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Abstract

We explore emergent geometry of the spacetime at the microscopic scale by
adiabatic transport of a quasi-coherent state of a fermionic string, with quantum
spacetime described by the matrix theory (BFSS matrix model). We show that
the generator of the Berry phase is the shift vector of the spacetime foliation by
spacelike surfaces associated with the quasi-coherent state. The operator-valued
generator of the geometric phase of weak adiabatic transport is the Lorentz con-
nection of the emergent geometry which is not torsion free at the microscopic
scale. The effects of the torsion seem consistent with the usual interpretation of
the Berry curvature as a pseudo magnetic field.
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(Some figures may appear in colour only in the online journal)
1. Introduction

Matrix models [1] provide a description of the quantum spacetime as a noncom-
mutative manifold associated with a D-brane. Such an interesting model is the
Banks—Fischler—Shenker—Susskind (BFSS) matrix theory [2]. Some works [3-6] show
that gravity emerges at macroscopic scale from the noncommutativity of the manifold
obtained by quantisation of an embedding flat spacetime. More precisely, the semi-classical
limit % [f. 28] 18 gis 8, f0;g (for f and g two observables of the quantum spacetime) induces a
Poisson structure (6'/) describing an emergent geometry at the macroscopic scale (the semi-
classical limit being equivalent to the thermodynamical limit where the number of strings tends
to infinity). The effective metric of this emergent geometry is g/ = 0%/ 9, x?0;x"n),;, where
(x) are the coordinates onto the embedding flat spacetime and which are the semi-classical
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limits of operators (X“) describing the D-brane. At the microscopic level (with a ‘small’
number of strings), the spacetime is purely quantum since it is described in matrix models
as a noncommutative manifold. To compare this one to classical spacetimes, we can use two
usual methods of quantum mechanics. The first one consists to consider the mean values of
the quantum spacetime observables which obey to classical laws by the Ehrenfest theorem
(and so to consider the ‘mean value’ of the noncommutative manifold as a classical manifold).
The second one consists to consider equivalents to coherent states for the algebra of quantum
spacetime observables. Such states are the quantum states closest to classical states, since they
minimise the quantum uncertainties. We call emergent geometry at the microscopic level,
the one defined by the quasi-coherent states |A(x)) [8] (which are strongly related to the
Perelomov coherent states of a Lie algebra [7]) and which minimise the spacetime quantum
uncertainties (see [8]). These quasi-coherent states are eigenvectors of the noncommutative
Dirac operator I, of a probe fermionic string (gravity and spacetime geometry are physically
revealed by test particles).

An interesting point of view has been presented in [9—-11]. The D-brane defines a U(1)-
principal bundle endowed with the Berry connection A = —i{{A|d|A)) [12] and in some exam-
ples 6 seems to identify with a dual tensor of the Berry curvature F = dA. But this point,
and the precise role of the Berry connection, seem to be unclear in these previous works.
This suggests a possible link between the emergent geometry and the adiabatic dynamics
of the probe fermionic string. Indeed, adiabatic evolution can be defined by the adiabatic
H(s)ds'

limit Uyg(s) = limy_,4 o Te’z%fOS where T is the duration of the dynamics, s = ¢/T is the
“—

reduced time and H is a time-dependent Hamiltonian (Te denotes the time-ordered exponential,
—
i.e. the Dyson series). By application of an adiabatic theorem [13] we have

Ua(s) = Y_e TIN50y ((0)], (1)

where ()\;) are the instantaneous eigenvalues of H (supposed without crossing) with instanta-
neous eigenvectors (|\;)) and A; is the Berry connection (the Berry phase generator) for the
ith eigenvector. We see that for the evolution operator it is equivalent to consider the adiabatic
limit 7 — +o00 or to consider the semi-classical limit 72 — O (or in other words, the relevant
limit is % — 0). Reciprocally, if we rewrite the Heisenberg equation with the reduced time

- T
% =TIl f, H], we see that Ll f.H ]ﬂ{ f,H} (where the braces denote the Poisson bracket).
Another heuristic argument is in favour of the relevance of the adiabatic regime in matrix
model. The emergent geometry being revealed by dynamics of a test particle (probe fermionic
string), the time ratio appearing is ’% where T is the characteristic duration of the particle
transport and fp is the Planck time which characterises the inner quantum evolution of the
quantum spacetime. We have clearly % < 1 justifying the adiabatic limit. Since the quasi-
coherent states are eigenvectors of ., at the adiabatic limit they define the time-dependent
mean values of the spacetime quantum observables. And so, the two approaches to compare
quantum spacetimes to classical spacetimes (Ehrenfest theorem and coherent states) are in this
context the same thing. The quasi-coherent state ensures a behaviour closest to a classical one
for the space, and the adiabatic limit ensures a time evolution closest to a classical one (% — 0).
The emergent geometry at the microscopic level is the one which emerges from the adiabatic
limit with the quasi-coherent state.

The strict adiabatic limit defines strong adiabatic regimes. But weaker adiabatic regimes
can be also considered (with eigenvalue crossings, with non-adiabatic transitions restricted to

a small group of eigenvectors, ...). In past works [14—16], we have studied a weak adiabatic
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regime where a quantum system is submitted to a competition between the adiabatic transport
and the entanglement with another system (called environment). In that case, we can define a
dynamics which is adiabatic with respect to the environment but not with respect to the studied
system itself. In such an approach the Berry connection becomes operator-valued. In the case of
the adiabatic transport of a probe fermionic string, we can have also entanglement between the
spin degree of freedom with the D-brane. What does the weak adiabatic regime provide from
the viewpoint of the emergent gravity? The previous works [3—6] concerning the emergent
geometry at the thermodynamical limit only focus on the emergent metric (or equivalently on
the emergent tetrads). At the thermodynamical limit, to find the usual general relativity at the
macroscopic scale, only torsion free geometries are considered. But is it really the case at the
microscopic scale? The existence of a torsion in string theory is discussed in different models
[17-20]. In the context of a matrix model at the semi-classical limit, a torsion has been found
in [21] which is significant at the cosmic scale and it could be a candidate to explain the dark
matter problem. In this paper, we want to show that a torsion can also arise in the BFSS matrix
model with manifestations at the microscopic scale (in the quasi-coherent picture). This one
is related to the adiabatic limit and seems consistent with the usual interpretation of the Berry
curvature.

After a presentation of the emergent geometry theory from the viewpoint of the adiabatic
approach in section 2 (where we discuss the role of the Berry connection in matrix model),
we show section 3 that the Berry connection of the weak adiabatic regime defines a Lorentz
connection which completes the emergent geometry and which is not necessarily torsion free.
Section 4 presents simple applications. Moreover, in appendix A we prove a weak adiabatic
theorem which is applicable in the present context, justifying mathematically the consistency
of the adiabatic ansatz. Appendix B explores in more details the relation between the adiabatic
formalism developed in this paper with the noncommutative geometry and treats the diffeo-
morphism gauge changes. Appendix C generalises the developments of the core of this paper
to fast evolving spacetimes. A last appendix presents some technical calculations used for the
examples.

From this point, throughout this paper, we consider the unit system suchthath = c = G = 1
(lp = tp = mp = 1 for the Planck units).

Moreover we denote by Q'(M, g) the set of the g-valued differential n-forms of the classical
manifold M, where g is an algebra.

We adopt the Einstein notations with lowercase Latin indices starting from I and Greek and
capital Latin indices starting from 0.

2. Strong adiabatic transport and emergent geometry

2.1. Dirac—-Einstein equation

In order to fix some notations and to introduce some reference equations, we start by recalling
some basic facts about the Dirac equation in curved spacetime:

e} (9, + w,)¥ =0, 2)

where U is a massless spinor field, (7/) are the Dirac matrices, (e4) are the spacetime tetrads and
w = wff D(Ly)dx* € Q'(M, s1(2, C)) is the Lorentz connection (2 denoting a representation
of the s1(2, C) algebra, (Lap) are the generators of the Lorentz group, M denotes the spacetime
manifold). The metric is defined by g, = e, e/ n; (where (1) is the Minkowski metric of
the flat spacetime viewed by an ideal local Galilean observer) and the Christoffel symbols are
I, = efdyel + efwley,.
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In synchronous coordinates (i.e. metric in Gaussian normal form ds*> = dr* —
gap dx® dxb el = 0} and ¢ = 0, [22, 23]) the Dirac equation becomes

000 + 17ef 0,V + 1y efw, ¥ = 0 3)
and by adopting the Weyl representation, we have
1001 — 10'e! )+ W(wo — U"e?wa)qﬂ =0 4)

where (¢) are the Pauli matrices and zﬁ is the half-part of the Dirac spinor. Let ¢ = U_" 1; with
U, € 2(SL(2,C)) be a new representation of the spinor field such that

100 —10'¢ 0,10 = 0. (5)
By replacing ¥ by U, in the Dirac equation, we have:

(€80 — '€{ D) UL, 1 + U, [0y — '€ D)) + (wo — o'efwa) Ut = 0 (6)

— (Oy — o'eHU, = —(wo — o' efwa)U, (7)
= /0,U, = —ctw,U, )
= 0,U, = —w,U, )

1,/ 2

(with o = G'el', & = (id, =o', —0?, —0?)). In particular, if the spacetime dependence of ¥} is
a ‘wave packet’ strongly localised (with small width) around a classical worldline s — x(s),
X3 | xH
we have U, ~ Te~Jo«s & . Note that
“—

w = w”’ D(Lyy) (10)
) W'2 W2 ! 1 W L
=3 <w23 4! W > 5 (wm 1™ o ) .1

2.2. BFSS model

We consider a stack of N DO-branes in an embedding 4D Minkowski (flat) spacetime, repre-
sented by three Hermitian operators X' € £L(H) (where H is a separable Hilbert space, the
case dim H = +o0o being not excluded). The reduction to 3 + 1 dimensions (the original
BFSS model presents 9 + 1 dimensions) results from a truncation by taking a supersym-
metric orbifold C3 /Zy as explained in details section 2 of reference [9]. In this paper, we
suppose that (X’) (eventually by adding id;) generates a Lie algebra X. (X) can be assimilated
to coordinates operators of a noncommutative manifold .# (the C*-algebra of the observ-
ables of .# is generated by (X')). From the viewpoint of string theory, .# is a D2-brane
formed by the stack. Intuitively X' = ;il 3}2) represents a stack of two DO-branes of
12 X2
coordinates x; and x; in the embedding space linked by a bosonic string of oscillation radii
{|s%,|}i. We consider a massless fermionic string linking .# to a probe DO-brane described
by a spinor: [¢) = |0) @ [¢°) + |1) ® [#') € C*> ® H. We can interpret the component ¥ as
1% (x4) where x, is the pseudo-position of the ath DO-brane in the embedding space (the spatial
delocalisation of quantum point particle is replaced by the quantum superposition of dim #H
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attachment points for the string). (|0), |1)) are the spin states. .# can be then viewed as a quan-
tised space (in the BFSS model the time is not quantised). The fermionic string state obeys to
the following noncommutative Dirac equation [9, 24]:

W = oy [XC, U] (12)
i (X0 (0 ) . .
with X' = (O x’) ELHBC), V= <<<1/f 0 ) € L(H ® C* @ C), which is equiva-
lent to
) = Pelyy)  with Py = 07 @ (X' = x') (13)

where x is the pseudo-position of the probe DO-brane in the embedding space. Formally this
equation can be viewed as the space quantisation of equations (4) and (5) for a flat spacetime
(¢f =6 andw, = 0).

2.3. Emergent geometry

As explained in the introduction, we want to define an emergent geometry by invoking a gener-
alisation of the notion of coherent state for .#. This state will constitute the foundation of the
adiabatic representation of the dynamics of |1)). We start then by considering the eigenequation
associated with D,.

Let My = {x € R3,s.t. det P, = 0} and |A(x))) € C*> ® H be the quasi-coherent state of
A, i.e. the state of the probe fermionic string such that

¥ x € My, DAY = 0. (14)

Equation (14) can be rewritten as o; ® X'|A(x))) = E(x)|A(x)) with E(x) = o;x" which can be
viewed as a noncommutative eigenequation in the sense where the E(x) is a ‘noncommutative
eigenvalue’ (matrix-valued eigenvalue) of o; ® X'. Since the solutions of the noncommutative

eigenequation define the classical manifold M 4, this one can be viewed as an ‘eigenmanifold’
of . . Indeed:

D? = 5(X — X)X — xT) +1gif o @ X'XI (15)
=X —xP+ %s,»jkak@a[x",xf]. (16)

|X — x|? is the operator measuring the square distance between the probe DO-brane and .7,
and for a separable state |¢))) = |s) ® |¢) we have the Heisenberg uncertainty relation:

] o
&if (slow|s) A X' AGXT > §\<<1/J|€ijk0k ® X', X |- (17)

More precisely, reference [8] shows that |A)) minimises the displacement energy, intuitively
the ‘tension energy’ of the probe fermionic string which increases if the probe DO-brane is
moved away from .7 or if the dispersion Y ,(AgX") is large:

(ApX') = (@(X)’|T) — (D[X'|D)*. (18)

|A) is then the state for which the probe DO-brane ‘runs’ onto M, (the probe fermionic
string—the test particle—reveals the geometry). Moreover,

E{Uuﬁx} = 0;(X! — x) = (AWIX'|AX)) = x". (19)
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The ‘location’ of the probe DO-brane on M, indicates then the mean value of the ‘location
of .#’. From the other side, |A(x))) is also the state of a fermionic string which is close to a
point particle (|X — x|? is small) strongly localised at the point x (the dispersion (AgpX')? is
small). To reveal the geometry at the microscopic scale, it is obvious that we need to move a
strongly localised point particle.

For these reasons, M is the classical manifold closest to .# (it is both the ‘mean value’
of .# and the manifold associated with the state minimising the quantum uncertainties of the
space observables). It is then the space manifold of the emergent geometry at the microscopic
scale (in the sense defined in introduction, i.e. in the quasi-coherent picture).

