cpy and Cpyxer are now two collections of disconnected paths. Let v be an
arbitrary point on V'N\V/NCg, x 0= xih(yY), and x70) = y;h(y") be the images of y¥ on the two
disconnected paths C and CJ We note that <p’f(x’1(’)) X0 The direct generalization of the
Alvarez formula,

P

M><R

WO Y Tai N L Tag
R, aziz)(aj)(xu(l)’yu)]]ﬁc_},w e Wiy Ay (59)

is well defined. Indeed, it is independent of the arbitrary point y. Let ¥ be another arbitrary point
on ViNV/NCg. We have then

(0 y /) i

PC&XReI()?UUj’ﬁU}AfJ — IPC{WXR f R0, :/) + ]PCJ f(xlli(j[ylli)Afj. (60)

We have, moreover,
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0 (0 2o
P (U el s P@""(Cfg XR)ef (D) g+ (61)
]P ) J-( Ij: )’j)qDy*Aaj (62)
- C;L/[XR ) :
Since ¢*AY=3 "(0” ()= 1A‘“lg,"rfi’)(a’ +§Ejr' (aj)- ‘dMXRgi‘f)(“”, we have
P J-(x’/l; 7)@1/* aj ~(Dzl)(aj A’J(l) Alj IP J-( ( Aal~(al)(aj U(l) 63
i ij(i) gi = IjI i
cl . g€ @0SnE (x )~ cl g€ ¢ (xD yiy (63)
We see then that
00 g i N ~
ST Hai ) i) Giiyp .l gAY
Pc;w g5 EY Y )PC’MXRe R
=Py e S “’%aZ)(aJ (70 iy Pe, gf i yinAY (64)

The formula is then well defined since it is independent of the arbitrary choice of points {yif}ij. We
can then defined the composite holonomy by

t(a) J—xf i)

i i L) i i) rai i
HOlX+({C;\/1><R}i)=]PCR6I-V0K(3 T, y) DPASI T (x, ) ! PC elA QX(JPC! e g M)(a])(xlj(t) if)

VK XERGY), g aTi(@) i, -1 yk~j(a) O o I
X Peelyildor THnPpoe T p, ofifoiipy el Argidl el (ki) ity .

% J}C gfm )(sh()>)]-w( X,y DPA *i(x,y)—lﬂ)CR )OALQ(X)'“ JPCI efjg(,»)Ag’ (65)
where VI, V7, ... V7 are the charts crossed by Cy (we have supposed that Vi, C’j'u C U?). If we relax

both the two assumptions, then the composite holonomy formula is a mixing of formulas (58) and
(65).

IV. APPLICATIONS

In this section we apply the formalism of the principal composite bundle to model two
physical problems:

* the dynamics of a quantum system interacting with a classical environment and described by
an active space and non-Abelian geometric phases,

e the transport of a classical Dirac spinor field coupled with the gravitational field associated
with the curved space-time of the general relativity.

In this two situations we present the application of Theorem 1.

A. Non-Abelian geometric phases of a quantum system interacting with a classical
environment

We consider a quantum system described by the Hilbert space H and the free self-adjoint
Hamiltonian Hy € L(H) [L(H) denotes the space of linear operators of H]. The quantum system
interacts with an environment described by »n classical parameters R via the self-adjoint interaction
operator R— H(R) e L(H) [we suppose that H, and the family {H,(R)};.z» have a common
domain in which each operator is restricted]. The total Hamiltonian H(§)=H0+H1(E) describes
the quantum system interacting with its environment. If we suppose that there exists m smooth
constraints on the classical parameters R: {}d(ﬁ) =0}, _m f:R"—R, then the admissible R form
a smooth (n—m)-dimensional submanifold M of R". These constraints can have for origin the fact
that the parameters could be not physically independent or else they could be chosen by an
experimentalist tho controls the environment. We denote by (x*) .-y, a coordinate system on
M (and we write R=x if R € M). Let [0, T] be the fixed time interval of the evolution (0 can be the
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date of the preparation of the system and T can be the date of the experimental measurement). We
consider only closed evolutions [0,7] 3 t—>R(t) € M, such that E(O):ﬁ(T):xo with H,(xy)=0 (xo
corresponds to the off interaction). Since R(0)=R(T) for all evolutions, we can consider f
€[0,7] as a coordinate on the circle S'.

