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Abstract
We study the adiabatic approximation of the dynamics of a bipartite quantum
system with respect to one of its components, when the coupling between the
two components is perturbative. We show that the density matrix of the
considered component is described by adiabatic transport formulae exhibiting
operator-valued geometric and dynamical phases. The present results can be
used to study the quantum control of the dynamics of qubits and of open
quantum systems where the two components are the system and its environ-
ment. We treat two examples, the control of an atomic qubit interacting with
another one and the control of a spin in the middle of a Heisenberg spin chain.

Keywords: geometric phase, adiabatic approximation, bipartite quantum
system
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1. Introduction

A bipartite quantum system consists of two quantum subsystems denoted by S and £ and
described by the Hilbert space Hs ® He. We are interested only in the behaviour of the
component S with a loss of the information concerning the component £. If y € Hgs ® He
is the state of the bipartite system, the subsystem S is described by the density matrix (the

mixed state) p

= tre ly ) {w! (. I. ) denotes the inner product of Hs ® H) where the partial

trace trg on Hg suppresses the information concerning £. p takes into account the entan-
glement of S with £. An interesting problem in the dynamics of a bipartite quantum system is
the control of the component S ‘hampered’ by £. Quantum control has potentially many
applications in nanoscience and in quantum computing. A problem of quantum control
consists in finding out how to act on S (by laser fields, magnetic fields, etc) in order for S to
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evolve from its initial state p,, to a predetermined target state g, (the goal of the control).
The presence of £ can considerably modify the control problem with regard to the control of a
pure state in Hs for S alone. Moreover the control can affect £ directly or indirectly by the
coupling between £ and S. The understanding of the dynamics of S in contact with £ is
crucial.

Such a situation occurs in quantum information theory where S and £ are two qubits of a
quantum computer or two ensembles of qubits. In this case the control consists in performing
a logical gate or a quantum algorithm on S in the presence of other qubits (£) of the quantum
computer. In this example, S and £ have similar sizes and the roles of S and £ can be
exchanged. However, dynamics of bipartite quantum systems also occur in the control of
open quantum systems where S is a small subsystem and £ is a large environment responsible
for decoherence effects on S. In this case the loss of information models the observer’s lack
of knowledge concerning £ due to its large size and its complexity.

An adiabatic approach [1] can be used to describe quantum control, since the variations
of the control parameters are often slow. Quantum control schemes based on the adiabatic
approximation have been proposed for different closed systems [2-5]. For open quantum
systems, adiabatic approaches based on non-hermitian Hamiltonians have been studied [6-8].
For example, the Lindblad equation (a Markovian approximation of the dynamics of S in the
environment [9]) is considered as a non-hermitian Schrédinger equation in the Hilbert—
Schmidt space (the so-called Liouville space describing the square trace class operators of
Hs, ie. trg(ATA) < o). In these cases the adiabatic approximation is based on adiabatic
theorems for non-self-adjoint Hamiltonians [10-12]. However, these works do not focus on
the bipartite aspect of quantum dynamics, which has been studied by Sjoqvist et al with the
viewpoint of nonadiabatic geometric phases [13—15]. Recently operator-valued geometric
phases have been proposed as generalizations of the Sjoqvist geometric phases, in the context
of cyclic (nonadiabatic) evolutions [16] and of adiabatic evolutions [17, 18]. Nevertheless a
rigorous study of the adiabatic regime of a bipartite quantum system exhibiting operator-
valued geometric phases has never been realized.

The goal of this paper is to show that, under common assumptions concerning the
evolution of the bipartite system, the evolution of the density matrix satisfies adiabatic
transport formulae exhibiting operator-valued geometric (and dynamical) phases. Section 2
establishes adiabatic theorems with regard to a discussion concerning the different time scales
involved in the dynamics of a bipartite quantum system. In particular we consider two
adiabatic regimes. These results are based on the Nenciu adiabatic theorem [19], which
considers spectral components and not only one eigenvalue. Adiabatic transport formulae for
the density matrix are obtained in section 3. We show that these formulae (for the weak
adiabatic regime) exhibit operator-valued geometric phases similar to the ones introduced in
the previous works [13—18]. The generator of the operator-valued dynamical phase also
exhibited by these formulae can appear as an effective Hamiltonian of S dressed by £. The
adiabatic transport of the density matrix for the second order perturbative expansion satisfies a
kind of effective Lindblad equation. We discuss also in this section the specific case of the
open quantum systems where £ is a thermal bath. Throughout this paper we consider the case
of a weak coupling between S and €. Indeed to enlighten the individual behaviour of the
component S inside the bipartite system through the viewpoint of the adiabatic approxima-
tion, it is necessary to explain the relation between the eigenvectors of the bipartite system
and the eigenvectors of its component S. This requires a perturbative analysis. Finally
section 4 presents two examples: a qubit realized as a two level atom in a laser field in the
rotating wave approximation with a perturbative interaction with another atom; and a spin
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controlled by a magnetic field in the middle of a ferromagnetic spin chain with Heisenberg
coupling between the nearest neighbours.

2. Strong and weak adiabatic theorems

2.1. Preliminary discussion

We consider a bipartite quantum system of Hilbert space Hs ® Hg governed by the time-
dependent Hamiltonian

H(t) = Hs(t) @ le + 1s @ He(t) + €V (1) (D

where Hg € L (Hs) is the self-adjoint Hamiltonian of the component S, He € L (Hg) is the
self-adjoint Hamiltonian of the component £,V € L(Hs ® He¢) is the coupling operator
between Sand &£, and ¢ € V(0) is a perturbative parameter (V(0) denotes the
neighbourhood of 0). Let {y, }, and {v4}4 be the pure point spectra of Hg and He (for the
sake of simplicity we suppose that all these eigenvalues are not globally degenerate, e.g. these
eigenvalues are nondegenerate for all # > 0 except possibly for a finite number of isolated
moments #+) and {{, },, and {&4 } 4 be the associated normalized eigenvectors. The eigenvalues

are supposed to be at least C° and the eigenvectors at least C! with respect to 1.
Hs() (1) = p, (081 & € Hs,p, € R 2
He(&p(1) = vs(0Ep () &y € He vy € R. 3)

Let {Ap}5p be the perturbed pure point spectrum of H and {¢,;}ss be the associated
eigenvectors.

H () (1) = App D)y () ¢y € Hs @ He, Ay € R “)
lim, ; (1) = & (1) ® £p(1) ®)
imay, (1) = p, (1) + v () (6)

(with the quantum state limit defined with the norm topology associated with {. I. ). The first
order approximations (by using the Rayleigh—Schrodinger perturbation method) are

ﬂ.bﬁ =y, +vp+ evb/i,bﬂ + (9(62) @)
Veybop N
by =O®+e Y L®¢&+0(e) ®)
e =wepho TH TV Y

where V., 55 = (L ® &1V, @ &3). We consider the dynamics of the bipartite system
starting from ¢,,, i.e.

YD How ) w©) = 4, 00). ©)

From the viewpoint of the control of S, there are three time scales:

e T, the total duration of the evolution (the duration of the control);
e 75, the quantum proper time characterizing the transition of S from ¢, to another
eigenvector, induced by the control (the Rabi period of the first transition involving ¢,

h
€.8. Ts = SUP;(o,r) MaAXp > “W)’
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e ¢, the time characterizing the perturbation of S by £.

We remark that the non-self-adjoint models [10-12] also exhibit three time scales (the
duration of the evolution, the time characterizing the quantum transitions, and the time
characterizing the dissipation—the inverse of the resonance width). There are then three
adiabatic regimes:

e 753 < 0° and 7¢ < T (very strong adiabatic regime);

e 75 ~ 0° and 0° <« T (strong adiabatic regime);

® 75 ~ 0° and 6° ~ T, the evolution of £ being assumed to be very strongly adiabatic
(weak adiabatic regime).