As previously explained, we think that the adiabatic regime is relevant to analyse the
emergent gravity of matrix models. We start here by considering the main ingredients of the
(strong) adiabatic transport. Let (1) be a local coordinates system onto M (and u — x(u) be
a parametrisation of M, embedded in R3). We consider the slow transports of the probe DO-
brane along M 5: t — u(t). The adiabatic solutions of equation (13) are local sections of the
line bundle associated with a U(1)-bundle Py over M endowed with a connection described
by the gauge potential A = —2(A|d|A) € Q'(M,,R) (where d stands for the exterior deriva-
tive onto M ») and the local curvature F = dA € Q*(My, R) (as introduced in [9]). Or in other
words

a i
Aoty = <1 (AIDIAY st 7 0)
Ox' Ox/
Fap(u) = =[G (AD@;1AD) = QAD@IAD] |y 5 55 b
B OPp OPp
— -l 52,2 iy @2)

where g%, stands for the partial derivative of the parametrisation u# — x’(u) and with Py =

[AD (A
For a slow transport ¢ — u(f) describing a closed path C on M starting and ending at i,
the adiabatic solution of equation (13) is

W) = e A Alx(up)))) (23)
= e sF| A(x(uo)))) (24)

where S is the surface of M, with C as border. F' defines a symplectic two-form of M, and
the bivector § = F~! (where the inverse denotes the matrix inverse) defines a Poisson bracket

{£.8}5 = 05555 (7 f.g € C'(Mp)).
M is naturally endowed with the metric of its embedding in R?: v,;, =
note that v,, = (9,A|P*|9,A), indeed

Ox! Ox/

Sua o 0ij- Moreover

) i
DilA) = 0= D.O,JA) = 5ailA) 5)
Ox' Ox/
= (QAIPYOA) = (Alowor|A) 5 5% 6)
Ox' Ox/
=iz ans 27)
= Yab- (28)

6



Class. Quantum Grav. 38 (2021) 245004 D Viennot

We can remark that (A|o?|A))9; is a normal vector to M .

The metric vy, is the second element of the emergent geometry, implying emergent grav-
itational effects (in the quasi-coherent/adiabatic picture) as manifestations of the curvature
of the classical space M,. By equation (16) we see that v,, = 73t 4 yNC where ydist =
(9. A||X — x|*|0pA)du® du® is the quadratic variation of the mean value of the square dis-
tance observable, and where /3¢ = 1 (0,A|lo7, 0;] ® [X', X7]|0,A)) is the contribution of the
non-commutativity of .# to the emergent metric.

As in [3—5] we can also define a Poisson structure issued from the noncommutativity of
the coordinates operators 6”(x) = —1({(A(x)|[X’, X/]|A(x)). But in contrast with references
[3-5] we do not consider the semi-classical limit of 6. To understand the role of 0 in the
emergent geometry defined by the quasi-coherent state, it is necessary to formalise the oper-
ations of quantisation and of classical emergence (replacing the semi-classical limit in our
approach). Let Env(X) be the universal C*-enveloping algebra of X, which plays the role
in noncommutative geometry of the algebra of ‘functions’ on .Z. Let wy , : Env(X) — R
be the normal pure state of Env(X) defined by wa (Y) = tr(PA(x)Y) with Py = |A){A].
We can see wy @ x — wp, as a map from Env(X) (‘noncommutative functions’ of .#) to
C>®(My) (commutative functions of M), or also wy : # — M C R? with wp (X)) = x* (by
identifying a point of M, with its coordinates). wp is then the map providing the classi-
cal analogues of the quantum space observables (as their mean values in the quasi-coherent
state).

We recall that Der X (the algebra of derivatives of X) plays the role of the noncommutative
tangent vector fields of .. The set of Z(X)-multilinear antisymmetric maps from (Der X)" to
Env(X), Qf,. X, plays the role of the noncommutative n-forms of .#Z (Z(X) is the centre of X).
We can introduce w, the push-forward (tangent map) and w} the pull-back (cotangent map)
of wp:

wae: DerX — TR}, =TMy @ NMy

L — tr(PALX)0;, (29)

where T, M s and N, M denote respectively the tangent space and the normal space in R? onto
M, at the point x,

L QR = Qb xeccwm
Wa \MA Der A ( A) (30)
ndx' = ndX,
where d is the noncommutative derivative defined by the Koszul formula: dX'(L) = L(X).
These definitions are chosen in order to V 7 € QIREMA, V L e DerX,
(n waL)ps = wa ((Wan, L)x) (31

where (-, )3 : Q'R? x TR? — C®(R?) and (-, -)x : Qb X x Der X — Env(X) are the duality
brackets. w} : dx’ — dX' can be viewed as the quantisation map, so its dual w . should be the
‘classical geometry emergence map’ as the reverse operation, except that it provides vectors
not tangent to M . It is then necessary to introduce a projection. Let
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TA : TR\3MA — TMy

) ) J 32
u’&» — u’5ij7”h%8a ( )

be the orthogonal projection onto TM y:

i Ox)
o OX' Ox

TA(Oa) = iy E R i (33)
= 7" YpaOc (34)
=0, (35)
and
i axi ab
mA((Al0'|A)9) = (Aloi]A) 5=r" 05 = 0 (36)
(we recall that (A|o?|A)d; € NM,). Let
i Q'My — Q‘RfMAa ,~ -
a abs OX i
N, du® = .y 5”% dx
be the dual map of the projection: Vi € Q'M,, YV u € TR?MA,
(m, mau)gs = (TAM, ). (38)

We have then mpywa, : Der X — TMy and wji ), : QM — Q})er% ® C*°(My) the maps relat-
ing the (co)tangent spaces of .#Z and M .

We return now to the role of the Poisson structure. Let © € Der? X be the fundamental
biderivative of X defined by the commutator: O(Y,Z) = —i[Y, Z]. By extension of wx. onto
Der? X, the pull-back of © defines the following bivector of R?, § € (TR3)TI§WZA:

0 = wp.©O = w(PAOX', X"))0; @ 0; = —1te(PAlX', X'1)0; @ 0. (39)

Let f : x + fo + fix' be a linear function, we have f(X) = fyidy + fiX' € X, wa(f(X)) =
f(x) and wa(L(f(X))) = (waL)f. Let f and g be two linear functions, we have

—wp([f(X), gC0)1) = 070,£0;8 = {f, g} (40)

wy transforms then the commutator © of X into a Poisson bracket of R restricted onto linear
functions of M, (note that this is not a Poisson bracket of M, since it includes derivatives in

8
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R3 and not only derivatives tangent to M A).! Note moreover that:

1 .. . )

How D2 = 0@ X — xf + Jex, X)) (45)
= X', X = %0, ® X — x? — %a”*{ak,@i} (46)
= 0Y(x) = e (AX)|ox @ |X — x[*|A(x))). (47)

S 9.k 9yl . . . .
TAD = 1y ybds, 8 il ng %@ ® 0, is a bivector of M, but it does not define a Poisson

structure on M, because it does not satisfy the Jacobi identity.
To summarise and compare with the semi-classical emergence approach we have:

Quantum geometry Classical geometry

Semi-classical approach  (Env(X), —¢[-, -]) N c>w,{-,-p

(Env(X), —ul-,-]) — €, {1

Moyal quantisation

Quasi-coherent approach  (Env(X), ©) RN (P“MA (R?),6)

Der X AL T™

Qb X — Q'My

wxﬁz

P, (R?) denoting the linear functions of R restricted to M and N being the number of
strings. The semi-classical approach focus mainly on the algebras of functions, but in the quasi-
coherent approach we focus mainly on the tangent vectors fields and the differential forms.
This is because a part of the emergent geometry is inherited from the geometric properties
of the adiabatic bundle which are encoded in the differential forms A and F. The discussion
concerning the role of A is in the next section.

It can be surprising to have two different structures, 6" associated with the commutator
of X, and 6% associated with the Berry curvature, which seems to be not directly related. To
understand this point, it is necessary to compare the present formalism with usual general rel-
ativity. In a synchronous frame, the space defined by r = ¢* is a curved three dimensional

I Note that we cannot extend this correspondence to Env(X) and analytical functions of M 5. For example with f(x) =
Jo+ fix' + fijx'x:

wax(fX) = fo + fix' + fi{(ADX'X/|AX)) # f(x) (41)
and

WALy f () = fi{ AWV, XTAW) + fi{AW)[Y, XT[A))

+ i (A@Y, X1 A X)) (42)
# [i{ ALY, XTA@) + £ (A@ILY, XX/ |A))
+ i AIXTY, X NAW)) = wa Ly f(X) (43)
(with Ly(Z) = [Y,Z]); and then
— 1w ([¢X), fFX)]) = —1giwa(Lyi f(X)) # {g. [ }o (44)

(with g a linear function).
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commutative manifold M. An ideal local Galilean observer see a flat three dimensional com-
mutative space R?. The triads (e) (spacial part of the tetrads) define a map e : TR® — TM
(with e(n'0;) = n'e¢d,) transforming the tangent vectors viewed by the ideal observer to true
tangent vectors of the curved space. In particular the reduced Dirac equation in a curved space,
equation (5), can be rewritten as:

1001 — 107 e(0)) = 0 (48)

and is then just the transformation of the Dirac equation in a flat space. Moreover, (e’)
define a dual inverse map e*!:Q"R® — Q"M (with e*~!'(1;dx’) = n,el du®) transform-
ing infinitesimal variations viewed by the ideal observer to true infinitesimal variations
of the curved space. In particular, the space metric can be rewritten as v, du’ du’ =
eheydijdu® du® = ¢*~1(8;;dx’ dx/). The duality condition (dx’,d;)gs = &} induces by invari-
ance that (¢*~'(dx"), e(9)))y = 0 <=>e€},¢4 = &', the dual triads (¢{ ) are then the inverse matrix
of the triads (¢').

In emergent geometry, X defines a non-commutative manifold .# and a target space R?;
the emergent manifold M is a curved two dimensional commutative manifold. The triads are
defined by mawas : Der X — TM the map transforming ‘noncommutative tangent vectors’ of
A to tangent vectors of the emergent manifold:

€!0, = —1mawn(Lyi) (49)

k
b 0x

< e:-’ = 5,19]5]](’}/ o

(50
(where L, : X — Der X denotes the Lie derivative, Ly(Z) = [Y, Z]). In particular, equation (12):
100V — 'Ly U = 0 (51

generates a reduced Dirac equation on M :
1000 — o' mAwA(Lyi )t = 0 (52)
= 1901) —10'e¢0,1p = 0. (53)
In contrast with the case of usual general relativity, the dual triads (¢') are not the inverse
matrix of the triads (e?). Firstly, dim X = 3 and dimM, = 2, so (¢’) and (e¢) are not square

matrices. Moreover, there is an important difference between inner derivatives as Ly: € Der X
and outer derivatives as % € TR?, which can be expressed by the failure of the duality relation

(dX', Ly;)x # 0}, indeed:

(X', Ly x = [X;, X'] <= wa((dX', Ly)x) = 2630~ (54)
So we should have &4 = § 0. Because of ;7 g%; % = v, = 0¢ we have
Ox' .
5 = 9" (55)
oxP

= 67» = 51‘19h(5,‘p’}/ad

e (56)

10
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We have then (¢} (dX'), mawa(—tLyi))uy = wa((dX', —1Lyj)x), with €} (dX) = 9 qye, Tt
follows that the choice of defining the dual triads (E; = du“) to obtain the embeddlng metric
of M, whereas the triads (ef) are defined with the commutation relations of X, ensures the
consistency of the duality relations.

2.4. Role of the geometric phase in matrix model

Now we want to examine the role of the geometric phase (or of its generator A) in the emergent
geometry, since until now we have examined only the aspects related to the quasi-coherent
picture and not the aspects directly related to the adiabatic assumption. We start by a re-
examination of the dynamical equations. The dynamics of the fermionic string in the strong
adiabatic approximation is then [1h(r)}) = e~oA«d| A (x(u(r)))). By injecting this expression
in equation (13) we find

100|A) — Px|A) + Aqit*|A)) = 0. (57)

Consider the Dirac—FEinstein equation (in the representation eliminating the Lorentz connec-
tion) with € = 0, ¢ = 1 but with €% # 0:

10000 — 10° 0,1 + 1630,1) = 0. (58)

In the WKB approximation ) ~ (/o with S the classical action, ¢ € C* (||¢|| = 1) and

o = ¥li. If ¢ is strongly localised around a classical trajectory (Ou/0 = ”“(’) ragra, Jo =~ 0) we
have

1000 — 10°€0,1) — ek = 0 (59)
with k, = 0,S. By identifying k* with &, the comparison of the equations provides
el = —A" = —1yP(A|O,|A)). (60)

The generator of the geometric phase is then the triad (efj). The analysis of the previous section
provided only the emergent geometry for the space part (ef). The analysis of the geometric
phase provides then the emergent geometry for the time part (efj). To continue the analysis, it
is necessary to find the associated dual tetrads and so to extend to spacetime the analysis of the
(co)tangent vector fields.

The C*-algebra of time-dependent observables of .# (or of the Heisenberg representations
of the observables of .Z) is Env X ® C*(R). Its algebra of derivatives is Der(X ® C*(R)) =
DerX @ TR and Qb (X ® C*(R)) = Q. X @ Q'R. It follows that (dX’,do)xecx® =
(dx°, Ly/) xocx@® = 0 and (dx°, Op)ex @) = 1. It follows that the dual triads must satisfy

&el = 5 = 0+ det = 50t = & = gza (61)
ai

eeo—O:>e0—eA“—0:> _Aaau“ (62)

erel =0=>0+e)s=0=2e =0 (63)

eO"—1:>eo—e0A“:1:>eo—1 (64)
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Finally, the metric of the spacetime R x M} is

ds* = &!,&)ny du’ du” (65)
= d* — (A“dr + du®)(A® dt + du®)va (66)
= (1 — AAb~,)dr? — 24%,, dub df — ~,p du® du® (67)
= (1 — AcApy™)dr? + 2A, du® dt — ~qp du® du® (68)

which is the usual metric for a spacetime defined by a foliation of spacelike surfaces where
A?0Q, is the shift vector of the foliation (df A%(u)0, = PﬁP’ where P is the point of coordinates
u on the leaf MX), P’ is the point at the intersection of the normal vector at P and MXJ“”); and
P” is the intersection of the line with constant spacial coordinates passing by P and MXer’))
[25, 26]. (Ag4, 7v,5,) constitutes then the variables of the ADM formulation of the gravity (the
lapse function is identically equal to 1 here). This is in accordance with the fact that A is the
connection of the U(1)-principal bundle P, describing the adiabatic transport and defines then
the holonomy in this bundle. |A)) is a local section of the line bundle associated with P, which
is associated with the eigenmanifold M . The parallel transport of |A)) along an infinitesimal
displacement du (during the interval dz) is then |A(u)) + e ™«%* | A(u + du))).