We suppose that there exist N<dim H orthonormalized x-dependent vectors (|A,x)®
€ H)a-1....~ (depending on a system of local charts {U*}, on M), such that

Vte[0,T], U(t,0)P(xy) =Px(r)U(t,0) for all evolution ¢~ x(z), (66)
where P(x)=3)_,|A,x)*A,x| is the rank N orthogonal projector on the space spanned by
(|x,A)* e H) a1,y (the active space), and where U(,0) is the evolution operator, i.e.,

dU t,O =1t ! !
”‘# = Hx(1)U(1,0),  U(1,0) = Te™ fottxear’ (67)

T is the time ordering operator. Vx € U*N UP, g®F(x)ag=“(A,x|B,x)% is an element of a basis
change matrix within the active space. Such a set of vectors is, for example, given by an adiabatic
theorem (see, for example, Ref. 13) [in that case each |A,x) is an eigenvector of H(x)=H,
+H (x)]. We suppose that the initial wave function of the quantum system is (0)=|A,x,)%; under
the assumption, Eq. (66), we can prove (see Refs. 5 and 14) that

N

-1 Tra, T,
U =S [T o 0E (x(t))dt—fOAPﬂ(x(t))(dxl‘(t)/dt)dt]BA|B’ ), (68)
B=1

with

E%(x) pg="(A,x

H(x)

B.x)%,  Ap,(x)as="Ax

P
@|B,x>“. (69)

We have, moreover, supposed that C;; [the path parametrized by — x(¢)] is totally included in U*.

The quantum dynamics is then described by the composite bundle P,(M X S',U(N))—M
X §' —S! [where U(N) is the Lie group of the order N unitary matrices]. The structure bundle
P(M,U(N))—M is defined by the transition function g*# e Q°(U*N UP,U(M)). Since the base
bundle M X S' —S! is trivial, the composite transition functions are simply gi’i’)(ﬁ J )(x,t)z g% (x)
for all opens V' and V/ of S', and the torsion functions are reduced to the identity map. The
manifold P, is then PXS'. The transversal bundles are then the trivial bundles Q%=S!
X ¢% (G)—S' (¢5.(G) = w;l(x)). The composite bundle is endowed with the composite connec-
tion defined by the gauge potential

AY=h T E*(x)dt + A, (x)dx* € Q' (U X S'u(N)), (70)

where Ap e Q1 (U%,u(N)) is the gauge potential of P(M,U(N)) and where Zg’f(r):lﬁ‘lE“(x)dt
e Q'(S",u(N)) is the gauge potential of Q¥(S',U(N)) [u(N) is the Lie algebra of the order N
anti-self-adjoint matrices]. We note that the gauge of decomposition is conserved while the basis
changes of the active space are assumed to be time-independent. The non-Abelian phase appearing
in the expression of the wave function, Eq. (68), is the holonomy of the section & e res',m
X §') defined by h(1)=(x(1),1),

Tt SOE“C0)dr+SGAR, (x(0) (dxt(t)dn)dr _ Hol; (Chrst). (71)
The study of quantum dynamics by the non-Abelian geometric phase formulation is well estab-
lished when Vx,x" e M, Vu, [E(x),A,(x")]=0 [a such assumption is satisfied when all vectors

|A,x) are eigenvectors associated with a single N degenerate eigenvalue e(x) of H(x)]. In that case
we have
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Holy (Cprst) = Te" JoB“CMdp, o845, (72)

The separation of the dynamical phase and of the geometric phase permits the use of the properties
of each one to understand the dynamics. In the case of an N-fold degenerate eigenvalue,
Tt SoE s :e’ﬁflfge("(t))d’id,v is just an Abelian phase (idy is the order N identity matrix), the
properties concerning the state transitions are then encoded only by the geometry of P(M,G). This
fact is used to develop quantum control methods (see Ref. 15). However, if the generators do not
commute, [E(x),A,(x")]#0, the usual formulas do not separate the geometric and the dynamical
phase. By applying Theorem 1, we find another separation if