More precisely, consider the nonadiabatic couplings (for (bf) = (aa)):

<< Yr h ) << Da ¢bﬂ >> (10)

) =
T(Aop = Aaa

where a dot denotes the derivative with respect to t and a prime denotes the derivative with
respect to the reduced time s = t/T. If Vb = a, inf; c 0,77 i, — p,| = O(1) (&= 75 K 6°,
O (1) means a gap condition very large with respect to e—a value of zero order in €) then

nlH

n _ n
T\ Aps — A4a Vg — I
(o = ) Ty — p)| 1+ L
Hy — Ky
he Vb/)’,b/} - Vaa,aa
- ( ) . +(9(€2). (11)

2 Vg — Uy

T(py —p)| 1+ ——

,Ltb —,Lta

Vg — Uy

By assuming that A = inf;cpor) Ming » o max, =4 |1 + = (@ (1) (no resonance

b~ Ha

between a transition of S from {, and a transition of £ from &,) we have

h s 152
T(2p — Aaa) ST e T o(e) (12)

___r
€| Vopop = Vaa,aal

. h .
with 75 = sup, ¢ [o.;; Maxy = . IE T s

[
chosen like 7¢ < T, then V (bf) = (aa), I(((ﬁmlzﬁhﬂ))l < 1. All nonadiabatic couplings being
negligible, we can think that the system remains projected only onto ¢, (¢) during the whole
dynamics. This is the very strong adiabatic regime which corresponds to an adiabatic evolution of
the whole bipartite system. Now if inf,co.r) ming, = 4 1y, — p,1 = O(e) (&= 175 ~ 0°)

we have the following.

and ¢ = inf, € [0,T] min(bﬁ) = (aa)

o If a = f and inf, c (0,7 lvp — 1l = O(1):
h _ )
T(ﬁ.[,ﬂ - /?'aa) T(l/[i S Z)

B fle(ﬂb -G + Vbﬂ,bﬁz_ Vaa,aa) " (9(62) (13)
T(l/ﬂ - Ua)

where ji, = ﬂ?’ (inf;gfo,7) Ming = 4 1, — g1 = O(1)).
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o If o = f or 3 t, such that vg(t4) = 1, (ts): since Ay = € (i, + Vippp) + Vg We have
h h

= (14)
T(/Ib/i - /laa) T€(ﬂh - ﬂa + Vb/f,b/)’ - Vaa,aa)
for all #if @ = § or only at 1 = t,.
We have the following.
o If a = f and inf, c 10,7} lvp — 1l = O(1):
h Te 72 )
—— | <=+ — +0(€e). (15)
T(dp—2aa)| T TOF ()
o If o = ff or 3 t, such that vg(ty) = 1, (t4):
__h s (16)
T(Aop = daa)| T

forall tif @« = f or only at t = 1.

h
€ (i, = f, + Vip.op — Vaa,aa)

n .. .
Here 7= SUpP,e(o,7) MAXp = aPr——g 0° = inf; ¢ p,7] MiNRP) = (aa)

n
€ _
and Ts = SUP; ¢ 0,71 MAX Bs..up(t:)=v4(ts) (@ — i+ Vipoop — Vawan)

transition of S from ¢, to another eigenvector induced by the action of £ on S). If T'and € are
chosen such that 8¢ ~ & < T, then V (bf) = (aa), I((qﬁflalgi}bﬁ )1 < 1. In this strong adiabatic
regime, as in the very strong adiabatic regime, the system remains projected only onto ¢, (¢)
during the whole dynamics. In contrast, if 7 and e are chosen such that ¢ ~ 5 ~ T, then
Vp=a, I(<gl)aa|(]5bﬂ)>l < 1 if we assume that 7¢ < T, but [{¢,|d,, )= 1. In this weak
adiabatic regime, the system remains projected onto the space spanned by the eigenvectors
related to &,, but transitions between the eigenstate related to £, and an eigenstate related to
another {;, are possible due to nonadiabatic transitions induced by £ on S (and not directly by
the control).

In the strong and the very strong adiabatic regimes S and £ evolve adiabatically with
regard to the control (and S evolves adiabatically with regard to £ in the very strong adiabatic
regime). In the weak adiabatic regime, only £ evolves adiabatically with regard to the control,
then the evolution of S can be richer and it is in this case that the adiabatic transport of the
density matrix can potentially exhibit operator-valued phases. We note that this weak adia-
batic regime is more interesting from the viewpoint of the quantum control. Indeed, in
general, quantum control problems are characterized by the condition H (T') = H (0) since we
start and end with the control system off. This induces ¢,, (T) = ¢,,(0) and in the strong and
the very strong adiabatic regimes we have p(T) = p(0). In contrast due to the possible
transitions in the weak adiabatic regime, which are characterized by an operator-valued phase
U € U (Hs), wecanhave p(T) = Up(0)U' (I (Hs) denotes the set of unitary operators of
Hs). The answer to the control problem consists then in finding the time dependent mod-
ulation of the control system such that U transforms p(0) t0 py (Or at least such that

Il Up(0) Ut - Prarge
adiabatic is natural in this context, since it corresponds to requiring that transitions in £ do not

hamper the adiabatic control by generating kinematic decoherence (see section 3.7 and [20]).
The discussion presented here is heuristic; the following section presents rigorous results.

(z$ is the time characterizing the

.|l is minimal). The assumption stating that the evolution of £ must be
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2.2. Adiabatic theorems

Theorem 1 (Strong adiabatic theorem for bipartite quantum systems). Let
[0, 1]2s > H(s) = Hs(s) @ lg + 1s @ He(s) + €V (s) be a family of self-adjoint Hamil-
tonians of a bipartite quantum system such that YT > 0, 1hy'(s) = TH (s)y (s) has
continuous solutions in the norm topology, and such that V is (Hs ® lg¢ + 1s @ Hg)
bounded. Let {1}, and (v} g be the pure point spectra of Hs and Hg and {{,} , and {Ep} 4
be the associated normalized eigenvectors. Let {¢p,;} 1 be the normalized eigenvectors of H
continuously linked to {£, ® &g} pp when ¢ — 0 (in the norm topology). We consider the case
where y(0) = ¢,,(0). For the sake of simplicity we suppose that each eigenvalue is
nondegenerate and that Hs and Hg do not have continuous spectra. We assume the following
conditions.

(i) ¥b, B, s = u,(s) and s — vp(s) are Cly s &(s) and s — Ep(s) are C? in the norm
topology.
(ii) No resonance between transitions of S and & involving {, ® &, occurs, i.e. Vs € [0, 1],
V (bB) = (aa), p,(s) + vp(s) + €Vip(s) = p, () + 1 () + €Vag (5).
(iii) The perturbed energies of S satisfy a gap condition of order € with p,:

inf min [, () + €Vipap(s) = 4,8) = Viwaa(®)| = O). (17
s € [0,11(bf) = (aa)
Then we have
1
Vs € [0, 1], Fa@®w(s)=w(s) + @(T—) (18)
€

with Py (s) = ¢, (8) Y { b, (8)] the orthogonal projection onto ¢,,.

We remark that we can also write B, (s)y (s) = w(s) + (9(%).