The role of the geometric phase generator A for the point of view of the non-commutative
geometry is considered appendix B.

2.5. Epistemological digression

In comparison with other approaches of quantum gravity, emergent gravity presents a very
special point of view. We cannot try to quantify the ‘gravitational field” ((e/, wff ) or gravi-
tational waves field h,,, in g, = 1 + hy + O(h?)) nor the curved spacetime. In emergent
gravity we start from the epistemological argument that the quantisation rules used in quantum
mechanics are written from the point of view of an observer (they consist to describe the quan-
tum observables as operators from the classical observables) and not from the point of view
of the quantised physical system. In a classical general relativity context, this corresponds to
the point of view of an ideal local Galilean observer. But such an observer seems to see a flat
Minkowski spacetime (the spacetime of metric 77;;). It is then epistemologically consistent to
consider the quantisation of the observed flat Minkowski spacetime, with for example the rules
used in the BFSS model: x' ~~ X’ and 9; ~~ Lyi. And it can be consistent to consider, as in the
BFSS ansatz, that time is not quantised since this is the one measured by the classical observer’s
clock and not the proper time of the test particle (the synchronous frame being defined in the
neighbourhood of the observer). At a second step, micro gravitational effects result from the
noncommutativity of the quantised spacetime, as viewed on the emergent curved manifold
M (‘mean value of the space’): properties issued from the noncommutativity become micro
gravitational effects in the sense of the Ehrenfest theorem. So gravity (at the Planck scale) is
not a force, is not directly the manifestation of the spacetime curvature, but is the manifesta-
tion of spacetime noncommutative structure (the curvature emerging at the quantum averaging
or at the semi-classical limit for the macroscopic scale). For this point of view, the quantisa-
tion consists well to the transformation of the Dirac operator (for massless fermions) in flat
spacetime to the BFSS Dirac operator: 19y — 10°0; ~ 19y — 0'Lyi. A Dirac—Einstein opera-
tor of the emerging gravity is then obtained by application of the ‘geometric emergence map’
TAWA : Der X — TMy (which can be viewed as dual to the quantisation map wj, : dx’ — dX).
The emergent manifold M, being associated with an eigenvector of the BFSS Dirac operator
D., it is consistent that the dynamics of the test particle (the probe DO brane) revealing the
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emergent geometry be an adiabatic dynamics (it is only in the adiabatic regime that the quan-
tum dynamics remains projected onto an instantaneous eigenvector). Adiabatic dynamics is
characterised by a U(1)-principal bundle over M with the connection defined by the gauge
potential A € Q'(My, R). It is natural in these conditions to identify this U(1)-gauge theory
with an emerging gravity gauge theory. More precisely, it is well known that quantum dynam-
ics can be assimilated to the transport of a particle in a space (here M) where the field F
(usually assimilated to a virtual magnetic field) lives. The singularities of F' (corresponding
to the level crossings) are usually assimilated to virtual Dirac magnetic monopoles. In this
analogy, the classical analogue of the virtual particle is submitted to a ‘pseudo Laplace force’
associated with F which can be viewed here as an emergent gravity force. From the princi-
ple of the Einstein’s elevator, the free falling ideal local Galilean observer does not see the
gravity force, and then this one defines its frame. This can epistemologically explain that the
local Galilean frame in the emergent geometry is such that &) = A“ g;; . The role of the gauge
structure associated with the Berry connection which is unclear in [9] is then explained in the
present context. We will see section 4 that the interpretation of F as a pseudo magnetic field in
M, is also consistent in matrix model.

Nevertheless we can see that the adiabatic approximation does not seem to make emerge a
Lorentz connection. One could imagine that this one is totally determined by the knowledge
of g, and Ef,, /el by supposing that the geometry is torsion free (Levi-Civita connection). If
it is the case at the macroscopic scale for the usual general relativity theory, nothing force
that it is the case at the microscopic scale. It is usual to consider a non zero torsion in string
theory [17-20] for example. It can be then not impossible that the emergent geometry be not
torsion free. We need then to see how a Lorentz connection can emerge from the adiabatic
approach.

3. Weak adiabatic transport and emergent geometry

In this section we want to show that it is possible to define an emergent Lorentz connection
with an adiabatic transport. In strong adiabatic transport we have a u(1)-connection defined by
the generator of the geometric phase A. We have viewed that this one generates the shift vector
of the emergent geometry. The idea of this section consists to find a gl(2, C)-connection (sum
of the u(1)-connection of the previous section and of a sl(2, C)-connection playing the role
the Lorentz connection) generalising the geometric phases. The representation of the group
GL(2,C) C M,.»(C) is a set of spin operators. We search then an operator-valued geometric
phase. In previous works [14—16], we have prove that such an operator-valued geometric phase
arises in weak adiabatic regimes. Translated to the present context, such a regime is adiabatic
with respect to the quantum space . but not with respect to spin degree of freedom (the oper-
ator valued geometric phase modifying the spin state with respect to the eigenstate); whereas
the strong adiabatic regime used in the previous section is adiabatic with respect both .# and
the spin.

3.1 Emergent metric and emergent Lorentz connection

Now we want to consider a weak adiabatic regime as in [14—16]. To this, it is necessary to
change the point of view concerning the mathematical structure of the state space. Firstly, we
consider C*> ® H not as an Hilbert space, but as a left Hilbert C*-module over the C*-algebra
a = L(C?) = M,,»(C) (spin observable algebra). The representation of a onto C*> ® H being

13
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defined by:

S[) = S@idyly), VSe€a, Vp)eC M. (69)
The inner product of the C*-module ({-|).: (C* @ H)* — a) is defined by V [1)), |¢) €
C*@H:

(). = trylY) (o1, (70)

where try; denotes the partial trace over H. Equation (14) can be viewed as a noncommuta-
tive eigenequation in the sense of this C*-module, |)) is eigenvector of o; ® X' with eigen-
value E(x) = o;x' € a. Note that the square C*-module norm ||1)||? = try|1) {v| is the density
matrix (mixed state) of the fermionic string’s spin (if ||1/||? is not pure, it represents the spin
state entangled with states of .#, the noncommutative manifold playing the role of a quantum
environment for the spin of the fermionic string).

For a transport ¢ — u(f) on M, in a weak adiabatic regime (see appendix A and [14—-16])
the solution of equation (13) is

(1) = Te OO |\ (x(u(ryy), (71)

where Te denotes the time counter-ordered exponential and 2 € Q' (My, a) is the operator-
—
valued geometric phase generator defined by

) i
Apa = —1(A|OH|A), o dut, (72)
Ou®
where py = (A|A), = try|A){A| is the density matrix of the spin of the fermionic string
—1 Jy Aqitdl’

in the quasi-coherent state. The operator-valued geometric phase Te € a repre-
—

sents changes of spin orientation occurring during the adiabatic transport of |A)) viewed,
in accordance with the interpretation of section 2.3, as the transport of a strongly localised
particle in the curved spacetime My x R (this one does not affect the localisation shape
of the particle but can induce changes of the spin state by Thomas or de Sitter preces-
sion phenomenon for example). The adiabatic solutions are local sections of a vector bun-
dle associated with a non-abelian bundle gerbe (a categorical principal bundle) &2, over
M endowed with a two-connection with gauge two-potential (a gauge potential specific to
bundle gerbes) 2 (see [14] for the details). Note that tr(pp2() = A and then the quantum
statistical mean value of 2 corresponds to the discussion about the strong adiabatic regime.
It is then interesting to split the gauge potential onto abelian and purely non-abelian parts:
A = AT + JA with tr AT = 0and A = tr 2. This splitting is associated with the central exten-
sion of groups 1 — C* — GL(2,C) — GL(2,C)/C* = SL(2,C) — 1, where A°T is a gauge
potential of a SL(2, C)-principal bundle over M 5 supporting the non-abelian bundle gerbe &2,
(see [29, 30]).

We have then
_ 2 IR nadd — t Uﬂita /
[() = e~ ot e TS A Ce(u(r)))) - (73)
Along a specific path ¢+ u? equation (9) becomes U, = —w,it?U, and then U, =

Te~Jowai'd’ Byt following equation (5), |[1/) = U_,'[). By identification, it follows that

—

—1
ot saqs _ plgoffiag fo(off g/
U, = Te Jowaindr _ (Te o fo A i dt) _ Tez‘foﬁla idr (74)
— —

—
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and then that w = —2A°", The non-abelian gauge potential of the weak adiabatic regime
generates a Lorentz connection.

Finally the emergent geometry is described by a metric associated with the abelian gauge
potential %A € Q'(M,R) and a Lorentz connection defined by a the non-abelian gauge poten-
tial A°" € Q'(My, sl(2, C)). In [31], it is proved that gravity in noncommutative space needs
to extend the gauge symmetry from SL(2, C) to GL(2, C), adding a U(1)-gauge potential to the
Lorentz connection. This one is in the present model the Berry phase generator A. This gauge
theory in M provides then from the Lorentz connection during the central extension of the
symmetry group needed by the noncommutative origin of the gravity.

The curvature tensor R” ;, is obtained by

1
R = ER”M@(LH)du” Ad? =dw+wAw (75)

and is related to the curving of the two-connection of &2, (see [14, 29, 30]): B = dl — A A
A= —R+ %F (where the Berry curvature F = dA is the fake curvature of the two-connection).

Since {(A(x)|X*|A)) = x' (with minimal dispersion >_;(AxX")?), |A(x)) can be viewed as a
fermion state strongly localised at x. In this strongly localised state, U, appears as the evolution
operator of the fermion’s spin. The dynamics of the spin is then governed by the Hamiltonian
—ww,u®. This is in accordance with previous results concerning the dynamics of localised qubit
in curved spacetimes [33] (a detailed study of this spin dynamics can be found in [33]). The
localised qubit model comes from a WKB analysis. We find the heuristic argument of the
introduction, the (weak) adiabatic approximation at the spacetime microscopic scale (i.e. in a
quasi-coherent state) is similar to the semi-classical limit at the spacetime macroscopic scale.

At this stage, the details of the emergent geometry depends on the separable or entangled
nature of [A).

3.1.1. Separable quasi-coherent state case. In this section we suppose that the quasi-
coherent state is separable: |[A(x)) = |0,) ® [Xo(x)) € C* ® H. In that case p, = |0,)(0,] is
not invertible, and is its own pseudo-inverse. We have then

Q‘ - —'L|d0x><0x‘ - Z<>\O|d‘)\0>‘0x><0x| (76)

(due to the non-invertible character of p, this expression is a specific gauge choice of 2, see
[14] for a discussion about the gauge changes of gauge two-potentials). It follows that

A=t = —1(0,|d[0,) — 2(No|d| o) (77)
=A (78)

which defines then the same metric than the strong adiabatic regime.
Let |1,) € C? be a state orthogonal to |0, ) (forming both a basis of C?).

off _ l
AN =9 2A (79)
= %<<A\d|/\>>(\1x><1x| = 10x)(0x]) = 2(1[d]0x) 1) (O] (80)

Let |a,) = a?]0) + a4|1) be the decomposition of the x-dependent basis into the canonical
basis of C2. We choose |1,) = 01{0) — 0°|1). In this canonical basis we have
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gt — ¢ (03d0 —0,d0; 20,d07
2 20°do! —0%d0? + 0do!
0 007 —[0> 2000,
_ ¢ (Alo?d|A) (Al(e" —10Hd|A) (82)
2 \{Al(o" +10%)d|A) —(Alo’d|A)) )
It follows that the Lorentz connection is
Wi = —¢l, Re(A|o*D,|A) (83)
W = Im{(A|c’0,|A)). (84)

3.1.2. Entangled quasi-coherent state case. Now we suppose that the quasi-coherent state is
entangled and we write |A)) = |0) ® [A”) + |1) @ |A') = (JA°)|A")) in the canonical basis of
C2. We have then

A[A) (AT[A0)
" (<A°A‘> <A'|A1>> "
Lo (ANAYy —(AAY)
= (b oy ) =0

with |A] = detp, # 0 because |A)) is entangled. It follows that

A = —vtry]dA) (Alpy' (87)
L ((A%dIA%) (Ald]A)
- (<A§3d|A1> (ATJa]AT) (58)

where the dual quasi-energy state {A.| is defined by

(A9 = fﬂ«A‘\AleO\ (AYATY (AT (89)
(Al = ﬁ<—<A1\A°><A°| (A% (AT). 90)

Note that ((A°|, (A!])is bi-orthogonal to (|A°), |A")), i.e. (A?|A”) = 67, Equation (87) is then
similar to a non-abelian geometric phase generator associated with a non-Hermitian Hamilto-
nian (see for example [32], and see [33] for an application to a localised spin adiabatically
transported in a curved spacetime). The difference is that here the dissipative process onto the
spin is not induced by the non-selfadjointness of the spin Hamiltonian but by the entanglement
between the spin with the noncommutative manifold.