%E“(x) +[Ap,(x),E“(x)]=0 VxeU" Vpu. (73)

In other words, in place of assuming the nonlocal commutation of the dynamical and the geomet-
ric generators, we assume that the dynamical generator is a local geometric coinvariant (by local
we mean that the condition depends only on one point, and a geometric coinvariant is the analog
of a dynamical invariant where the gauge potential takes the place of the Hamiltonian). We have
then

HOlXa(Cstl) = €lﬁ71Ea(x0)TPCM€§A$. (74)

However, the intertwining curvature vanishing condition can be very drastic. We can relax it, by
assuming the following condition:

B + AL, EWI =\ idy Vx, Y (75)

where \ “ is a real smooth function. In that case, we have

—1 (T px(1)y e —lpag, a
HOlgf(Cstl) =€lﬁ f()fxo )\I_L(,\)dx/‘dtelﬁ E' (AO)TPCMeﬁAP. (76)
: fad tﬁ_lfox([))xa(x)dx“dt
The intertwining term e”* 70/x, *u
transitions between the states {|A,x)%}a.
By using the Leibniz rule, we have a non-Abelian generalization of the Hellmann—-Feynman
theorem,

is just an Abelian phase which does not participate in the

J
——Exg=—[A},E"]ag+*(Ax

oH
Q|B,x>a. (77)

. . S . . H, .
Assumption (75) is then realized if {|A,x)}4 is a set of eigenvectors of all operators ;’ associated

m
with single N degenerate eigenvalues,

oH,
gﬁA,x}“ = NI()|Ax)". (78)

Remark: Even if QF — S 1'is trivial, the holonomy in this bundle does not vanish since the base
manifold S! is topologically untrivial.

B. Dirac spinor field transport in a curved space-time

In this section we suppose that fi=c=e=1.

Let M be the space-time manifold which is endowed with a metric g,,,(x) and with a linear
connection (the Christoffel symbols) I'/\ (x) ({x*},-o...3 is a space-time coordinates system). To
describe spinor fields in the curved space-time, we need to consider two other entities. The first
one is a Lorentz connection (the so-called spin-connection) a)=wﬁB(x)M agdxt € Q'(M ), where
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{Mag}ap=o. . 3 are the generators of the Lie algebra b of the Lorentz group H=SO(3,1). The
second one is a set of vectors forming an orthogonal tangent basis and called tetrads or vierbeins,
{eﬁ(x)}Ayﬂzo,_._ﬁ. A vierbein is transformed under a local Lorentz transformation h(x) € H as

elAL’(x) :h(x)éez(x) [h(x)é is the (A, B)-matrix element of A(x)]. The vierbeins can be interpreted as
the gravitational field. The two representations of the gravity are related by the following equa-
tions:

8,0/%) = eh(1)eB(x) mag = eh(¥)en, (x). (79)

where 7 is the Minkowski metric and where ep,= nABe'f,

T4 (x) = eh(x)d,ehn (x) + ek () wh®(¥)eg, (v). (80)

where (e}),, a is the formal inverse (in the matrix sense) of (eﬁ)M,A: eheh=58" and eﬁelBL: 85 (8" is
the Kronecker symbol). Conversely, we have

a)ﬁ‘B(x) = eﬁ(x) &peB"(x) + eﬁ(x)rgv(x)eB”(x). (81)
A Dirac spinor field ¢ of mass m in the curved space-time satisfies the Einstein—Dirac equation
(Ref. 16),

(YR, = m)(x) =0, (82)
where {y“}Azoy_ .3 are the Dirac matrices and where V , is the spinorial covariant derivative defined
by

V=t ofB()D (Mag) (83)
m ax,u, M AB/>»

where © is (1/2,0)® (0,1/2) representation of the Lorentz group H (we denote by the same
symbol the induced representation of its Lie algebra), i.e.,