Proof. Vs € [0, 1], (¢,5(s))a,5 being a complete basis of the domain of H(s), we can write
—1h7! ’ 5(0)do
() = Yewe " T Aoy ) (19)
ds

for some c45(s) € C. By injecting this expression into the Schrodinger equation 14y’ = THy
and projecting the result onto ¢, (s), we find

cip(s) = = Yeas(e™ TS (oo ()] g1y 5) ) (20
do

By an integration of this expression with respect to s, we find
cpp () = cpp(0)
§ 1 -1 ’ —Ads ’
=X [ cn@e L ol (g, @) g0 ) do. @1)
ds
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With an integration by parts we have

() = cip O = [ (@) ()] 470 ) do

S

e]h“T/UG(/lb/;(g)—ﬁda(g))dg

ci5@) (b @)| $5@)))
(d3) = (b) 171_1T(/1bﬂ (6) — Ags (G))

s elh_'T/:(ib/x(f;)—ﬂdé(g))dg cqs(0) <<¢b/} (G)‘ 45(}5 (O')>> ld
o

+f (22)
0 WWoIT (46p(0) = 4as(0))
By a first order perturbation we have V (dd) = (aa)
/1(1(1 - ldﬁ = ,Lla - ,le + Uy —Us+ €<Vaa,a(x - Vdﬁ,d{?) + 0(52)~ (23)

Because of the gap and the no resonance conditions, at leastld,, — 445! = O(¢) evenifa = 6
or 3 sy such that vs(s«) = 1, (s%x). All the other quantities appearing in equation (22) are
bounded. Indeed, the eigenvectors being C2, ¢,5 and ¢,;5 are defined and bounded on [0, 1]
(sup; ¢ 0,17 1 asll < + oo and sup; g4 [1¢ys |l < + o0); the eigenvalues being Cl, Ays is
defined and is bounded on [0, 1] (SuPse[o,u 14 < + o0); moreover czs < 1 and is C!
(because cz5 = e Ty Aasdo (e <ly) with y which is C' as a solution of the Schrodinger
equation). It follows that

Cd§<<¢,iﬂ1|¢;5>> o e 191 _ 0( 1 ) o
n'T T T
implying that the third term of equation (22) is (9(%).
(| d)) | __ciof{| i)
1h‘1T(lbﬁ - ldg) lh_lT(/lb/} - ﬂd&)
cus (4] 4i)
1T (Ayp = Jas)
cus (| 43)
11T (Ayp = Zas)
 (Hy = 2in)eas (D0s] 41) os)
T (A = Aas)’
then
Cgs <<:Zb_ﬁl‘T¢d/5>> < SUPse(0,1] |CQ5L_?;P36[0,1] s _ 0(%) 26)
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s ((Ziﬁl\f;&» < SPcon 1 f|z| lsTupE[O,u 13,11 0( 1 ) o
bpp| b : I &5l
Cd6<<lh’:/)’l|T d6>> < Supse:,_lfT o =(9(%) 28)
(ll;ﬁ - ’1&5)%S <<¢bﬁ‘¢a}6>> < SUDser0,17 ‘/11;/3 - ;Ld/ﬁ‘ SUPser0,1] Iy
1h'T h AT
- (9(%) 29)

This implies that the fourth term of equation (22) is (9(%). Finally for (bf) = (aa) we have

¢, (0) ) do + O(Tle) (30)

€w® =1~ [ cua@{(thu®)
and for V (bf) = (aa) we have

Cop(s) = — Z \/: Cas (6)elh"T/OJ(lb/x(g)—/ldg(s‘))dg <<¢h/)‘ (g)‘ ¢d/5(o-) >> do + O(%) 3D

(dd) = (aa)

(note that ¢4, (0) = 1 and ¢p3(0) = 0). This last expression being the integral equation of the

Dyson series for the null initial condition, we have ¢;g(s) = O ( %) Finally we conclude that

Y (5) = cag(s)e TSy Fu@dog, (o) 4 @(i) (32)

With Caq(s) = e~ o (4@ %@)d0 because equation (30) is the integral equation of an
exponential map with the initial condition equal to 1. |

As the very strong adiabatic regime is obtained with a usual adiabatic theorem applied on
the bipartite quantum system, it can be considered as a particular case of the previous theorem
where the gap condition is stronger and where the remainder of the adiabatic approximation is
smaller ((9 ( %) in place of O ( %))

We can remark that assumption (iii) is equivalent to 7s ~ 6¢ as expressed in section 2.1.
The condition T > 6¢ is equivalent to requiring that the remainder (9(%) must be small.

Theorem 1 can be viewed as a corollary of the usual adiabatic theorem since their
assumptions are very similar. Nevertheless, theorem 1 corresponds to an adiabatic theorem with
a gap condition which is asymptotically small (i.e. ©(e)). The remainder of the adiabatic

approximation ((9 ( %)) is then larger than that of the usual adiabatic approximation ((9 ( %))

As stated above, the very strong adiabatic regime is a particular case of theorem 1 where
the gap is not chosen asymptotically small and corresponds exactly to the usual adiabatic
theorem.

Theorem 2 (Weak adiabatic theorem for bipartite quantum systems). Let
[0,1]2s+> H(s) =Hs(s) ® lg + 1s @ He(s) + €V (s) be a family of self-adjoint
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Hamiltonians of a bipartite quantum system such that ¥ T > 0, 1y’ (s) = TH (s)y (s) has
continuous solutions in the norm topology, and such that V is (Hs ® l¢ + 1s @ Hg)
bounded. Let {1, } , and (v} g be the pure point spectra of Hs and Hg and {{,} », and {Eg} 4
be the associated normalized eigenvectors. Let {¢h,; } »p be the normalized eigenvectors of H
continuously linked to {C, ® £z} yp when € — 0 (in the norm topology). We consider the case
where y(0) = ¢,,(0). For the sake of simplicity we suppose that each eigenvalue is
nondegenerate and that Hs and He do not have continuous spectra. We assume the following
conditions.

(i) ¥b, B, s = u,(s) and s = vp(s) are Cl; s () and s — Ep(s) are C? in the norm

topology.
(ii) No quasi-resonance between transitions of Sand &€ involving &, occurs, ie.

Vs € [0, 1], Ve, V (bf) = (ca), I, (s) + vp(s) — pu.(s) — ()l = O(1).
(iii) The energies of € satisfy a gap condition of order 0 with y,:
inf _min [1(s) = za(s)| = O1). (33)
se[0, 1] = a

(iv) [0, 11 X C3 (s, 2) = R(s, 2) = (H(s) — 2)~! is strongly C' with respect to s and for

every 6>0, 3Ks; € R, such that ||R(s, 2)|| < N satisfying
) dist(z, {App (5)} bp)
dist(z, {App(s)} pp) > 6.

Then we have
Vs € [0, 1], PRa®w(s)=w(s) + 0(%) (34)

with Py (8) = 2150 (5) ) {ppy (1.

Proof. Let 0,(s) = {Aca(s)} ¢ and o6, (s) = {App(s)} pp =« be a decomposition of the
spectrum of H(s) into the part linked to 1, and its complement. By a first order perturbation we
have

Aca — Ab/j =W —p, + Uy — vt G(VCQ,M - Vb/)’,b/i) + 0(62). (35)

With the gap and the no quasi-resonance conditions we have then

inf dist(aa(s), aL(s)) = inf min min
s€0,1] se01] chb f=a

Aea = dap| = O(1). (36)

We are in the conditions of the Nenciu adiabatic theorem [19] (condition (iv) is a requirement
of this theorem) which ensures that during the whole evolution, the system remains projected
onto the spectral subspace associated with the isolated part of the spectrum 6, = {14} .. The
application of the Nenciu theorem proves the present one which is just a special version. []

We note that the no quasi-resonance condition (i) can be relaxed as a no resonance
condition p;,(s) + vg(s) = p.(s) + 1, (s) (permitting I, (5) + vp(s) — p.(s) — va ()l = O(e))
and moreover it could be suppressed if V.4 cq(sx) = Vpppp(ss) for s« such that
Uy (S5) + Vp(sx) = Y (s%) + 1, (s%). But with these weaker conditions, the remainder of the

adiabatic approximation is larger: @ ( Tie) Nevertheless the main interest of this theorem is the
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weak adiabatic regime TLGE VY (0) (where we cannot apply the strong adiabatic theorem), where
the following optional condition is satisfied.