It follows that the metric is defined with 1A = 1 tr = —4((A,|d|A). When the den-
sity matrix is the microcanonical distribution py = §id (|A)) is maximally entangled) then
%A = A and the metric is the same than in the strong adiabatic regime. ° = 2 — %A and by
comparison with equation (11) the Lorentz connection is
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wi = — 'l Re(A.|o*8,|A) (91)
W = Im{(A,|0'9,|A). (92)

The expressions in the two cases are totally similar, with in the separable case (A.| =

(Al.
3.2. Emergent geometry: Christoffel symbols and torsion

The tetrads of the emergent geometry have be found in section 2.4 and the Lorentz connection
have be found in the previous section. We are now able to compute the Christoffel symbols of
the emergent geometry:

! =0 93)
T = whié) (94)
Dy = ¢ ({04 + efwp + efwi 24 95)
9. = W@l (96)

be = 2 (e 0pel + efwyel) 97)

where = is the inverse matrix of (e?el) (since e?el # §¢, it is necessary to renormalise the
product between triads and dual triads) and with

Ox/

oub

o ox
%= o of =i} (Alor® |X — x| A)y

. (98)
a vt oa ol ! a x
=5y (MIDIA)  E = 7 (ABRIA) 5

We see that the emergent geometry is in general not torsion free: 75, = ', — 'l # 0. More

precisely, since e'yo* = L[o?,0/] we have
. 1 . .
llac = 5 Imtr ([013 Tc]mb - [013 Tb]mc) (99)
1 .
=5 Imtr (o' ([7e, p] — [, Ac))) (100)
TP, = Imtr (72 — 7.p) (101)
1
Ty = ) Im tr(AA,) (102)
. 1. . . 1 .
Tiy = 5a,,A’ — Imtr(o'2,) + 7 mur (lo', A121) (103)

ap,b
Since these formulae are strongly depen(dilént on the spin degree of freedom of the fermionic
string, we can think that the origin of this non-zero torsion is the same than in Einstein—
Cartan theory. By considering I';; = T7,, we see that this part of the torsion essentially depends
on two elements: the Lorentz connection (which is by construction related to the effects of the
spin of the fermionic string) and derivatives of A (which permits to think that the torsion is
related to F ). In section 4, we will see that the effects of the torsion in some examples are

. Ol : P — .
with 7, = 0,95, A = y*Am, A = yPA, 25 and T4, = EleT), .
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consistent with the usual interpretation of the Berry curvature as a pseudo magnetic field in
M . In [21], a torsion on a quantum spacetime described by the IKKT matrix model is consid-
ered at the semi-classical limit. A comparison between this torsion and the one of the present
work can found appendix B.3.

The extrinsic curvature of M (see [25, 26]) is K, = %(BaA;, — Ty Ac+ OpAL — T5AL).
And in a same way, we can compute the Riemann tensor with:

R et = R jea) + Rca (104)
R%ea = R jca?} (105)
R0ca = €4R® j0a8) + EL(eSR oea + R j0a8)) + esROOcd) (106)
R%ea = iR jcq@l + TR joge) (107)

with RI]L-d = [6de — Oqwe + %[wc, wd]]lj-

3.3. Generalisation

Until now we have considered an algebra X of three dimensions, involving an eigenmanifold
M, of two dimensions. To obtain a three dimensional eigenmanifold it is necessary to con-
sider an algebra with four generators. Moreover we have considered only time independent
generators {X'}, but in some cases these operators can be time dependent with fast evolutions
hampering the use of an adiabatic limit. In fact these two questions are related. To apply an
adiabatic limit with fast evolutions, we use the Schrodinger—Koopman approach [35] in which
the degrees of freedom of the fast evolution becomes new quantum variables associated with
a new observable, which is here a fourth coordinate operator X*. With this one, we can have a
three dimensional eigenmanifold. Itis natural than X* emerges from the dynamics of {X'};—; 2
without introducing another operator. We start with a quantum space .# of three dimensions
(generated by {Xi}i: 123), which defines a three dimensional classical space My, the fourth
operator X* resulting from the inner dynamics of .#. In this approach, the time dimension is
split into a time of the slow evolution which remains classical, and a time of the fast evolution
which is quantised as X*. So the signature of the new embedding spacetime is (4, —, —, —, +).
As interpreted in section 2.5, ¢ the time of slow evolutions can be viewed as the time indicated
by the clock of the ideal Galilean observer. X* as the manifestation of the fast inner evolution
of .# can be interpreted as a quantum time observable.

We have considered only massless fermions in the previous sections. With massive
fermions, in the Weyl representation considered here, the evolution of the state |/ is submit-
ted to fast chiral oscillations. We can also used the same approach to treat this fast oscillations
by introducing a quantum variable 6 on the oscillation phase circle S! and an associated fourth
operator —iwdy (where w/2 is the mass) which can be interpreted as the coordinate operator
on a compact dimension.

These two generalisations are treated in details in appendix C. An interesting fact with the
generalisation to massive fermions, is that the approach deals not only with the ground quasi-
energy state, solution of D;|Ag) = 0, as in the previous sections, but also with generalised
excited states, solutions of [ |A,)) = nw|A,)), where n € N defines a mode of chiral oscilla-
tions. As |Ay)) these states define classical geometries (M 4 ,, g,,, w,) (eigenmanifold, spacetime
metric, Lorentz connection) in the same manner that in the previous sections. We can interpret
(M s 8, wn) as the geometry ‘warped’ by the mass w of the test particle when this one is in
the mode n of chiral oscillations. The justification of the use of the excited states can be found
in appendix C.2.
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4. Examples

Now we apply the formalism developed in the previous sections to specific examples of Lie
algebras X. The structure of X is defined by the contents of the spacetime in the neighbourhood
of the local Galilean observer, but this is not the subject of this paper, where we suppose that
X is previously known.

The noncommutative manifold .# defines a quantum spacetime (with no quantisation of
time). To compare it with the usual theory of gravity (and then with classical geometries), the
quasi-coherent state, as being the quantum state of . closest to a classical state (since it min-
imises the quantum dispersion), provides the classical geometry closest to .#. This geometry
is described by three classical entities:

e The eigenmanifold M », described by the set of noncommutative eigenvalues E(x) = x'o;:
My = {x € R% det(0; ® X' — E(x)) = 0};

e The metric g, on M, provided by the derivatives of the associated eigenvector (the quasi-
coherent state):

g0 =1 — A Ay withA, = (A.|0,A) (108)
800 = Aq (109)
8ab = Yab = (DN D710, ) (110)

e The Lorentz connection w? (or equivalently the Christoffel symbols '), defined with
(Alo?|D,A).

Since the Lorentz connection does not correspond to the Levi-Civita connection associated
with g, the geometry is not torsion free (I}, # I') ). This is the geometry defined by the
classical quantities (M, g,,, w") that we call emergent geometry, since it emerges from the
purely quantum eigenequation /. |A) = 0. In the following examples, we solve this equation
for different models of .# (different algebras X) to compute these classical geometric enti-
ties. In the spirit of the meaning of the adiabatic transport of the probe brane, the geometry
can be revealed by the movement of a test classical particle. A useful manner to illustrate the
emergent geometry (M, g,,,w) consists then to draw the involved geodesics. Due to the
non vanishing torsion 7%, = I}, — I') , there are two notions of geodesics. The minimising
geodesics are defined as curves on M x R which are of minimal length (with respect to g,,)
between two any closed points. Since 7, is the metric induced by the embedding of M,
these ones are obvious with regard to the shape of M, in R?. The auto-parallel geodesics are
defined as curves on M, x R such that the tangent vectors at any two infinitesimally closed
points be parallel. They are computed with the non symmetric Christoffel symbols I',. In
torsion free geometry, the two notions are the same. The comparison of the auto-parallel
geodesics with the minimising geodesics provide then the direct effect of the torsion which
is the main souvenir of the quantum nature of .# in the emergent classical geometry of the
quasi-coherent picture. The deviation of the geodesics by the torsion can be then interpreted
as the irreducible spacetime quantum effect, since this one remains in the state closest to a
classical one.

The methodology to treat a concrete example is the following. After the definition of
the algebra X defining the quantum spacetime R x .#, we compute the quantum entities
(JA),A, ) with the quasi-coherent state solution of J3;|A) =0 (or its generalisation for
excited states in the case a massive fermion). A and 2 are respectively geometric phase gener-
ators of the strong and weak adiabatic transports. The three kinds of data (|A)), A, 2() encode
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the behaviour of the quantum spacetime R x . at the adiabatic limit. Since this behaviour is
the quantum regime closest to a classical one, we can compute the associated classical entities
(M, g, wY) and study with the auto-parallel geodesics the effects of the torsion, signature
of the quantum nature of .# surviving in the more classical regime.

4.1. The noncommutative plane

. . + 4t
We consider the case where .7 is defined by X 1 — %, X2 = % and X> = 0 where a and
a™ are the harmonic oscillator annihilation and creation operators (dim H = +00).

4.1.1. Ground state. The solutions of equation (14) are (see appendix D.1.1)

My =R* = {(x',x,0),x' = Re(a),x” = Im(a) }acc (111)
IA@)) = 10) @ |e) (112)
where |a) = e~la?/2 jﬁf,&’—%\n) is an harmonic oscillator coherent state [7, 27]. It follows that
A = —1(a|0|a) — 2(a|0d|a) (where O and O denote the Dolbeault derivative operators).
0 @
£|a> — —g‘a> —1—67‘0“2/25 L‘m (114)
da' 2 =)
- _%@ +atla). (115)
We have then
_ o
(a|0)a) = —5 da (116)
(a|0]a) = (—% + <a\a+\a>) da = %da (117)
and finally
vdo — ada
A:—zw:xldxz—xzdxl (118)
F=0A+0A=_danda =d' Ade, (119)

The metric of R x M, is then

ds? = (1= (')" = ()7) 26 dePdr = 26 de' dr = d (') — d ().
(120)

Moreover we have simply 2 = A|0) (0| and 2°T = 4672, and the unique non-zero component
of the Lorentz connection is w®® = A,,.
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The triads and the dual triads are

1
=1 =0 e)=—x* ef=x'" e =_¢°
0 0 2 1 2 (121)
01 50 _ 51 2 Si i
eg=1 ¢,=0 ¢y=x" ¢ =—x & =0,

The non-zero Christoffel symbols are only I‘éo = —Ffo = 1. It follows that the (auto-parallel)
geodesic equations are

i=0
W+t =0 (122)
P —xlt=0

(where the dots denote here the derivative with respect to the proper time s). It follows that

t(s) = Bs
v . (0
f@zgmwﬁwwf@—77 (123)
. 1 O
xX2(s) = _n cos(Bs + @) + x*(0) — *
B B
with vg = 1/x1(0) + ¥2(0) and tan ¢ = ﬁgg; The geodesics on M, are then circles: the effect

of the non-zero torsion T, = I'} twists the geodesics.

The geodesic equations can be rewritten as ¥¢ = 3F¢,x" which are the equations of a clas-
sical particle of charge — /3 moving on the plane M, where lives a normal magnetic field F,
in accordance with the usual interpretation of the Berry curvature. This example is interesting
since because of the zero curvature (M, is flat) it exhibits a pure effect of torsion. In the gen-
eral case, the torsion has complicated expressions equations (99)—(103) due to the non-trivial
geometry and the non-trivial operator-valued Berry phase generator. But in this pure torsion
example, the torsion reduced to be T}, = F*;, the Berry curvature, providing an interpretation
of this one in this matrix model.

4.1.2. Excited states. We consider now a fermion of mass % and then the excited states
of D, (see appendix C.2). The solutions of D,|A,,) = pw|A,,) with p € Z* are (see
appendix D.1.2):

My = R? = {(x', %%, \/p*w? — n), x! =Re(q), x¥* = Im(@)}acc ~ (124)

withn € {0,1,..., [ pPw?|} which is the degeneracy index of the Floquet value pw.

1
Ay =—(0)® |n)y + 1)@ |n—1), 125
[An) \/E(HH D) @ |n—1)a) (125)
(the excited quasi-coherent states do not depend of p), where |n), = (a*%)”w (a=x"+1x?)

(in the case n = 0, we have |Ag(w = 1)) = |0) ® |a)). The excited quasi-coherent states are

maximally entangled and the density matrices of the spin are the microcanonical distribution
N i

pan=id(n #0).
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0 o)
9 Ma = —5 o+ atn)a (126)
a
=5l + b |n)q (127)
= Sl + Vi FTn+ 1), (128)
0 Va(at —ay! (at —a)" 0
o= a = - 129
" (e B A~ L (129)
= —Van— 1), — %|n>”. (130)
It follows that the Berry phase generator is
An = _Z<<An|d‘An>> (131)
vdo — o da
_ada—ada (132)
2
= x'dx? — X2 dx! (133)
and then the metric of My, x R are the same than for the ground state.
(A = V20| @ (n| + (1] ® ,(n — 1]), and then
i 0 i
(Ao’ A0} = Va0l 1) (134)
i 0 i
(Anelo’ 5 An) = =/n{1]0"]0). (135)
It follows that
(Anclodi]8) = YOl 11) ~ (11710) (136)
(Aneloul) = L (0101) + (1]6]0)). (137)
The Lorentz connection is then w” = 0, W% = \/ndx?, W% = —/ndx' and w* = 0. Finally
the non-zero Christoffel symbols are
[l = vax'  T9) = Vnx?
Y =—vn Y, =vn (138)
Ify=—1+vn Ty=1-+vn
The (auto-parallel) geodesics are then solutions of
. /nd|x|]?
T+ t=0
+ 2 ds
W —Vnitt=0- (139)

2= —vnxlt=0
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i
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Figure 1. Geodesics in the emerging gravity for the noncommutative plane for n = 0 to
n = 10 (left) and for n = 11, 12 and 20 (right) with x'(0) = x*(0) = 0, £'(0) = ¥*(0) =
04and B =1.

The geodesics are straight lines on the plane My for n = 1. In that case, the fact to find usual
geodesics is accidental, resulting from the killing of the contribution to the torsion of A by the
contribution of A°T. We recall that n is a label defining an excited state, which is, in accordance
with the interpretation of appendix C.2, a quasi-coherent state in a mode of chiral oscillations
of the massive fermion.