1
D(Mpp) = Z[)’A, ¥el. (84)

Following Sardanashvily,2’3 the gauge theory is described by a composite bundle. Let G
=GL(4,R) be the group of invertible order 4 matrices. Let P.(M,G)— M be the principal
G-bundle of the tangent frames of M. For a good open cover {V'}; of M, let ¢[TF: ViXG— P, be
the local trivialization of this bundle. Viewed as a (fixed) matrix e with elements ez‘, the vierbeins
belong to G ([e‘l]ﬁzeﬁ). The equivalence class of the vierbeins under the constant Lorentz
transformations, eH ={ezh’,f ,h € H}, belongs to G/H. We must then view the group G as a prin-
cipal H-bundle, G(G/H,H)— G/H, with local trivialization ¢E:U*X H—G for a good open
cover {U%}, of the manifold G/H. It is then natural to consider the manifold S=P./H which has
the fiber bundle structure S(M,G/H)— M. We have then the following principal composite
G(G/H,H)-bundle P.(S,H)—S(M,G/H)— M, where the map 7,:P,— S is the canonical pro-
jection associated with the quotient P,/H. The diffeomorphism Xg: 7751 (V)= VIX G/H is just the
map induced by ¢ :P,— VIXG. The total twisted bundle {P\(G/HX V',H)—G/HX V'}; is

U*X VX H— P,
eH,x,h)— @irp(x, p&(eH,h)) *

This composite bundle permits consideration of the Lorentz connection as a composite con-
nection. We endow the structure bundle G( G/H),H) — G/H by the Cartan connection associated

with the following gauge potential:

then defined by the local trivialization ¢ : (

AgleH) = ehdeB Mg € Q' (GIH.b), (85)

and the transversal bundle Q,,(M ,H) — M by the spinorial representation of the linear connection
which is associated with the following gauge potential:
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Agen(x) = ehT4 ()P M ppdx” € Q' (M. ). (86)

(We omit the chart indices, which play no role in this discussion.) Let o=(x+—>e(x)H) e I'(M,S)
be a local section of S(M,G/H)— M. We have

oA (x) = (e(x)9,PH(x) + A ()T (x)eB"(x) M pg) dx” (87)

=w. (88)

The Lorentz gauge potential is then the composition of the Cartan gauge potential and of the linear
potential. ®(w) is the gauge potential assomated with the spinorial covariant derivative V,,
(83). In contrast to the approach of Tresguerres in which the vierbeins appear as a translatlonal
gauge potential of a Poincaré gauge theory of the gravity, in this approach the vierbeins are not
fixed by the connection, whereas their equivalence classes form the auxiliary space-time G/H on
which the gauge theory is built.

Holonomies associated with the Lorentz connection play an important role in the quantization
of the gravity (see Refs. 17 and 18). Let two separate particles at the space-time point x, with the

same spinor state 1,7;0. The first particle is transported along the worldline C, from x, to x; and the
second particle is transported along another worldline C,, from x, to x;. This situation means that

the particles are described by the semiclassical spinor fields as ;,(x)=Ji,(s) 8(x—x,(s))ds, where
s—>x,(s) is the parametrization of the worldline of the particle a and ¢,(s) is the spinor state at the

proper time s along the worldline with ,(so) = (x,(so)=x). After the transportations (x,(s;,)
=x,(s15)=x;), the spinor states of the two particles are related by

Ju(510) = D(Hol; (Corxcrm)) tp(s15) (89)

where Cy=C,°C,' e L, (M) and Cyyxgr={(x(s),e(x(s)H),s €[0,51,+52,=250]} € Lz, oM
X G/H), s being the curvilinear coordinate along C,, and x+—>e(x)H being a local section of
S(M,G/H)— M over Cy [associated with the vierbeins x+— eﬁ(x)]. By applying Theorem 1, we

have
PcMelgsw =Hol3 (Cyxgin) (90)
_PC efﬁfg(; HHT(EH X)DGAQeHNT(EH x)” dX#H IAQ (xl)H(CM)HOIAG(CG/H) N (91)

where Hong ( )H(CM) is the holonomy associated with the representation of the linear connection
(4 Xl

on the spinor states at the base point x; and where HolAG(CG/H) is the holonomy associated with
the Cartan connection. The intertwining curvature is (see Appendix B)

DGAQeH (e deA A _ B”deA}‘gw)/\Ff,f,,dxpMAB. (92)