(v) The energies of S satisfy a gap condition of order € with p,:

inf _min |, (s) = g, (5)| = Oe). (37)
s€[0,11b = a
Condition (v) is compatible with theorem 2 but it is not necessary. Nevertheless it corresponds
to the interesting physical situations.

Assumption (iii) implies that £ evolves adiabatically with regard to the control. This is a
natural assumption because it corresponds to requiring that transitions in £ do not hamper the
control of S, as explained at the end of section 2.1. But if in practice it is necessary to relax
this assumption for a single instant (or for a small number of instants) it is possible to
generalize the application of theorem 2; we discuss this point in section 3.7.

We can remark that assumption (iii) is equivalent to 7 > 7¢ as expressed in section 2.1,
whereas condition (v) is equivalent to g ~ 6°.

3. Adiabatic transport of the density matrix

We are now able to find adiabatic transport formulae for the density matrix of S:

p(s) = tre ly () ) {w (s)1.

3.1. Strong adiabatic regime

Proposition 1. In the conditions of the strong adiabatic theorem (theorem 1) we have
1
Vs €[0,1] p@s) =p,06) + O(T_e) (38)
where p,, (s) = tre |, (5) ) {p,, ()| is the ‘density eigenmatrix’.

Proof. By applying theorem 1 we have

p(s) = T J) 2o [ (@] dis@)dog, () 4 O(TL) (39)
€
Since b Olhe ()Y =1 (B, (P, (5)) € 1R, we have Iy () ) {w (s)1=
¢hi () ) {he (5)1. O
We can approach p,, by a perturbative method (using the Wigner—Brillouin approach):
Vha,aa (S)
P) =) ) ()] + eé)ﬂ = &) + Vs |6(9)) (Ea(s)]
Vaa,ba (S)
* iEu O 1) + Vi | NGO
+ O(maX(L, 62)). (40)
Te

3.2. Zero order weak adiabatic regime
We denote by Te and Te the time ordered and the time anti-ordered exponentials, i.e. for
s — A(s) a bounded anti-self-adjoint operator, Te™~ Jy A@1do g the unitary operator solution of

10
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s / s 0
(We_/o A(a)do) _ —A(s)Te_fo Ao)do TTe_/o A@)do _ | 1
and Te~/ 447 ig the unitary operator solution of
s / s 0
(%—fu A(a)da) _ —We_/o Aoy () We‘/o A)do _ | (42)

Moreover we denote by 20 the adjoint action of a transformation U on a density matrix p:

A0[Ulp = UpU". (43)
Proposition 2. [n the conditions of the weak adiabatic theorem (theorem 2) we have
Vs € [0, 1]
ps) = 9‘0[“‘*_""”/& EP@eye- “‘°“”)d”]pm ®)
1
+ O(max (—, e)) (44)
T
with the zero order dynamical phase generator defined as being
EP ()= Y a®)| 50 ) (G| € L(Hs) (45)
b

and the zero order geometric phase generator defined as being

A0 (5) = D NG®) L] € £(Hs). (46)

b,c

Proof. By applying theorem 2 and an adiabatic transport formula for several eigenvalues
[21, 22] we have

y(s) = Z[We‘lh“Tfanad”—/ﬂ’ K,,do] by + 0(%) )
- ba

b

with A,, K, € M, «,(C) being the square matrices of order n (n is the dimension of Hs)
such that [A; ]y = AaaOap and [Kolay = (el ) (1u» denotes the matrix element at the ath
line and the bth column). Since 18, (S| ¢, = Pp,0ca + O(€) We have

w(s) = z[ oI 'T/A dg—/ Kdef:l |Cb Cc| ¢M+(9(max (% e)) (48)

b,c

By applying corollary 1 (appendix) we have

Z[T(r_e—mlrfos/xadg—/; Kad6:| 16)(%|

b,c bc

) KA TS TETD o A L A B
bd bd f.c fe

S S _1
with X = 15~'TA, + K, — Te~ Xd"Ka(WIe‘/o dX")

11
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o LetY € Myn(C) be such that Te=# T/ Esdo = > d[wre—/o“ Yd”] 18, ) (&l

i [ O ' _inir [T RO
(TIe 1 T/O B0 ) eI TE O e T/O EOds
«—

—

implies that

— 1 'TEO® Z[Tfe_ /o Yd"] |5) (%]
< bd

b.d

) R A
+Z[ve o]l
+2[ve o]t

but

e B v ] 6l
b.d - bd

bd

= —lh—szzha[wre‘fJYd”] |66) (&l
b.d -

=Z[ —1h ' TA, Te™ A Yd”] | o) (Sl
- ba

b,d

and

| ¢o)(¢u| = ;(g\c}:ﬂg)(m

IEE §<c:;|cf>|¢b>(cf|-

Equation (51) becomes
AT )y Y9 = yTe [, Y 4 ke J, Y
~ Te- /0 vdo g

because  ({41lr) = dar = ({allr) = —(L4lCf)  with K € Muxn(C) defined
[Kly = (L4 1C}). But

[K‘l]bc = <<¢ba

=(6]¢!) + (& &) + 0

(50)

(5D

(52)

(33)

(54)

(55)

(56)

as

(57)

(58)
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=K, =K + (& &) + O(e) (59)
o s o s -1
and then X = 1A~'TA, + K — Te~h XK ( Te= /s Xdﬂ) +0@) (&IE) € R). A

comparison with equation (56) sﬁows that Y =‘_X + O (¢) and then

Z[Ee—/o Xdo':| |Cb><§d| _1[ Y 1T/ E| ‘da+(9(€) (60)

bd bd

o Let Z € M,y (C) be such that Te~ /o AV = e [ Zdﬂ]f 16 ){(C .
(We‘/o A“”drr) _ _%—fo A0 do 40) (61)

—

implies that

fz[ ng]jc ‘ o > <€C| -
[ Z“"] . |27 ) (|
Z[ ] |54

£
oSk e @
feb ™
which becomes (since A? = Yo (Kool ) (LoD

e ), 2ok = _zTe [, 2 4 kre [ 20 — e ) 2ok (63)
Z=K =K, — (£I)) + O(e) and then
Z[]Ie_/oyk“d”] |§f> ¢| = e_/oﬁ<§u\5é>d”1re_/ol A%ds 4 @9 (e). (64)

fre
Finally we have

wis)=e / e, da-[l— —m-'r/ Em)da-[l— / AVdo & ()
N O(max (% e)) (65)
p(s) = tre |y () ) {w (s)] (66)

_ 52[0[ el 'T/ E(‘”d,;1I / A© ]Paa + O(max (%, 6)) (67)

since e~ Jy léde e (1) U(Q) is the set of unit modulus complex numbers) and
‘I]'e—lh"T/DJ EVdo He_foj A0 ds e U (MHs).

and

O
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In this zero order approximation, the only memory of £ is the elements TAp, in the
expression of the operator-valued dynamical phase. We note that we cannot approach 4,, at
the zero order perturbative approximation in the dynamical phase because Te is not negligible
in the weak adiabatic regime. In the next section we consider higher accuracy approximations.