We havet = Be~ G o and the geodesics in the plane are drawn figure 1. For small values
of |x|?, the effect of the torsion is anew similar to that of a magnetic field normal to M . For
large values of |x|? (with n # 0), ¥ ~ 0 and the geodesics become straight lines (the effect of
the torsion becomes negligible). M, x R is the emergent spacetime at the microscopic scale.
But its space part is non-compact, it is then consistent than at large distance on M (reaching
the macroscopic scale) we find the behaviour of a (torsion free) classical spacetime. This is
for large values of |x|* that we find the purely classical behaviour. We can interpret this by
the structure of the coherent state |a)) = e~/ 22;30% |m). For small values of |«|, a few
number of modes |m) are significantly populated. We can roughly identify each mode to a

0 vm

0 0 can be

string linking two DO-branes of the stack, in the sense than a =

interpreted as representing a string of oscillation radius /m linking two DO-branes at 0 in the
complex plane. For |«| small, the number of strings contributing to the coherent geometry is
then small. Conversely, for || large the number of modes significantly populated in |a) is
large and the number of strings contributing to the coherent geometry is large. In this sense,
the macroscopic limit is identified with |x| = oo.
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4.2. The noncommutative Minkowski space

We consider anew the noncommutative plane but with time dependent operators: X'(1) =
w(t)%, X2(t) = w(t)% and X3 = 0. The dynamics of .# is described by

X — X, [X, X =0 <= w=0 (140)

w=p
c»{ (141)
p=0

p being a constant of motion, we can consider it as a parameter. Because we want to con-
sider the case of a fast evolution of .#, p is large. We promote w as a new quantum variable
associated with a fourth coordinate observable defined as being the Koopman generator (see
appendix C.1). This one is X* = —1p2, with Sp(X*) =R (X*e ™'% = x*e™'%), in the

Hilbert space L*(R, o(w)dw). Since the phase space is not compact, we do not have a natu-

. . . . ot . .
ral choice for the density o. In order to the Koopman eigenfunctions e * » be normalisable, it

needs that | _Jrozc o(w)dw = 1. Physically, the emergent geometry is valid in the neighbourhood
measured by the Galilean observer in which the synchronous coordinates are defined. We can
then consider that g is uniform on a domain corresponding to this neighbourhood and outside
it decreases fastly.

We consider the total Dirac operator PX = o; @ (X' — x') (with I € {1,2,3,4} and
o4 = idp). The quasi-coherent states are then such that

0
PYIA) =0 — 'LP%U\n(w)» = Dr(w)[An(w))) (142)
= Te  pIDHO A = 1)) (143)
with
—x—x* wat —a

Diw) = ( D N ) (144)
and with by continuity for p — 0:

Pi(w = DA, (w = 1)) = 0. (145)
The solutions of this equation are (see appendix D.1.2):

MA’n:{xeR4,x4:ﬁ:\/(x3)2+n} neN (146)

[Aatw = 1) = 750} o + 1) & Jn = 1)) (147)

where |n), = w%””\a) (o = x!' +1x?) (in the case n = 0, we have |Ag(w = 1)) = [0) ®

|cr)). The quasi-coherent eigenspace is degenerate, and it follows that we have a collection of
disconnected three dimensional eigenmanifolds { M, },cr in R*. The hypersurfaces M » ,, can
be viewed as ‘parallel’ brane worlds in the ‘bulk’ R* with matter confined onto them.

M, is parametrised by R? > u — x(u) = (u', u?, u?, -1/ (u?)? + n) € R*. The metric of
My is then
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ox! ox’
2 = — a; a—z,,m, du du® (148)
d u3 2
= d@w")? + d@?)? + W (149)

For n = 0 we have d¢3 = d(u')* + d(u?)?, and M can be considered as being two dimen-
sional and is the eigenmanifold of the static noncommutative plane treated at section 4.1.
lim,,_,4 o M, is the flat space, My, is also the flat space with the coordinates change P =

V/narsinh(u? /\/n).

The Berry phase generator is

—+o0
= —z/ <<A,,\Ux(w)_lde(w)\A,,»Q(w)dw — (A, |d|AL) (151)

with Uy(w) = Te ™ »/1P%®4 414 by denoting |A(w = 1)) simply by |A,)).
—

— (A, |d|A) = —ZM =u' du? — u*du'. (152)

This part is the Berry phase generator of the static noncommutative plane.

0 at oD (w)
De(w) = w (a 0 ) —ox! = o = o (153)
‘We have then
—1 ? axl a 2
U, (w) 'dU(w) = ;(w - 1)01_3u” du® + O(1/p*) (154)

(Anlor|A,) = troy, it follows that

+oo C u3
—1 / (A |Uc(w) ' dU(w)| A, ) o(w)dw = £ — — e du®

o P/ (W) +n
+0(1/p» (155)
where C = ["°(w — 1)o(w)dw. Finally:

Ay =u' & — i du' £ % sinh(it* //n)die® + O(1/p?). (156)

The Berry curvature is only F = du' A du? (independent of n). Finally the metric of the
spacetime My, X R is

ds? = (1 — (u')? — (®)?)df® + 2u" du® dr — 202 du' dt

¥ % sinh(i® //n)die® dr — d(u')* — d(u?)* — d@@®)* + O(1/p*) (157)
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) +oo OU, Ox!

(08 = [ (U i TG ) ot
+ (Al 0| An) (158)

c . ox .
_ ’? tr(a’a,)a—za F (A |00l ML) + O/ p?) (159)
e Ox! ; )

= s T (Al Bl + 00 /p) (160)
= S8+ (Alo'BulA) + 00/ (161)

The Lorentz connection is then (at order 1/p%)

. C
Wi =0 WP == di? (162)
p
o C . 2 02 1, C .5

The nonzero Christoffel symbols are then (at order 1/p?)

c c
Y% = Vau' + —u? 9 = V> — —u'
p p
Ty =1-+n I, =—1+n
I =+n Y, =—vn
c c
Tlp=—— [ =——
p p (164)
c c
= Iy =—
p

M= _% cosh(@’ /v/n)(1/+/n + cosh(it’ /v/n))

C
% = — cosh’(i@’ /v/n).
p

Some (auto-parallel) geodesics are drawn figure 2. Anew the effect of the torsion is similar
to the effect of a magnetic field in the direction 03, the same comments that those of the previous
example occur.

4.3. The fuzzy sphere

4.3.1. Ground state. We consider the case where .7 is defined by X’ = rJ! with » € RT* and
(J%) the angular momentum operators in an irreducible representation (dim # = 2 + 1). The
solution of equation (14) are (see appendix D.2)

My = {x € R, |x| = rj} (165)
A =112 ®C); (166)
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— n=1
n=5
— n=10
— n=15
— n=20

Figure 2. Geodesics in emergent gravity for a noncommutative Minkowski space (with
p =100 and C = 1) for different values of n with u'(0) = u*(0) = #*(0) = 0, it (0) =
i?(0) = 0.4, #3(0) = 0.1, #(0) = 0 and #0) = 1.

with ( = e'¥ tan ¢, the embedding of the sphere M into R? being

x(6, ) = rj(sin 6 cos ¢, sin 0 sin @, cos ) (167)

and |(); is a Perelomov su(2) coherent state [7, 27]. The abelian gauge potential is then

A = = (Cld|C)1y2 + ;(CIdIC) ) (168)
withd = 0 + 0.
<d<+<d<
1 & 2))! e
— v (7= —m—=1| 5 d 16
+ (HW),M; GG == ¢ (169)
CdC + CdC ¢d¢ 2! 2j-m—1)
A= =P+ TR 2 Z GG —m—
(170)
But by the binomial theorem:
Jj—1 . 2j—1 .
@p! 2jmm—1) _ 2))! 22j—1—m)
m:Z_j(j+m)!(j—m—1)!K| : _”;Om!(zj—m—l)!'d :
(171)
=2/ + [¢H¥ (172)
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It follows that

_LdCHcdC o Gl Cd¢— ¢l

(cld|¢cy; = +2 = 173
Finally
L\ ¢d¢—c¢d¢ : 50
A=—1| = =22 =2j+1 —de. 174
z<2+1) T+ [P (2j+ Dsin® 5 de (174)
The Berry curvature is then
2j+1
Fy, = O4A, = % sin 0 (175)

Yo du dub = (rj)2(d6* + sin? 6 d¢?) is the usual metric of a sphere of radius rj. R x My is
endowed with the metric

2j+1\> ,0 0
ds? = (1 _ (H_> tan? 2) di + 22j + 1)sin® Edcpdt

2rj
— (r))*(d6? + sin® 0 dp?). (176)
The triads are then
¢ =rjcos 6 cos ¢ 2 =rjcos 6 sin @ &y = —rjsin
~1 . . . ~2 .. ~3 (177)
e, = —rjsin 6 sin ¢ e, =rjsin 6 cos ¢ e, =
and ¢! = 0,8 % and ¢ = 6, jgw%—’: are then
0 . 0 0
e =rsin @ ey = —Fr Ccos ¢ e5=0
' ’ ’ (178)
ef = r cos pcotand e = r sin @ cotan 0 ey =—r
and
2j+1 , 0 o
el = 10 (tan 7T 1) =0
(179)
é1—2j+1tan€sin él——2j+ltan€cos &=0
0= T p MY 0= T 2 Y Q=
(Alo"dA) =, (Clo'dC)rya + 1 jp(Clo O 2,(C1dIC) - H¢ld|C); = 20jsin® § dg,
1/2<C|&|C>1/2 = and
de , d
1/2<C\al d|C)1/2 = (cos ¢ cos 6 + 1 sin gp)? +2¢e" sin 97(’0 (180)
de d
1/2<C|02d\C>1/2 = (sin ¢ cos # — 1 cos 90)7 + ¢’ sin 9; (181)
. dd .o 0
1/2<C|a3d\c>1/2:—sm97—zsm2§d<p. (182)

The Lorentz connection is then
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w'? = sin 6do (183)
w? = —cos ¢ cos #df + sin  sin O dy (184)
w3 = —sin ¢ cos Bdf — cos ¢ sin O dyp (185)
01 _ s . l .. 2?
w’ = sin pdf + 2 cos ¢ sin 0 2+2]sm 5 dy (186)
1 0
w”? = —cos pdh +2 sincpsin@(2 + 2jsin? 2) dep (187)
0
w® = 25sin? E(_l +2j cos H)dy (188)
=), = —75 sin 0, 5] = 0 and = = E7 = 0, the non zero Christoffel symbols are then
2j+ 0 .
Yy = 2 tan 3 ng = _Fge = —rjsin 0
sinf  2j+1 0 1 2j+11+tan” ¢
r,=— tan - cos § T% = — 2
0 T i 0 sind  4(rj)?  sin0
I’ = —cos 6 sin ¢ Iy, =17, =cotanf

(189)

The restriction to the space components corresponds to the Levi-Civita connection on the
sphere. Induced (auto-parallel) geodesics are drawn figures 3 and 4. We find usual geodesics
on a sphere for the thermodynamical limit j — 400 (the number of DO-branes in the stack is
2j+ 1) where the effects of the nonzero torsion are negligible. The torsion generates a preces-
sion of the classical geodesics (the speed of this precession decreasing with increasing values
of j). In this case, the Berry curvature is equivalent to a radial magnetic field emitted by a
magnetic monopole at the centre of the sphere, in accordance with the observed precession (a
Laplace force normal to the particle trajectory and tangent to the surface of the sphere).

4.3.2. Excited states. We consider now a fermion of mass £. The solutions of Dy|A,,,) =
pw|A,,) with p € Z* are (see appendix D.2):

2
My = {x e R, |x| = <2m+ 1+ \/(2m+ 12— Qj+12+1+ ﬂ) f}
.

2

with m € {—j,...,j} and 2m + 1] > \/2j(j+ 1) — Z= (the case —/ exists only if 5= <
JG+ ).

[Ap) = D1y (DK, ,[0) © |, m) + Ky o |1) @ | jym + 1)) (190)
with
k,?,p=x<p—w+m+1—m> (191)
> r r
1 VD
K.y = £/JCG + 1) — m(m + 1) (192)
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Figure 3. Geodesics on the sphere M in emergent gravity of a fuzzy sphere with §(0) =
7 9(0) =0, 0(0) = 0.8, $(0) = 0.8, #(0) = 0 and #(0) = 1 for different values of j.

(k being just a normalisation factor such that ||k,||*> = 1) and

D (,—1') _ ezé’(sin @Jl—cos <pJ2)
i e

it = (sin 0 cos ¢, sin 6 sin p,cos 0). My, , is then the sphere of R of radius:

2
Timp = <2m+1i\/(2m+1)2—(2j+1)2+1+f:‘*’) 2

and then ¢, , = r2, (d6” + sin® § d?). The density matrix of the spin is then

|k?np|2 0 t
PAmp = DI/Z(ﬁ') 6 |k1 |2 Dl/z(ﬁ)
m.p
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Figure 4. Same as figure 3 but with a representation in the complex plane of ¢ =
¢ tan £ (stereographi jecti f the sph
3 graphic projection of the sphere).

with
0
cos = —e ¥ sin =
D, 5(7) = 2 0 2] (196)
W i _
e sin 5 cos 5
It follows that
<<Ap.m*| = <<Ap,m|p7x,lp,m (197
1 ) 1 .
= (@(W®<],m|+%<1|®<ﬁm+1|) D)., (198)

The Berry phase generator is then

1Apm = (Apmeld|Apm) (199)