We can note an interesting analogy between the non-Abelian geometric phases treated in the
previous application: the Cartan connection A;(eH) plays the role of the geometric phase genera-

tor, AQeH plays the role of a dynamical phase generator, the vierbeins play the role of the active
space basis vectors, and the Christoffel symbol I‘;fv takes the place of the Hamiltonian.
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APPENDIX A: DEMONSTRATION OF THEOREM 1

Since all relevant quantities are defined on the single local chart U%X Vi, we omit the indices
«a and i,

Po e =P, eF Aoy XA (A1)
MXR R

We split this expression by using the intermediate representation theorem (see Ref. 19),

~ Xsh(y) 4~ _xsh(y)
Pe e = Pe efﬁ]PCMef*g A gy e T APPC er, (A2)
MXR R M
Moreover, we have
X
]PCMef-’foA PA QXPCMe_fonP - AQXO = f dM(PCMefon PAQX]PCMe_fon P) . (A3)
X

0

By using the Leibniz rule with d), in the right hand side of the preceding equation and the fact that
dyPe, e55P=Pc els*Ap and dyPe, e 5P =-ApPe, e 57, we find that

X
Pe, el P Ag e, e lifr = Ay, = f Pe, el "(dyhg. +[ApAgDPe e ' (Ad)

X0

X
) TA T -t
= f Pe ehs*rDpAy Pe e T, (A5)
X0
We then have
n Xsh(y) J* A I —J* A A ,
Pe,, = PcRef(fxg P, e DpAgrale, e deﬂ+AQXoa)d}aPcMe9sAP. (A6)

Finally, by using again the intermediate representation theorem, we have

T P Ape (XshO)p % A 1 T Ap i, o= Ay gy y 7
PCMXR6A+ — ]PCRefﬁ]PCRe vy @ gfxo ]TCME o PDP;/,AQ,\-a]PCMe 10" Pdx’ ICRe o 0xody’ ]PCRef.VoAQXOPCMefﬁAP-

(A7)
APPENDIX B: INTERTWINING CURVATURE OF GRAVITY
DGngH = delAL A ngdx”eB"MAB + eﬁl—‘g BV A dXPM pg + eﬁdeB“ A egl—‘f;vdx”eD"[MAB,MCD].
(B1)
The commutation relations of the Lorentz algebra h being

[Mag.Mcpl =~ ngpMac + m8cMap + 7a0Mec — 7acMsD- (B2)

we have

Downloaded 06 Oct 2010 to 193.52.185.13. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions



103501-17  Holonomy of a composite bundle connection J. Math. Phys. 51, 103501 (2010)
DGA o = dehse®” AT dxPM pg + ehdeB” A I dxPM (B3)
QeH — y7a p AB y7a AB

A Bu,Cv T\ A, B Dv , T\
e de teyeg AU dxPMpc + e) de™egye™" AT, dx’M pp (B4)

A, B A
+e,de"teyen /\F AxXPMpc — €, Ade® FepneP "AT,dx"Mpp.
NL N

deByeg\: deBp'eDVg

- (BS)

After the exchange of some double indices, we find

A B A, B A ;7 C\ B v D\ A B A\ B
DGAQeH (dele™" + e, de”" — eyde eeC+e)\de epue Bv L dePe® — deMe ") AL, AXPM pg.

(B6)
Since ePep,= 5;‘L:>deD)‘eDM:—eD>‘deDM, we have
ei‘deD}‘eDMeB” =— e':‘eD)‘deDM =- deA By, (B7)
Since efe® = 7\C= defeCr=—efdeC, we have
ende )‘eCe de')f‘eo)‘eéeB = eﬁdeﬁg}"’. (B)
We then have
DGngH = (eﬁdeB” + deA”eB + eBdeA A B”deA)‘gM) ATEdx"M pp. (B9)
Moreover, we have
€ﬁd€BVMAB = eEdeA”MBA =- eEdeA”MAB (B 10)
because Mgp=—M pg. Finally, we have
DGAQeH (e, Bdet g - B”deA}‘gm) AT dx"M pp. (B11)
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