3.3. First order weak adiabatic regime

Proposition 3. [n the conditions of the weak adiabatic theorem (theorem 2) we have
Vs € [0, 1]

p(s) = 9‘0[“_‘”/0 By |, “"““’”d”]pm 0

+(9(max(%, 62)) (68)

with the first order dynamical phase generator defined as being

Eé,”<s>=2(zba<s>6bc ;,‘,z<>)| G ) (L8 )| € £(Hs)  (©9)

b,c

and the first order geometric phase generator defined as being

A ) =Y (¢ ()] @) (¢ 0| € £(Hs) (70)
b,c
with
D=6 +e Y K La(s) (71)

Z () = 1g () + Voapa ()

n50(8) = (Ea ()] £4(5) ) Bpe
by Viyea () (Ea(9)| €(5) ) (1 = i)
S ) = () + v (8) = 4 (5) + €Veacals)
by Vier () (& ()] £2(5) ) (1 = ) |
S a () = H(8) + va($) = 14 (5) + €Viapa(s)

(72)

Proof. As for the zero order formula we start with

l//(S) — Zli-ﬂ—e—lh‘lT‘/o"‘A“dg—‘/nyKad(f:l ¢ba + 0(%) (73)
< ba

Dpe ) (D (%) (74)

Let &Y = & + €Yy = b Viabala (w1th Viy.ba = Yinba ) By using a first order

Hy = Mg+ Va =Y+ €Voaba
perturbative expansion based on the Wigner—Brillouin method we have

aa

= z Uabe
b,c

14
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Gra=0®E+e Y Viala® & +0O(e?)

(d.y) = (b.)

= Cb((i) ® 50! + € Z z vdy,bagd ® éy + (9(62)-

y=ad=b

We have then

| b ) (] =[50 (60| ® 1) (&l
+e€ Z Z vdy,balCd><€c| ® ‘§y><5a|
y=ad=b
te Y X Vi | G) (] ® &) (6] +0()
y =ad=c
| Do ) (| = | G50 (62| o
—€ z )%y,aaéb@gy(l _5ac)
y = a
+e€ Z Z vdy,baCd ® 5;/5(10 + 0(62)
y=ad=b
~ [0 (|
= 2 2 Veraa |90l 4,
y#ad #c
+ € Z Z de,ha|cd><g“c| gbuy-i-(?(é’z).
y=ad #=b

By using this expression with equation (73) we find that
l//(S) = ZUahc é’lgolz)> <é‘l§(}z) ¢aa
be
- 62 Z Z Uabe Vey.da | &) (Ca| &,

bed =cy =a

(75)

(76)

(77)

(78)

(79)

+ 62 Z Z Unbe Vay.ba | a) (G| b, + O(max (% 62)) (80)

bed=by =a
1
=U,¢  + ¢ W,o, U,y + O] max | =, 62)
d%m ]’ga[ ’ ]¢“7 ( (T )

with the operators of Hs: Vo= e Unbe 1020 (C
Wea = XuDp = a Vi 165) (¢ 1. We have then

1)

and
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W) (vl = Ve | o ) (] Vi
+e 2 [ W Va]| ) (G] ® &) (&l U
y=a
te X Ull) (Gl ® &) (&] [VE W]
Yy =a
+ O(max (%, 62)) (82)
#p@)=twlw»«wl=1&2mvﬂ4-0(nmX(%w€ﬂ) (83)
v, = ZI:-I]—e—lh—lT'/ox/\,,da—/oly K,,do] ‘C;Sé)> <CC(;) . (84)
b,c - be
But
[Kalye = (o] ) (85)
= (G2 ]c) + (&l &)
+e€ Z vby,ca<‘}:a| é:y,>(1 - 5b(r)
y=a
+e 3 Vona (| &) (1 = 6c) + O( ) (86)
Yy =a
=[K.], +ni+0(e) (87)

with [Ky Jpe = (Zj;f;) 12Dy Ky € Mysn(C)). By using corollary 1 (appendix) we find

ca

(%

- Z[Te‘f(;Xda] |0) (0| Z[‘Te‘ /Kd]
bal = bd ~ .

+ (9(6‘2) (88)

) (e

fc
o S o S -1
with X = 187" TA, + 1" + K, — Te Xd"Ka(TIe_/n ng) :
o LetY € M ,uyn(C) be such that Te= 7y Ei'do = Xha [1{@‘/5" Yd{lbd i)

(He—lthAs Elil’do') — _]h—lTEC(l])—ﬂ'e—lhilT‘/O-S Ea“)dtf (89)

-

implies that
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Z[(—lh‘lTAa - nél))We_/oJ Yda] ‘CiSri)>< do
< bd

b,d

= z[_ yre/, Ydﬂ] | ¢ia) (G
b,d

—

LY [We-/o" Yda] ‘§(1>><é«$’>‘
bdfL =
+ ) [ve‘fos Yd"] ) (e (90)
bdfL =
= (—m“TAa - ;765”)15‘/; Ydo
S K, Te™ Jvie _ e f, Ydog . 91)

1
We have then ¥ = 147'TA, + 1" + K, — Te~ Jy Yaog, 1Ie A Yd") and by compar-
ison with the definition of X we have ¥ = X and then

Zl:-[re—[)sto'] |Cb(zi)>< D1 = -ﬂ'e—lh*IT‘/UA E,f(l)do‘. (92)
badl = bd -

e letZ € M,y (C) be such that Ee_ [ A ds Zf,c[lf_e_ b Zd"] ,(‘1))( L(,i)l
(ve-/{/*é”dﬁ)/ = T/, Mg 0 93)
implies that
“TeJ, 2ok, = 71/, 7
+ K, Te f, 2 e [, 2ok, (94)

Z = K, and then

Zl:—[re—‘/o‘ Io(ada:l ‘C(])>< A(l)do'. (95)
fel T
Finally we have

U, = Te T [ By [T Ado o(e?). (96)
This concludes the proof by injecting this expression into equation (83). O

We note that we have used the Wigner—Brillouin method for the perturbation theory

(1) _ Vida,ba (5) . . .
& () =& () + €y =5 ) =)+ Vi (S)Z_,'d (s)) because the weak adiabatic regime does

not need s <« T, and permits crossings of eigenvalues of S. The Wigner—Brillouin method
permits us to avoid some divergences in the perturbation expansion induced by these possible
crossings.
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We can remark that the off-diagonal part of E{" includes in fact a geometric phase
generator associated with £ (11051)). This is not surprising since E" takes the role of an
effective Hamiltonian of S dressed by £ (see below). Such a dynamical phase generator is
similar to the one generated by quasi-energies in adiabatic Floquet theory (see for example
[25]) where the role of S is played by an atom or a molecule interacting with a strong laser
field described by L2 (S, g) (the space of square integrable functions on the circle S', 6 being
the laser phase) which plays the role of He.