(jm[DYdD | j,m) + (j,m+ 1[DdD;|j,m + 1) + (0|D] ,,dDy [0}
+ (1|D] ,dDy o[ 1) (200)
D, = e T QUHCAP (7 o7 o= I+ (=0T (201)

with ¢ = e’ tan £ [7, 27]. It follows that

Djé%n = %ICP e P 4 (202)
= 1+<_|g|2(J3 — )+ (203)
Dj.a%n = 1+C|C|2 TPt (204)
_ _%ICIM — - (205)
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(because %(e‘crf3 e ) =e ¢ [J3,J1e¥” = —J7). Finally we have
o : ¢d¢ —¢d¢
m|DAD;|j,m) = m>—=>—>> 206
e A Cdc— g 0
Apm [ - 2
—=—=(2 H)—F==(2 1 —de. 207
> 2(m+) TP (2m + )Sln2<P (207)
The spacetime metric is then
2m+1\> ,0 0
ds> = [ 1— ( mt ) tan® = | d® + 2(2m + 1)sin® = dp dt
2 imp 2 2
— rp(d6” + sin” 6 dp?) (208)
(A.]o'd|A) = (A.(0)|0'DdD;|A0)) + (0D} ,0'dD) 5|0)
+ (1D} 1,0'dD) o] 1). (209)
Let s, = (A.(0)|0'D}9,D;|A(0)).
1 k21p . i . krlnp . T .
Sa = 7 (j,m+ I\D]@aDj\Jm> + k0p<]m|D]0aDj\J,m +1) (210)
mp m,
2 _ K i ky i
52 = zkl—p<j,m + 1/D}8,D| jm) — zko—wmmjaanj\j,m +1) (211)
mp mp
sy = (jm|D}0D;|jm) — (j,m + 1|DI,D;|j,m + 1) (212)
. ¢+
. . + — =
(jom + 1|DdD| jm) = 1P ViG+ 1) = m(m + Dd¢ (213)
an
<J'm\Dj‘dDj\j,m +1) = Cl(+ K‘Cz) VG + 1) — m(m + 1)d¢ (214)
and finally
tan ¢ 0 0
sh= ;:;(%ZP (1 + Ak;,, cos ¢ tan 7! sin ¢ tan 2) (215)
ey
z 0 0
s:g = % (—Ak,znp — cos ¢ tan 3 + zAk,znp sin ¢ tan 5) (216)
tan ¢ 0 6
55 = 22:22; (Akrznp +cos g tan o — 1Ak, sin ¢ tan 2) (217)
vy
2 0 0
2= 3 (1 + AK2 cos ¢ tan 5t sin ¢ tan 2) (218)

0
KKy
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s;=0 (219)

0
s3> = —2u5in’ 7 (220)

with Ak, = (k) )* — (k,,,)* the difference of populations. The Lorentz connection is then

w?=0 (221)
2 tan 4 ’ 0 sin® § 0
=— 1+ Ak tan — | df tan —dy (222
w 2/{]{2”) + Ak, cos ¢ tan > + fikgl,, sin ¢ tan > e (222)
AK? 6 sin® ¢ 0
31 mp 2 2 2
=— tan” — df — 1+ Ak tan — | dy (223
2Kk9np sin ( tan > lﬁk%p ( + Ak, cos ¢ tan 2) e (223)
1 0 sin” ¢ 0
01 : 2 2 2
=—— tan” — df — Ak tan — | d
w ang,p sin ¢ tan > nkﬂ,p ( mp T COS  tan 2) ©
+ sin ¢ df 4 cos ¢ sin fdy (224)
0 tan % AR 0 sin®§ 0
= k tan — | df — tan —d
251{211, mp T COS 0 tan > fikgl,, sin @ tan > ©
—cos pdf + sin ¢ sin fdy (225)
0
w® = —45sin® 5 de. (226)

The Lorentz connection of the excited states is then very different from the one of the
ground state. The usual space components of the sphere are not present and very complicated
expressions depending on the population difference Akﬁm appear and are difficult to interpret.

5. Conclusion

The mean geometry of a quantum spacetime can be revealed by transporting adiabatically a
probe DO-brane (a test particle). The emerging geometry at the microscopic scale is defined
by the push-forward of the quantum averaging map w, of space quantum observables in
the quasi-coherent state. Its dual map, the pull-back of wp appears as the quantisation map.
The Berry connection of the adiabatic transport is the shift vector of the emergent geometry
(which appears as a foliation by spacelike surfaces). The non-abelian part of the operator-
valued Berry connection of the weak adiabatic regime defines the Lorentz connection of the
emergent geometry, which is not torsion free. The effects of this torsion seems to be con-
sistent with the interpretation of the Berry curvature as a pseudo magnetic field. Generalised
quasi-coherent states can be introduced as excited states of the quantum spacetime which corre-
sponds to the Fourier modes of chiral oscillations (implying that massless particles reveal only
the emergent geometry of the spacetime ground state). This paper is focussed on the emergent
geometry at the microscopic scale by transport of fermions, which is related to their spins as
in Einstein—Cartan theory.

It would be interesting to compare with the emergent geometry revealed by transport of
bosons. Indeed, in the case of scalar bosons the quasi-coherent state is eigenvector of the
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non-commutative Laplacian [J, = |X — x|? (see [8]). But we have:

]

2
:DX
Dy 5

eifor @ [X', X7]. (227)
The analysis in [8] suggests that the geometries described by the eigenvector minimising the
displacement energy is the same in the two cases. At least when the ground quasi-coherent
state of ), is separable |A(x))) = |0,) ® |Ao(x)), we can imagine that |\o(x)) is close to the
quasi-coherent state of [1,, maybe up to a gauge change. But for excited states or for an entan-
gled ground state, differences must arise because of the lack of spin degree of freedom in the
bosonic case. In the fermionic case, this one especially ‘feels’ the non-commutative character
of . via te; o @ [X',X7]. The emergent geometry at the macroscopic level is obtained by
the semi-classical limit (which is equivalent to the thermodynamical limit of infinite number
of strings) and has been studied in a lot of previous papers. We have seen that the two limits are
consistent with each other for the case of the strict adiabatic limit. Is there a decoherence pro-
cess inducing the transition from the emergent geometry at the microscopic level to the one at
the macroscopic level? For the weak adiabatic regime, the answer to this question depends on
the behaviour of 2 at the semi-classical limit. This one is not obvious and need more analyses.
In a previous work [16] we have proved that if we consider the weak adiabatic limit of some
bipartite quantum systems both with a perturbative expansion, at the second order of pertur-
bation 2{ must be accompanied by several operators involving that the density matrix obeys to
an effective Lindblad equation (encoding decoherence effects). Maybe such corrections occur
in the semi-classical limit of the weak adiabatic transport in the present framework at order
1/N? (representing the intermediate regime between the purely quantum and classical ones).
But such a study needs to extend the results of [16] (the structure of ), is not compatible with
the assumptions used in [16]).

In this paper we have considered only academic models for the algebra X which are totally
analytical. Future works could be dedicated to apply the present adiabatic formalism to more
realistic operators {X'}; issued from the integration of the equations governing them. For
example in [34] it is shown that such operators exhibit behaviours of higher derivative cor-
rections to the gravity. These ones can maybe then be incorporated in the non-commutative
manifold . and finally in the emergent geometry defined by the quasi-coherent state. But
such an analysis needs the development of specific numerical methods to compute the adiabatic
entities from a numerical simulation of .Z.

A last question concerns the possibility to observe the consequences of the torsion associ-
ated with the emergent geometry. At the macroscopic scale this question is related to the one
concerning the thermodynamical limit of 2(. With another matrix model, in [21] it is shown that
a torsion arises at the cosmic scale and it can be a ‘source’ of dark matter. This torsion has sim-
ilarities with the one introduced in this paper (see appendix B.3). Nevertheless, in the examples
treated section 4, we have seen that the effects of the torsion emerging from the quasi-coherent
state of the quantum spacetime seem disappear at large scale. For the noncommutative plane
or for the noncommutative Minkoswki space, the effects of the torsion exponentially decrease
with the distance to the starting point. For the fuzzy sphere, the effects of the torsion decrease
with the number of strings (at the thermodynamical limit, the geodesics become the usual
geodesics of a sphere). No argument proves that this behaviour is universal, maybe the exam-
ples treated here are too simples. Because the emergent geometry considered in this paper is at
the microscopic level, in the sense of being the classical geometry closest to the quantum one
(by using quasi-coherent states), it might be more relevant to test the effects of the torsion at
the quantum level. Unfortunately, in the treated examples, the extinction of its effects seems
very fast with the increase of the scale. Anew, maybe the examples are too simples and other
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systems maybe can exhibit some effects continuing on a larger scale, since the existence of a
torsion at large scale in a matrix model has been shown in [21].

Data availability statement

No new data were created or analysed in this study.

Appendix A. Weak adiabatic theorem

In the context of the present paper, the weak adiabatic regime physically means that the trans-
port of the probe DO-brane onto M, can modify the spin of the fermionic string but not its
space degree of freedom. This is consistent with the interpretation of the quasi-coherent state
|[A(x)})) which represents a state of a strongly localised fermion at the point x onto the clas-
sical manifold (corresponding to the state of the noncommutative manifold .# closest to a
classical one). During a localised transport, the spin of the particle can rotate (Thomas and de
Sitter precessions) but the mean value of the particle position is supposed to follow the path of
the transport. This assumption means that |1)(r)) = g()|A(x(¢)))) with ¢ € GL(2,C) (and not
in GL(C? ® H)) and x(f) € M. For the point of view of P, = 0; ® (X' — x) € a ® Env(X),
this means that the transport is adiabatic with respect to the noncommutative manifold .# (of
observables Env(X)) and not with respect to the spin system (of observables a). In contrast,
the strong adiabatic regime consists to a transport adiabatic with respect to both the spin and
the noncommutative manifold.

This definition of the weak adiabaticity is consistent with the one used in [14—16] where
the adiabatic transport of a system interacting with an environment is studied. Due to the inter-
action with the environment, the system is not sustain on an instantaneous eigenstate (as in
strong adiabatic transport). A transformation acting on the system eigenstate occurs due to the
effects of the environment. The weak adiabatic regime ensures that the degree of entanglement
between the system and the environment is sustained. In the present context, the system is the
spin, the environment is the noncommutative manifold and the transformation onto the system
is g. The instantaneous entanglement is completely defined by the one of |A).

We can justify the weak adiabatic transport formula by the following result:

Theorem 1 (Weak adiabatic theorem).  Let {)\,}, be the spectrum of D,: D.|A,) =
M| Ay, with Ao = 0. The eigenvalues are supposed to be non-degenerate. Let T be the
duration of the transport described by the Schridinger-like equation 1)) = Dy|1), with
[D(0)) = [Ao(0)). t+— N\u(D) and t— |A, (1)) are supposed to be respectively C' and C>.

, with

Let g(t) = Te =02 pe the operator-valued geometric phase (Uppro = —ztrH|Ao>> (Ao
—

pao = try|Ao) (Ao|) and Xo = (Ao|g ™" Prg|Ao) be the effective ground eigenvalue.
If the following assumptions are satisfied:

(@) mMax,£0 SUP,cfo.7] W = O/T).
A ! X An
(b) max,.o SUPc(o. 7 % = O(e)

then
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(1)) = e~ JMOU (1) Ag(1)}) + Omax(e, 1/T). (A1)

Proof. (|A,)), forming a basis of C> ® H and g being invertible, let ¢, € C be such that

W) =D ene "gAL) (A2)

with ¢, = fot)\n(t)dt for n# 0 and ¢y = fotj\o(t)dt. By injecting this expression in the
Schrodinger-like equation and by projecting onto {(A,[g~! e*" we find

W+ Mo +1)_cp@ PN g7 gIAL) + 10D e, TN, A)

p p

= T, e (A8 PuglA,). (A3)

p

By integrating this expression, we have

cn(t) = cn(0) — ZZ / e n=en) (A, (9, — 120)| A, ) e, (t)dt
p 70

=0y | eI ((Aulg T PaglAp) — Mubup)ep(Ddr. (A4)
P 0

o If |[Ag) = |0,) @ |Ao) is separable:
2 = —2)0.) (0] — 24X0[40)[0:) (0| (A.5)
and then (Ao |(0; — 1)|Ag) = 0.
o If [Ag) = [0) ® [A®) +[1) ® |A") is entangled:
2 = —1 ((AYAG)[0) (O] + (ALIAG)0) (1] + (AYAg) [ 1)(0] + (AL Ag)[1)(1]
(A.6)

with (A.| = (Ao|pxs; and then {(Ao|(9, — 12)|Ag) = 0.

The summations in equation (A.4) for the case n = 0 are then restricted on p # 0. By
integration by parts, we have for p # 0

/ e "0 (A8, — )| A, )ep(B)dt = O (sup (Aol — z?l)|Ap>>> (A7)
0 t >\p - >\0
, -1
[e e pugia, ey = 0 (sup LD )
0 t >\p - >\0

Finally we have co(r) = 1 + O(max(e, 1/T)). By conservation of the norm defined by the inner
product of an observer comoving with the test particle [for which g is unitary (see [33])], this
implies that ¢,(r) = O(max(e, 1/T)) V p # 0. O
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In comparison with the strong adiabatic assumption:

(Aol

max Su
7 SV

n#0 110,77

‘ = O(1/T) (A9)

the weak adiabatic assumption consists to replace in the definition of the non-adiabatic cou-
plings, the time derivative by the covariant derivative 9, — 22(. The interpretation of this fact
is obvious with the structure of [ equation (A.6), it represents transitions of spin states with-
out transition from the ground state of X represented by the couple (|AJ), |A})) (a transition
of noncommutative space states being (|A)), |Ag)) — (|AY), |A})) with n # 0). The weak adia-
batic assumption states then that the small quantities are the non-adiabatic couplings minus the
part associated with only spin state transitions (without space state transition); and then only
space state transitions are forbidden by this assumption in accordance with the discussion of
the beginning of this appendix.

As for the strong adiabatic approximation, crossings of the ground eigenvalue with other
eigenvalue are forbidden, and so we must have a gap condition inf, |\, — Ao| > v > 0(Vn # 0).

Note that the effective ground eigenvalue Ao is zero in the case where the quasi-coherent
state is separable. Indeed

(Aolg™' PuglAo) = (0.]8 " ig|0x) (Aol (X — x)[Ao) =0 (A.10)
since
(Mo X |Ao) = x' = (No|X'|No) = x'. (A.11)

So the dynamical phase is reduced to be equal to 1.
Since Tawa«(Lyi) = 1€¢0,, P, plays the role of 10'¢%0,.

¢ e—%féﬁdtv]gefo’wdt e ' Pg— Eef.féwdfprﬂ;eféwdf (A.12)

¢ ' D, gplays therole of 1U,0'e¢0,U;" = 1U,0'U; eV, (with V, = 9, + w,). So the condi-

W ‘ = O(e) is the noncommutative version of negligible non-

adiabatic couplings defined by space covariant derivatives. The condition (b) is then the space
counterpart of the condition (a) (dealing with a time covariant derivative), ensuring an equal
treatment between time and space in the adiabatic assumptions and ensuring the covariance of
the adiabatic approximation in the present context.

The weak adiabatic transport formula includes specific geometric non-adiabatic transitions:

tion max,, 2o SUP,c(o.7] ‘

Property 1. Let {|A,)}, be the eigenvectors of . Let P = {1,...,2dim H}, and A, of €
L)(PX(P)) be such that A,, = —1{(\,|A,) and o, = (Ma|A|A,). We have

Te it = 37 [Te. e8] | (a,)| (A13)

n.p

Then we have

— —

Te ™| Ag)) = D [Teisrpe it -] 1), (A.14)

n
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Remark: if dim H < oo, (*(P) = C?>4m%  otherwise (*(P) = (*(N*) (space of square
summable series).

Proof. Let X € L((*(P)) be such that Te /024 = > np {’]I‘e"fotm} |A.) (A, After the
— P np

derivation with respect to ¢ of this equation and projection on the right onto |A,)) and on the
left onto ((A,|, we find

—z; [’]I;e"féx‘i’} nkdkp = —zEk:X,,k {’]If—zfé’fdf} )

P

+ 3 [meixe] ()
+ 30 [Te ] (aela,) (A15)
k

nk

(ARIAY) = 61y = (Mi]A,) = —(Ax]A,), it follows that

Te ~JoXd g7 = XTe JoXd 4 ATe JiXdr _ Te—1/oXdry (A.16)
— — — —
and then
t ' -1
X = A+ Te X(ef — 4) (Ee—zfon’) (A17)
and then Te /0¥ — e ~tJoAdre —fo( ~Axir O
— — —

The transitions associated with the spin state changes (Thomas and de Sitter precessions)
are then essentially governed by the ‘matrix’ <, representation of 2l the operator of spin state
transitions without space state transition.

Appendix B. About the honcommutative geometry, diffeomorphism gauge
changes and torsion

B.1. Noncommutative gauge potential

Suppose that 3 A°(x), A'(x) € Env(X) and 3 |Q) € H such that
[A)) = [0) @ A°W)|Q) + [1) © A (x0)[Q) (B.1)

(this is the case for examples treated section 4). [0) ® A® + |1) ® A' € C> ® Env(X) appears
as a section of a noncommutative spinorial bundle over .# which can be viewed as a Dirac
field onto .. The pull-back of the geometric phase generator:

oxi .
WiThA = (QAL9,A%| Q) j,-a—ih dx' € QL X ® C*(My) (B.2)

can be viewed as a connection onto an associated noncommutative U(1)-bundle on .Z. In
accordance with the fact that .# is a quantisation of a flat space, this U(1)-bundle is flat,
indeed by using the Koszul formula we have
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dwi TAA(Lyi, Lyj) = Lyiwi mAA(Ly)) — Lyjwi mAA(Lyi)
— WATAA([Lyi, Ly,1) (B.3)
= (wamaA) (IX X7, X)) + [X7, [X, X
+ [X4, X, X7]]) (B.4)
=0 (B.5)

by the Jacobi identity in the Lie algebra X, and so wj 7} A is d-closed. In the same manner we
have

_— a b ac, bd axk ox! j
WATA (Vab du du”) = Yapy* V" Oudj—— - dX' @ dX/ (B.6)
ouc Ou
= §;dX' ® dX’ (B.7)
in accordance with the fact that .# is the quantisation of a flat space.

B.2. Diffeomorphism gauge changes

Let ¢ € Diff(M,) be a diffeomorphism of the eigenmanifold (we consider here only dif-
feomorphisms leaving invariant the foliation). As expected, the dual triads transform under
diffeomorphism gauge changes as (p*e)’, = é};(cp(u))g%f whereas &) is invariant. It is inter-
esting to consider the behaviour of the shift vector (generator of the Berry phase) under a
diffeomorphism gauge change. Basically, we have p*A = Aa(cp(u))%f%l du®. But suppose that
their exists a displacement operator defined by:

YV u,v € Mp,D(v,u) € U(H), such thatD(v, u)|Aw)) = |A(v)) (B.8)

(this is the case for examples treated section 4 when the quasi-coherent state is separable). The
possibility of the existence of a displacement operator for quasi-coherent states is stated by
analogy with the case of coherent states [7, 27]. In that case:

Ay()dv® = A (u)du® — 1(Aw)| (D™ dpyD)|Aw)) (B.9)
(where d(y) is the exterior derivative of M3). It follows that *A = A + n with
1) = =1 A@)| (D), w)dD(p(w), )| Aw)). (B.10)

The gauge potential-transformation 7 is an element of the two-connection of a categorical
U(1)-bundle [28] built over the base Eategory M where the objects Obj(M ) = My are the
points of the eigenmanifold and where the arrows are Morph(M ) = My x Diff(M,); the
source, target and identity maps being defined by:

s(u, ) = u, (u, ) = o(u), id, = (u,1dp,) (B.11)
and the composition of arrows being defined by
(p1(u), p2) o (u, p1) = (U, P2 © P1). (B.12)

Diff(M ) can be then viewed as the arrow field space over M. Since Dy = D, + oi(x' =y,
we have

(Ao A (x'(p(u)) — x'(u)) = 0 (B.13)
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(A(p(u))|o’|A(u))O; is then a vector normal to the arrow (u, ) (generalising the fact that
(Au)|o’|A(w))0; is a vector normal to My at u). The categorical structure of My is not
external to the noncommutativity of .#, indeed

() = x' = (Aw|DXD — X)|A@w) (B.14)

= wa(D'[X', D)) (B.15)

= wa(Ap(Lxi)) (B.16)

where Ap = —D dD € QL. X is a Berry-like gauge potential of a noncommutative bundle

over . (D € Env(X), d is anew the Koszul noncommutative derivative). This can be gener-
alised to a noncommutative spinor D € C? ® Env(X) with D = [0)(0| ® D" + [1)(1| ® D' and
D (v, u)|A*(w)) = |A*(v)) (a € {0, 1}) (this is the case for examples treated section 4 when the
quasi-coherent state is entangled), and Ap = —ZDZ dD“.

B.3. Noncommutative torsion

By construction, we have

(du®, Tawp« (L)) = wa ((ﬂf\wj‘\(du“),LXi>x) (B.17)
a a : a 1j ab auk
<~ ¢ :(.UA(EI') WlthEi = ;0 ](Sjk’}/ m (B.18)
u
with ©Y = (X!, X/) = —i[X', X]. {E?},; can be viewed as the ‘noncommutative frame’ in

A associated with the frame {e?},; of the eigenmanifold M. .# is the quantisation of a
flat space, but it is not necessary torsion free. We introduce the following analogue of the
Weitzenbock connection [37] by:

% = —Ly/(E?) (B.19)

which defines an analogue of the Weitzenbock torsion:

T¢ = —1Ly;(ES) + 1Lyi(E9) (B.20)
8 k
= —u[X}, Om] — [X;, © jm])v“ba—ib (B.21)
a k
= —[X", ®ij]5mw“b8—z,, (B.22)

where we have used the Jacobi identity [Xj, [X;, X, ]] + [Xi, [Xn, X[]] = —[ X, [X;, Xi1].
T40, = ma(T40)) with T4 = —[X¥, ©;;] = —[X¥, [X;, X;]] the torsion of ..

Note the difference with the torsion introduced section 3.2, wA(YO"f-‘j) is the torsion of the
embedding space R* whereas T¢. is the torsion of the eigenmanifold M. We can view T has
a torsion intrinsic to M, (link to 6 = F~! and then to the Berry curvature) whereas T is an
extrinsic torsion (linked to © and then to the noncommutative character of .#).

In [21] a torsion in an IKKT matrix model is introduced. A direct comparison of the two
models is difficult because of two reasons. First, the time is quantised in the IKKT model and
not in the BFSS model. The comparison must therefore be limited to the space part. The model
presented in [21] is based on an irreducible representation of so(4,2) on a Hilbert space Hy
(with N € N) where £(Hy) is interpreted as a quantised version of C*(CP'?), CP'? being the
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total space of a fibre bundle on a classical spacetime with fibre S? (the sphere). a ® Env(X)
plays in the present model the same role than the quantisation of C*°(CP"?), but with a sin-
gle spin sector (corresponding to s = %) whereas in the model of [21] the quantisation of
C>(CP'?) is a graded algebra with an infinite number of spin sectors. At the semi-classical
limit N — oo, the Weitzenbok torsion found in [21] is (in the notations and the conventions of
the present paper) Tf’} = {x", 6; i} where —i[-, -] — {-, -} is the Poisson bracket obtained at the
semi-classical limit. This expression is very similar to our Weitzenbock torsion of .Z, except
that (:),- j = —[Z;, Z;] where Z, is in the quantisation of C>®(CP'?) (analogous of a ® Env(X))
and is not X; € X. More precisely, by choosing Z, = 7, + ‘jla, where 7, is the coordinates of
the fibres S? and ﬁ(a is viewed as a perturbation of the cosmic background, we have [21]

Ouw = Kbap + {7+, ﬁa} — {7, ﬁb} + {élb, ﬁa}, (B.23)

where £ is a constant parameter of the model and 6., = {x,, x,} is the semi-classical limit
of —1[X,, Xp]. The first part of the torsion x{x", 6; j} is completely analogous to our Weitzen-
bock torsion of .Z Tfﬁ This part can be viewed as the torsion of the cosmic background in the
interpretation of [21]. In our model, the embedding space R? (or its quantisation .#) are well
a background in which the eigenmanifold lives. T has then well a similar interpretation in our
framework. The second part of the torsion {x", {7, ﬁla} —{%a ﬁl;,}} has a structure similar
to our torsion of M :

T, = %Im tr (0" ([7p, Aol — [T, 2Ap])) - (B.24)
We can think that it plays the same role, but with 77, limited to a single spin sector and
with commutators not directly affected by the semi-classical limit (7, and 2{, are matrices of
a = NMy«2(C), their sizes do not change with the increase of N). We cannot see 2l as a per-
turbation. As the geometric phase generator it characterises the geometry of the adiabatic
bundle with connection in which the transport is defined. However we can note that perturba-
tion theory and adiabatic transport have strong similarities. For example, under a perturbation
€V an eigenvalue becomes Ao + €{(Ag|V|Ao)) + O(€?) while in adiabatic transport the phase
is generated by Ao + £(Ao| $[Ao). (with ,it* = —2(Ag| & |Ag).). Moreover the non-adiabatic
couplings W (or those for the point (b) theorem 1) are similar to the coefficients of a

W. The nonlinear last part of the
0~ n

torsion {x", {2,,2A,}} seems to have no analogue in our formalism. The reason is that it is a
term of the second order of perturbation. But the adiabatic approximation is of first order in
1/T. To try to find an analogue of {x™, {2;,2,}}, it would be necessary to compute the first
non-adiabatic corrections. The torsion in [21] seems be an analogue of the sum of our intrinsic
and extrinsic torsions (a sum which cannot be directly realised without projection in our model
since .# and M 5 have not the same dimension).

first order perturbative expansion of the eigenvector

Appendix C. Higher dimension and the Koopman approach

C.1. Fast dynamics of .#

dim X = 3 but the eigenmanifold M of the noncommutative manifold .# (generated by the
Lie algebra X) is only two dimensional. We lost one dimension in the emergent geometry with
respect to the dimension of the quantised flat spacetime viewed by the ideal Galilean observer.
To solve this problem, we can start with an higher dimensional quantised flat spacetime as
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in [10]. But we have considered in this paper a dimension reduction as in [9]. It seems more
natural that a fifth quantum dimension (after quantisation) emerges from the analysis of .Z
in order to recover the original four dimensions of the classical pre-quantised spacetime in
the classical emergent spacetime. This fifth dimension (or more precisely a fourth coordinate
operator) emerges from the dynamics of .# (still generated by a three dimensional Lie algebra
X). Indeed, until now we have considered only time independent observables (X", but these
operators obey to a noncommutative Klein—Gordon equation [1, 2]:

X' —[X;,[X', X]] = 0. (C.1)

But the time evolution of (X?) is not necessarily slow, and the application of the adi-
abatic assumption onto equation (13) can fail. To solve this problem, we can use the
Schrodinger—Koopman approach [35]. This method consists to separate slow and fast vari-
ations and applying the adiabatic assumption onto eigenvectors of an extended operator
including the parameters with fast variations as new quantum variables. A

More explicitly, let (Xj) be the generators of X, and suppose that X'(r) = wi()X; (we
suppose that Xi € X, but generalisations with X' € Env X are possible, with for example
Xi(r) = wi(nXy + w;k(t)XéX’g + - - ). Equation (C.1) becomes then

W — 5 ﬂC;;{"/C,{m/wf,wf/wj/ =0 (C.2)
where C}/ are the structure constants of X ([Xj, Xj] = C;/XE), or equivalently
Wi = pi (C.3)

Ph= 84CJ Clm whwhw, (C.4)
which is a classical nonlinear dynamical system in the phase space I' = R'8. We denote by
(D aefl,..18) = (w;'{,pj{)i,ke{l,zﬁ} a point of I'. We can also consider the simplified case with
wi(t) = w(1)d}, where T = R* (with § = (w, p)) withw = pand p = 16;,CiIClmu’ . We denote
the differential equation of the nonlinear system as é“: FE).

The Schrédinger—Koopman equation is [35]:

1) = (b 05 52 ) 10 ©s)
3

where |U)) € C? ® H @ LA, du(€)) (where y is a measure on I), L*(I, du(€)) is the space of
square integrable functions on I". The solutions |1)) of equation (13) are deduced from the solu-
tions of equation (C.5) by |¢(2)) = (£()| V(1)) where 1 +— £(7) is solution of equation (C.3)
[35], so |P)) is a new representation of the quantum state including the effects of the ‘noise’
associated with the fast variations. Let X* = —1.%“ agw be the generator of the Koopman oper-
ator. The time-dependence of equation (C.5) being slow (because they are restricted to the
time-dependence of x) we can apply the adiabatic assumption with (B, + X*)|A)) = 0. Let
x* € Sp(X*) be a Koopman value associated with the Koopman function £+ € L*(T', du(€)):

X fu(©) = x* fa(©) (C.6)

|A) = f.|A)) is also an eigenvector of (B, + X*) with eigenvalue x* (see [35]). It follows
that

PEIA) =0, with Py = o @ (X' — 1)) (C.7)
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with I € {1,2,3,4} and o4 = 0¢ = id. By noting that x* = (f,4|X*|f4), the situation is
completely similar to the one described section 2 with an additional dimension. My = {x €
R*,s.t. det(PX) = 0} can then be three dimensional. Note that:

XX = 17O o ©8)
=
;Owix)
= i Cc9
W o] (C9)
= zp};Xg € X. (C.10)

Since o4 = 0 (and is then a part of 7° in the Weyl representation), or in other words since x*

is associated with the time of fast variations, the metric of the embedding space R* is d(x')? +

d(x?)? + d(x*)? — d(x*? = —nyy dx! dx’, i.e. the five dimensional embedding flat spacetime
is anti-de Sitter. The continuation of the discussion is similar to the main sections of this
paper.