3.4. Second order weak adiabatic regime

The case of the second order perturbative approximation is more difficult. Indeed the second
order approximation of the eigenvectors

¢b/} =0 ® &p
Veyop
+e ) L®E
(cy);‘(bﬂ)ﬂb TH TV

n &2 Vis.cy Vey.op = Vey.op Vop.bp & ® 55

@5 =) (= a+vp—vs) (= +vp—1)

(cy) = (bP)
+o() ©97)

is not normalized (at the order ¢*). This induces some difficulties in defining an adiabatic
transport formula, especially for the definition of the generator of the geometric phase. A
normalization factor could be very complicated and difficult to use. We prefer to use a
biorthonormal basis {d)b*ﬁ } b5 defined such that

(4] #us ) = 808, + O( ). (98)

Such an approach is able to define a correct geometric phase generator [23, 24]. In the present
context, the biorthonormal eigenvectors are

(o5 = (0] = X (2@ ©9)

(cy)

with

Xbﬁ,cy

Vhﬂ,dﬁvdﬁ,cy - Vd{?,cyvcy,cy

- 1 — 0pc0
(d5)§(cy) (,u‘ - ”b + l/y — l/ﬁ)('uc - ‘ud + l/y _ 1/5)( bc ﬂy)

Vas,cr Vop.as — Vop,as Vop.bp
+ | = 84
(dé)g(bﬂ) (:“b I VY)(:“I; —Hg TV — Vﬁ)( " ﬁY)
+ Y Vio.cr Vop.do (1 = 54:5s,)- (100)

(ds) = (bp) (/‘c Mgt Y- Vé)(/‘b Mgt Vs~ ”6)

Proposition 4. [n the conditions of the weak adiabatic theorem (theorem 2) we have
Vs € [0, 1]



J. Phys. A: Math. Theor. 48 (2015) 025301 D Viennot and L Aubourg

p(s) = W[V ()] o2 ()
+€ DT AW[WauOVa®] [£a(9) (L]

5 #=a
+(9(max(l,e3)) (101)
T
V. (s) = Te_'h_lrfox E(iZ)((r)da-[I—e—fosAf’(a)d(r (102)
Vits,ca (5)
Wials) = 3 3 2] La(s)) (L) (103)

d c=d C{ldﬁ()

With Acqgs =t — Uy + Uy — Us + €Voqcq- The first order dynamical phase generator is
defined as being

ED (s) = Z(Ms)abc —nG(s )) |62 @) (e 0| e £(Hs) (104)

b,c

and the first order geometric phase generator is defined as being

AR (5)= Z((cb ©)

2 Z V/am(V)Vbu\/ﬁ(q) <é’f(?)‘é‘a;(€)>)

Aca,ds (5)Apa,ss ()

f;b
0= a

x| 62 @) (e )| e £(Hs) (105)

with

Vida,b
()_é,b+€z (l(l
d;bAb(ld(l

Via.ea Vea.va = Vea.ba Voa.ba
62 Z daea Vea.b ca.ba Vba,b Cd (106)

d=b Aba,daAba.ea

e=b

(] =
= z o

f=c Cafa

2 Z Vea,da Vea,ea = Vea,ea Vea,ca <Z: |
d

uzda ca.ea
d=c
e=c

_ 2 Z (Veaka Ve = Viawea Veaea ) (1 = Bee) < €e|

= Aea.calea.ka

k=e
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2 Vkaea caka (‘llku‘/L{K(‘ll)(l_(s(‘ﬂ)
DR (<

uz saAuz ka

k;c
Vi -0
2 Z ky.ea z‘ak/ ke) <Ce| (107)
eaAy ca,ky
k;c
Yy ZFa

N = (Ea| E)Sbe

c z Vb5,ca <‘§a| §é>(1 - 5bc)

S=a Aca,b&

+e Z Vba,cy <§7‘ 5(,1>(1 - 6[)0)

r=a Aba,cy

+ e Z V/acaVbady 1—6a <§ | §D>

Aca,ds Aba,dy
d=c

o=a

+ €2 Z (Vz;zi.ed) V;eqﬁ.('a - Veg,ca Vm.m)(l - 5b(-)<§u | §¢;>

Aca,bsAcaeh
o=a

e=c
¢=a

ey Voo Viaea (1= 0) (&, | 1)

= Apa,dyAda,ca

d=c

Y (Ve Vi = Voo Vo ) (1 = 80) (&5 | &)
€

Aba.caAba,e¢
d=a

e=b
P=a

&)

) Z ( Voaky Viy.cp = Vig.co Vw,(-z/;)(l - 5(ba>.(c¢))<5¢

i Acpbalepiy

k=c
Y=o,

) ( Vig,cp Voar = Voaky Vba,ba)( 1- 5(1m),(n/;)) <-§¢ ‘ 5{;>
€ (/;a A[)a,r‘¢Aba,k7
k=b
y=a

Vi Vit (1= B ) (& | 1)
oy el o
= Acpoky Abaky

k=b
y=a

20
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2

Do 18 the corrected density matrix defined as
2
P2 = P
Veardy Vig.aa (1 = 84
te Y M)l
m d/ aa,dy
d#c
Yy Fa
Ve 1 -0
2 Z Vdy.fa Vaa,dy 1 — Oad) fa Vaa, dy l,d < ‘
A fo,dy Baa,dy |C’1 Cf
d =c
Yy Za
2 Z au/év(éaa 1_ a( < ‘ 109
uafJAmz s | Z"’C> Z-:f ( )
S =a

The proof is very long but its development is very similar to the first order case except
that we need to take into account the biorthonormality and that some second order extra terms
involve indices § = a of £, which are not killed by the partial trace. The significance of these
extra terms and of the higher complexity of the adiabatic transport formula is discussed in the
following section.

3.5. Discussion of the operator-valued phases

Operator-valued geometric phases were introduced in [16—18] for density matrices. We recall
rapidly the motivation of such geometric phases. The quantum control problems are char-
acterized by the condition H (1) = H (0) (we start and we end with the control system off).
This induces ¢,,(1) = ¢,,(0) and then p, (1) = p,,(0). But to solve a quantum control
problem, we need || p (1) — pyppe Il to be minimal (with py,,., the control goal and p(s) the
density matrix of the dynamics such that p(0) = p,,(0)). But if p(1) = p,, (1) (strong adia-
batic regime) it is impossible to solve a quantum control problem by an adiabatic scheme
(unless the initial condition is already the control target). In adiabatic quantum control, it is
necessary that p(1) = Up,, (1)U T with U an operator of S associated with the adiabatic
transport of the mixed state p,,, and transforming g, (1) such that p(1) is close to - In
comparison with the adiabatic transport of pure states of closed systems (y (1) = e'?¢), (1),
where ¢, is an instantaneous eigenvector and e'? is the product of a dynamical and a geo-
metric phase); U plays the role of the product of a dynamical phase and a geometric phase.
But these phases are operator valued since U is an operator. This is what we find with the
adiabatic transport formula of p,, in the weak adiabatic regime.

In [17] by an analysis based on a generalization of the geometric structure describing the
usual adiabatic geometric phases (using a noncommutative Hilbert space—a C -module—and
a categorical principal bundle) the generator of an operator-valued geometric phase has been
defined by (we use the present notations)

Au = tee(| P, ) (e

where pa:ll is the pseudo-inverse of p,, (paapa_m1 =1 — Rery, Where Ry, is the orthogonal
projection onto the kernel of p,,). By considering the perturbative expansions we find that

)o (110)

21
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Ay = A0 + (&]&) + O (111)
=AY + (&) + o). (112)

Up to a U (1)-gauge change leaving invariant the density matrix p (s) (e~ &é4 € U (1)),
the operator-valued geometric phases found in the present paper coincide with the definition
introduced in [17], which is a generalization of the geometric phases introduced in [13-16].
The role of the operator-valued dynamical phase is interesting. Suppose temporarily that

1501,) is constant (independent of s) but not 4,,(s). In this assumption we have
p(s) = ma[ve“”"Tfo Eé”“’)d"]p (113)

ax
This induces
1hp =~ [E;U, p]. (114)

This expression is very similar to the Liouville-von Neumann equation of an isolated system
([9]): if S is isolated and governed by the self-adjoint Hamiltonian Hs € L (Hg), we have

1hp = [Hs, p). (115)

E'V plays then the role of an effective Hamiltonian of S taking into account effects induced
by £. We can consider EU(,I) as the effective Hamiltonian of S dressed by &£, as the Floquet
Hamiltonian of an atom interacting with a strong laser field is the effective Hamiltonian of the
atom dressed by the photons [25, 26].

In reality ) depends on the reduced time s, and E(" is described by using a moving
basis. The operator-valued geometric phase (as for all geometric phases) is just a correction to
take into account the movement of the basis (as for the simpler example, the inertial forces are
corrections in Newtonian mechanics to take into account a description in a noninertial frame).

Concerning the second order adiabatic transport formula, we suppose temporarily again
that 2 and Wj, are constant. By using the expression (101),
p(s) 2 W[V ]2 + Y5 . o, A0 [ Wi Ui |2 satisfies

a

ihp = EPp = pEPT + €2 Y Wi (EPp = pELT) W, (116)
5= a
~ [Eﬁ), p] + 1{E(2_), p}
+e2 Y wga([E;i),p]m{E;Z_),p})w}a (117)
5 =a

where E? = %(Eo(,z) + EP") and E® = %(Eéz) — E@T); the braces denote the antic-
ommutator ({A, B} = AB + BA). The dynamical phase generator has the form
. 2 .
EP =EJ — €%, . i ES Wi Wsa and then ER = ER) =S¥ _ AES, Wi, Wi, } and
EX = -£%; . JJES. Wi, Ws,). This implies that
2
. €
ihp = [ EZ, p] -5 2 { [ED. WiWs ), p}
s

=a

+e2 Y Wi ER. p W (118)

0= a

22
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Let I,s0 = Wsq + 1W5aE(%), Is1 = Wy, and I = WgaEc%); we have then

1h/)z[E(§2+>, ]—— Z 27 { s Losio P }

d=a k
+ 162 Z ZV LoepT s (119)
d=a k
with y° = 1 and y' = y2 = —1. This last equation is similar to the Lindblad equation of an

open quantum system in the Markovian approximation [9] (except that in the strict Lindblad
theory y* > 0 for all k). Eo(,z) and W, then generate an effective Lindblad equation for S in
contact with £. The extra terms involving indices of £ different from « in equation (101) are
then associated with the ‘quantum jumps’ (see [9]). The geometric phase is again a correction

to take into account that the biorthonormal basis {£{2, £®}, is moving.

3.6. The thermal bath case

When € is a large subsystem, it can be interesting to consider it at s = 0 as being a thermal
bath, i.e. £ is described by the density matrix

e

where f = k% (T being the temperature of the bath and kg being the Boltzmann constant;
- B

e ﬂHé(O) e ﬂa

Pp = |§a(0)><§a(0)| (120)

the underline is just a notation to avoid confusion with state indices or with the duration of the
evolution). The partition function is Z = tree 27, Let p,, € L (Hs ® He) be the density
matrix of the complete bipartite system solution of the Liouville—von Neumann equation:

?p{,(s) =[Hs(5) ® le + 1s ® He(s) + €V (s), py () | (121)

R0
PO = 2 —— |4 @) (4 O] (122)

a

We have trsp,-(0) = py + O(€?), implying that € is a good thermal bath (moreover p,. is a
steady state of H (0)). The solution of the Liouville—von Neumann equation is

e~ Lrl(0)

Pr®) = 27— [ Viaw O )) (Vi O (123)

a

where y,,, is the solution of the Schrodinger equation L TWay = HWaey With the initial
condition ¥, (0) = ¢,,(0). At the weak adiabatic limit we have then

p(s) = trepy-(s) (124)
e~ Pr(0) s
_ Z Qla[ﬂe_‘h IT/ E“’(n)drxwe—fo A;“(a)dﬁ]pm )
1,
+ O] max ?, e“1l. (125)

23



J. Phys. A: Math. Theor. 48 (2015) 025301 D Viennot and L Aubourg

3.7. Eigenvalue crossings of £ in the weak adiabatic regime

The weak adiabatic theorem (theorem 2) requires that the eigenvalue of &, 1, (s), does not
cross another eigenvalue. Although this requirement is natural for the control problem, it may
not be realized in practice. Suppose that 3 s, € [0, 1] such that 2, (ss) = vg(s4) (no other
crossings implying v, and vg occur). We suppose that the conditions of the weak adiabatic
theorem are satisfied except in the neighbourhood of s:. Due to the nonadiabatic transitions
induced in the neighbourhood of s by this crossing, the density matrix becomes (for s > s.)

pls)=(1 - P)le[lf_e_‘h_lT/ox Eé”d"[e‘/rf*"’d"]em ®
+p9l0[1(f_e_’h_]Tfox E,;”do-[l_—?—foxAé”dc]paﬂ(s)
+ mel(pﬁg[?—m—‘r/g E.“)da-[l_—?—‘/:A.mdzr:lraaﬁ(s)
(T pper [Ee—m‘T/J iy )] d]ﬁ ®

+(9(max(%, 62)) (126)

where 200 [U]7 = UaTU/}f and

aop
Taap = e | Py >> <<¢uﬁ (127)
_ Vd/i,aa
= €d§al‘a T ——— |8a) (&|
Vap.da
+e ) P |8) (&l + (9(62). (128)

d=ata — Ha +V/}_Va+€Va/j,aﬂ

p is the probability of the nonadiabatic transition from &, to &g induced by the passage through
the crossing, and ¢ is a phase difference accumulated during the nonadiabatic transition. It is
clear that the crossing of eigenenergies of £ generates a decoherence effect in the density
matrix of S that we call kinematic decoherence since it is induced by the variation of the
control system with respect to time. In practice it can be difficult to compute p explicitly, but
if we suppose that Vs € V(sy), v(s) — 15 (s) = N(s — s4) (N being a constant) and that
Via,ap 18 independent of s, then p can be estimated by the Landau—Zener formula [27, 28], i.e.

P
2 TeVia,ap

p:e_” nINI

4, Examples

In this section we present two examples of bipartite quantum systems and we study their
adiabatic dynamics. We want to compare their real dynamics (numerically computed using a
split operator method without another approximation) to the prediction of the usual adiabatic
transport formula for S alone (by neglecting the influence of £, an approximation currently
considered in adiabatic control methods), and to the prediction of the adiabatic transport
formulae with operator-valued phases, which considers S dressed by states of £ (the operator-
valued phases are numerically computed by the same split operator method with the same
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time discretization; nevertheless, the dimension of the matrices—dim/H ¢—is reduced in
comparison with the ‘exact’ computation—dimHs X dimHg).

4.1. Control of atomic qubits

4.1.1. The model. We consider a two level atom S interacting with a laser field which is
governed in the rotating wave approximation with one photon by the Hamiltonian
0 Q(s)e'?®

H)= 2 O (129)
2{ Qe 24(s)

= g(!)(s) c0s ¢ (5)oy + 2(s) sin @ (s)o, + A(s)(id — az)) (130)

where 2 (s) is the product between the electric field strength and the dipolar moment of the
atom, ¢ is the dephasing of the laser field, and A is the detuning (the energy gap between the
two atomic states minus the energy of one photon of the laser field). This system can be
viewed like a model of one qubit where the laser field is the control system performing a one
input/output logic gate on it. (o, o), 0;) are the Pauli matrices.

A second atom (qubit) £ is in contact with the first one and is governed by the following
Hamiltonian:

0 0 hoe ;.
Hf:(o hwe)=7(ld—az). (131)

The interaction between the two atoms is chosen as being

Vo i 0 W
N I (132)
TN w2 w

Vi 0V, 2V

= e((%id ® (id + 0.) + Vid @ (id — o)
Vi . V .
+ ?ax ® (1d + O'z) + ?ox ® (1d — az) + V0, ® crx) (133)

in a matrix representation where the two first inputs are associated with both states of S and
the ground state of £, and the two last inputs are associated with both states of S and the
excited state of £. ¢ < 1 is the perturbative parameter.