With the Koopman analysis, the fourth dimension of .# generated by (X’ ic{1234) (the
fifth dimension of the quantum spacetime) is not added to the pre-quantised flat spacetime of
the classical Galilean observer (before the use of the BFSS quantisation rules x’ ~ X' and
0; ~ Lyi). It emerges ‘spontaneously’ from the fast evolutions of the quantum spacetime at
the microscopic scale. Note that, this does not forbid emerging dynamical spacetimes. Indeed,
we can have a time-dependent parametrisation as X'(w(z), v(¢)) with ¢ — w(z) fast evolving
parameters and ¢ — v(f) slow evolving parameters. The Koopman approach is then used with
w, but X’ rests explicitly time-dependent with respect to v. Since the variations of v are slow, we
can apply the adiabatic assumption, and have a time dependent emerging manifold M (v(?)).
We do not treat in more detail this case in this present paper which focus on time-independent
eigenmanifold. In the present formalism, six compact extra dimensions can also emerge via
the Koopman analysis if we consider the vacuum fluctuations perturbing equation (C.1) as
viewed in [24]. The geometry of these six emergent compact dimensions is not the subject of
the present paper and has been studied in [24].

C.2. Massive test particle and chiral oscillations

At the starting point of this paper, we have considered a massless test particle to reveal the
geometry. If we consider a massive fermion, the mass (denoted here by % for convenience)
induces a coupling between the two fermionic chiralities:

3 D) = =3 & X = ) + 5 1) (C.11)
10 T o
B (R EE R c12

with [1) € C* @ H. Let |¢p) = " %'|1)) a gauge change of the fermionic state.

W%r _ cos(wt/2)  —u sin(wt/2)
¢t = (—z sin(wi/2) —cos(wt/Z)) (C.13)
and we have

100|1) = m(wt) @ D) (C.14)
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with the mixing matrix

[ cos(wt) —1 sin(wi)
m(wi) = (z sin(wf) —cos(wt) | ° (C.15)
We can solve this equation by using the Schrodinger—Floquet approach [36] which is a partic-
ular case of the Schrodinger—Koopman approach for periodic dynamical systems. Let 6 = wt

and [P)) € C2 @ H ® C* @ LXS', &) be such that

> 2w
| Y) = (m(e) ® P, — zwge) |TY) (C.16)

C2 @ L*(S', &) is the space of square integrable functions on the circle S' with a chirality
degree of freedom. The adding operator —wdy can be viewed as the quantum observable of
a compact extra-dimension (but since the spectrum of —wwdy is discrete, this one does not
involve an emerging additional dimension on the eigenmanifold). The original state is recov-
ered by [¢) = (# = wi|T)). We can apply the adiabatic assumption onto equation (C.16) with
a generalised quasi-coherent state |Ag)) such that

woaplAal) = m & DilAo)) c1m)

Since wdy e = nwe ", itfollows that |A,}) = e”’|Ao)) is also an eigenvectorof m @ P, —
woy:

zw%\An») =me P, —nw)|\,)) neZ. (C.18)
It follows that

[AO))) = T SR ®0D |, o) (C.19)

with to ensure the continuity with w — 0 (nw is not negligible since n can be large)

((5 _0 1) @ Py — nw) |AL0)) =0 (C.20)
= 10 = (7)) i) =i, can)

The emergent geometry is then associated with several eigenmanifolds My, = {x €
R?,s.t. det(D, — nw) = 0}. The ground state |Ao)) is associated with the eigenmanifold M 5 o
revealed by massless fermionic test particles. With massive test particles, we have also excited
states associated with eigenmanifolds M, corresponding to the Fourier modes of the chiral
oscillations.
N — L [ 0)docDy
Note that by application of the Floquet theorem, we have U,(8) = Te /o v =
—

Z(0)e™:’ where Z, is a 2m-periodic operator (with Z,(0) = id) and M, is a #-independent
operator. The monodromy operator e’”x’ governs the general dynamics induced by the chiral
oscillations (without the transient fluctuations described by Z,(6)).
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The emergent geometry depends on the particle mass, because this one warps the spacetime
at the microscopic scale (in contrast with a test particle for the geometry at the macroscopic
scale where this effect is negligible). The Berry phase generator is

A = —a((AuldIA) (22
= —1(A|d|A,Y) — 1A _|d|A_)

2r do
— 1 {{Aa(0)] (/O U.(0)"! de(Q)%) AL (0))) (C.23)

(where d is the exterior derivative of M ,—no derivation with respect to 6). —i1{A+,|d|AL,))
represents the general geometry modified by the mass w/2 added to the contents of the
spacetime.

2w de
An,loc = _Z<<<An(0)| (/0 Ux(9)71 de(a)g> |An(0)>>> (C24)

A joc represents the local deformation of the spacetime around the localised test particle of mass
w /2. For particle with small mass, this term is negligible (since wwdj is then just a perturbation
operator). For large mass w/2, the local correction is

1 [ 0 do ox' 5

Antoc =~ /0 (A (0)] /0 m(O)d0 @ il Ay(O))) 5= du’ + O(1 /w?)
(C.25)
= (oA — (Aot 2 du + 001w C.26
—w(« nloi|An) — (Anloi| n>>)3u” u’ + O(1/w). (C.20)

Appendix D. Computation of the quasi-coherent states

D.1. CCR algebra

D.11 Case z=0. Let Lie(a,a™,id) be the CCR algebra. The non-commutative plane is

defined by X! = #, X? = “;—Z“' and X* = 0. By using the block matrix determinant formula
‘Ié, g‘ = det(A — BD~'C)det D [38] we have (with v = x' + 1x?)
—X3 ClT —Q 3.2
det pe=| = 3| = det(—(x*)? — (@' — a)a — a)). (D.1)

It follows that det I, = 0 if and only if 3|Q) such that (a' — @)(a — a)|Q2) = —(x*)?|Q). But
Q@' — a)a — a)|Q) = |(a — a)Q||*> = 0 implies that x* = 0.

(@' —a)a—a)|Q) =0=a|Q) = a|Q) or at(a— a)|Q) = a@— a)|Q). The second
alternative is impossible since Sp(a™t) = (). We have then |Q) = |«) (coherent state of the CCR
algebra [7, 27]).
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_ 0 at—a) (1A
Di|A) =0 = (a_a 0 ) <|A >> 0 (D.2)
implying that a|A°) = a|A%) = |A°) = |a) and at|A") = a|A") = |A') = 0. Finally
|A) =10) @ |a) (a=x"+u). (D.3)

D.12. Case z# 0. Let Lie(a,a™,id) be the CCR algebra. The non-commutative manifold is
defined by X' = “*“T X2 =4 f' and X3 = ¢id (with £ € R¥).

a -

o i U = det(€? — ) — (@' — a)a — a) (D.4)

det D, = ‘5

det P, = 0 if and only if 3|Q2) such that (a' — a@)(a@ — a)|Q) = (&2 — (x*)})|Q). It follows
that |¢| > |x*|. Let by = a — a and b} = a™ — & be the operators of another CCR algebra:
[bo, b ] = [a,a™] = id. We have then b1 b,|Q) = (€2 — (x*)*)|Q). |2) is then an eigenvector
of bFb,, and then €2 — (x*)? = n with n € N (b} b,|n), = n|n)a)

bo|0)y =0 <= a|0), = a|0), <= [0), = |c) (D.5)
(29 (@ -
|n>a = W ‘O>a = T‘CO (D.6)

We fix the value n.

_ 0 b\ (1AD) _ (E+x)IA)
psy =0 = (0 5) (131) = (€250 D
We have |A)) = b—“’3|A0>, and then b+b(,|A0> = (€2 — (PD)|AY) = n|A). Tt follows that
|AD), and then b,bF|A}) = (bFb, + 1)|AL) =

|AD) = |n),. In a same way, |AD) =
n|A,) = |A,) = |n — 1),. Finally

EJr)c3

[An) =10) @ |n)a +[1) @ |n—1)a  (n € N) (D.8)
(with n = 0 we find the result of the previous case).

D.2. su(2) algebra

Let Lie(J') be the su(2) algebra and implicitly its irreducible representation of dimension
2j+ 1(6;J'J7 = j(j+ 1)). The fuzzy sphere is defined by X' = rJ' with r € R** a parameter.
D.2.1. Solutions at the poles. Firstly, we search solution of equation (14) with x' = x*> = 0.

By using the block matrix determinant formula Ié, g = det(A — BD'C)det D [38] we have
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P 7
det(D,/r — \) = r 2 (D.9)
J*t —P+ ==
r
x3 x3 !
= det J3———)\—J‘<—J3+——)\> Jt
r r
x3
x det (—13 + = - A) (D.10)
r
x3

A € Sp(P,/r) if 3|Q) such that (J3 — %
Q) =377 __cp|jm) and then

m=—j

—N|Q) =T (=P + = =N UTQ). We write

al X3 . L G+ 1) — mm + 1)),
Z Cm (m— - )\> |jm) = Z = |jm). (D.11)

m=—j m=—j P —m — 1
This implies that
3 3
(m——A) (—)\—m—l>=j(j+l)—m(m+l) (D.12)
r r
X3 B\ 2
— A2+A—j(j+1)+(2m+1)7— <r> =0. (D.13)
It follows that
11 L x3 2
At = —= /1 +4jG+ 1) —4Cm+ 1)— +4( — (D.14)
2 2 r r
Dy Xo) = rams| o) if
3 x 0 — 1 0
S =) o)+ IAD) = Aur [ Ao) (D.15)
+130 3 X 1 1
J |>\o>_ J = 7 ‘)‘0> :)‘Mi‘)‘0> (D.16)

by writing [ X)) = [0) @ |AG) + [1) @ |Ag) (with (|0),[1)) the canonical basis of C*). We set
Y =S% a,|jm) and |[N)) = S2F/  b,,|jm). We have then

m=—j m=—j
+j 3 +j

S an (m - - AMi) Jm) == > bu/JG+ D —mm— Dljm—1) (D.17)
m=—j m=—j+1

Jj—1 +J 3

S an/iG+ D —mm+ Djjm+1) =3 b, <m - - )\Mi> Jm)  (D.18)
m=—j m=—j
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and then
an <m— x—: —Ami) + b1V JG+ D —m(m+1) =0 (D.19)
(m # J)
a <J-_ x:) —0 (D.20)
a1/ J+ 1) — m(m — 1) — by, (m— x—: +AMi) =0 (D.21)
(m # — )
b_; (—j— x:) =0 (D.22)

aj=b_;j=0and by, = a, LD i follows that
m+1_XT+)\Mi

)C3 )C3
am ((m— - _)\M:t> <m+1— r"‘)\Mi) +JG+ 1) —mim + 1)) =0.
(D.23)

Because of equation (D.12), we have a,, = 0 except if m = M; and then b,, = 0 except if
m=M+1.

3
ay (M—l—xT—AMi) —&-bMH\/j(j—i-l)—M(M—&-l):O (D.24)

3
ay\jG+ 1) — MM + 1) — by 4y <M+ 1-— XT + AMi> =0 (D.25)

and then ay = M + 1 — £ + Ay and byt = G+ 1) — MM + D).

D.2.2. Solutions in all directions. We have |\o) = k°|0) @ |jm) + k'[1) @ |j,m + 1) with
K=k +m+1-— @) and k' = k\/j(j+ 1) — m(m + 1) (x being just a normalisation
factor such that ||k||?> = 1). Let 7 = (sin 6 cos ¢, sin 6 sin ¢, cos 6) be the direction vec-
tor in R® and D (1) = e be the su(2) displacement operator (see [7, 27]) with i =
(sin ¢, — cos ¢,0) (D j(ﬁ')J3D j(ﬁ')T =i J). Let R be the following rotation matrix

cos 6 cos ¢ cos 6 sin p —sin 6
R= —sin ¢ cos ¢ 0 (D.26)
sin 6 cos ¢ sin @ sin @ cos 6
we have
D (i1)J'D (1) = R'WJ*. (D.27)
We have then
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8D /2(1)0 Dy o () @ DT D) = 64R 10" @ R, " (D.28)
= (R3) ® (R)) (D.29)
= (RTRG) O J (D.30)
T (D.31)

(® stands for the scalar product of R along with the tensor product between operators). It
follows that

: i Xl T

D )rp (o @ | J' — 75 D /5 (1)

. X '
=0,®J — QD1/2(17)0'31)1/2(77)T (D.32)

. (Ji _ x”) (D.33)

r

(Wlth D1/2®j = D1/2 X D]) Flnally we have

DD s ()| X)) = rAn+Dy 2| Mo)) (D.34)

with 77 = W and A\, = —1 £ %\/(2j+ 1?2 —4X2m+ 1) +4§§. We can have \,. = 0 in
only two cases

A =0 < |x|=rj (D.35)
A =0 < |x|=—rj (D.36)

we choose |x| =rj <= X = rj(sin 0 cos ¢, sin @ sin @, cos 0), the quasi-coherent state is
then

[A)) = Dy 26 (1)|0) @ [jij) = [C)12 @), (D.37)

with ¢ = e'¥ tan % and |(); is the Perelomov su(2) coherent state:

\cy:éi S L (D.38)
T &\ GrmiG—m! '

0 0
|C)1/2 = cos E\O) + ¢’ sin §|1> (D.39)
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