Let r(s) = \/R2(s)*> + A(s)*> and 6 (s) = arctan (Az((j)) be variable changes of the control
parameters. The eigenvalues and the eigenvectors of both components of the bipartite system

are

Ho(s) = gr(S)(COS 0() -1 L) = (134)
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elgo(f) sin w

h
m(s) = 2r(s)cos ) + 1) Gs) = 2 (135)
2 0 (s)
COS —
_ _(1
w=0  &=(}) (136)
_ _{(0
v =ho, &= (1) (137)
The control is fixed by the following variation of the control parameters:
7 () = fmax + (Fmin = Finax )& 26705 (138)
0 (s) = Opax sin (zs) (139)
@(s) = 2ns (140)

corresponding to laser pulses and a laser frequency modulation represented in figure 1 and
with a drifting phase.

4.1.2. Adiabatic transport. We start with both qubits in the ground state, ¢,,(0) with
£2(0) = 0 (the control laser is off). The adiabatic transport of the density matrix for S alone is

palone—ad(s) = | é’O(S)> <é‘0(5)| . (141)

If the dynamics of both qubits is strongly adiabatic the adiabatic transport of the density
matrix is

pstrong—ad (s) = Poo (s) (142)
=1%0()) (% )]

i
+
—hr(s) + e(Vo — Vi cos ¢ (s) sin H(S))

X ((62””(” sinz@ 05228 ))| S )) (&)

+ (C_ZW(S) sin2? 29(S))| &i(s)) (%o (S)|) (143)
and if the dynamics is weakly adiabatic the adiabatic transport of the density matrix is
Prcaad(8) = le[?fe_'h_lrfox B (@)oo fos/‘fg”“’)d"]pm () (144)
with
ED = 2o | (I)><§(§(]))‘ + Ao ‘ (])><£l((})‘ (145)
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(7" = 0 because (¢4) are independent of s), and
1

A = X (| )| ) () (146)
b,c=0
where
Ao = gr(cosﬁ— 1)+ €(Vo — Vi cos g sin 0) + O ?) (147)
Ao = gr(0059+ D +e(Vo + Vlcoswsin9)+(9(€2) (148)
Aol = gr(cos 0—1) + hw. + €(2V0 — V5 cos ¢ sin 6’) + (9(62) (149)
Ay = gr(cos 0+ 1)+ hw. + 6(2\/0 + V4 cos ¢ sin 9) + (9(62) (150)
and
eVl(e‘z“” sin?? — coszg)
D — o4 2 2 (151)
00 0 - 1
—hr + €(Vy — Vi cos ¢ sin 0)
e\ﬁ(ez“/’ sin?? — coszg)
W= 4 2 2 (152)
10 1 - 0
ar + e(Vo + Vi cos @ sm@)
€V2(e‘2”/’ sinzg - coszg)
& =+ v (153)
—hr + E(ZV() — W cos ¢ sin 9)
1 eVz(ez“" sinzg - coszg)
P=4+ Co- (154)

hr + €(2Vy + W cos ¢ sin 6)

The energies of both qubits are represented in figure 2.

4.1.3. Strong adiabatic regime. We study a strong adiabatic regime where 7 = 20000 au,

— j— € — . H 3
Tg = 1nfse[0,1]7lm(s)_MU(‘Y)l =2au and 6°¢= v = 2lau (au: atomic unit). We have

T > 0° ~ 75 and do not have resonance between transitions of S and £ involving ¢, as
shown in figure 2. The assumptions of theorem 1 are then satisfied. The population of qubit
state 0 (o (0)| p(s)IZy(0)) and the coherence of the controlled atom |{y(0)lp (s)! £ (0) )] (note
that ({,(0), £;(0)) is the eigenstate of the bare atom S since the laser is off at s = 0) are
represented in figure 3. The errors between the different adiabatic transport formulae and the
exact dynamics are plotted in figure 4. The errors concerning the population reach 107 with
the prediction of the adiabatic transport formula for S alone (in accordance with the fact that
the order of the coupling between S and £ is € = 1.6 x 1072), while the errors concerning the
coherence reach 2.5 x 1072, The strong adiabatic transport formula permits us to gain more
than one order of magnitude on the errors in accordance with the theoretical error % = 1073

4.1.4. Weak adiabatic regime. We study a weak adiabatic regime where 7 = 200 au,

— _n € _ _ _ . . .
7s = infeqo, 1] o ol 50 au, 6¢ = v = 667 au and ¢ = o = 2 au (au: atomic unit).
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0.8 -

0.6 -

0.2+

Figure 1. Intensity of the laser pulses applied on the atom with respect to the reduced
time (top) and difference of the modulated laser frequency with the frequency of the
atomic transition with respect to the reduced time (bottom).

We have 8¢ ~ 7g ~ T and T > 7¢ and there is no quasi-resonance between transitions of S
and £. The assumptions of theorem 2 are then satisfied. The population of qubit state 0
(Lo (O)p(s)ILH(0)) and the coherence of the controlled atom [{y(0)lp(s)l £(0)) are
represented in figure 5. The errors between the different adiabatic transport formulae and
the exact dynamics are plotted in figure 6. The errors of the prediction of the adiabatic
transport formula with S alone are now very large in accordance with the very small gap
between the two eigenvalues of Hs(s) during the dynamics. The weak adiabatic transport

formula provides a very good approximation with an error smaller than % =107 in

accordance with the theoretical error max (%‘ 62).

4.2. Control of a spin in the middle of a chain

4.2.1. The model. We consider a Heisenberg line chain of 2N + 1 spins with nearest
neighbour interaction. A constant and uniform magnetic field Bzeeman = —%é'z is applied on

all the spins of the chain in order to split the energy levels of the spins by a Zeeman effect. A
time dependent magnetic field Beonyol (5) is applied only on the middle spin denoted by S to
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E/h
1.5 -
10 F - — A
L o -7 -= Ay
I h -~ Ao
0.5 N T /
H - A
N
L L =~ L L L | S
0.2 0, 6 0.8 1.0

Figure 2. Instantaneous energies of both atoms during the control with respect to the
reduced time (with Aw, = 0.5 au, r,,x = 1au, ry, = 0.02 au, Vy = 3au, Vi=1.5au,

V,=0.5 au, V5=2.5 au, Op.x = % and € = 5 X 10~ (au: atomic unit)).

control it. S is governed by the Hamiltonian

Hg(s) = B(s)- § (155)
=§(Bx(s)0'x + B,(s)0y + B.(5)0:). (156)

§ = g(o'x, oy, 0;) 1is the spin operator ({c;}; are the Pauli matrices) and
B (s) = Ecomrol (s) + §Zeeman. The rest of the chain is denoted by £ and is described by the
Hilbert space He = Hg @ He, where Hgyy = (C»®N are the Hilbert spaces of the half

chains on the left and on the right of the controlled spin. £ is governed by the Hamiltonian

He = He ® id®" + id® @ H, (157)

N
HC = Zid®("_1) ® EZeeman : § ® id®(N_n)
n=1
N-1 -
-J Zid®(”“) ®S oS ®id®V-"-b (158)

n=1
where id denotes the identity operator for one spin, S 0] S = Zi:x,y,z S; ® S;, and J is the
coupling constant. The interaction between S and £ is described by

Ve g = —JS © (id®<N—1> ® S ®id® +id® ® § ® id®<N-1>) (159)

with Vs_¢ € Hs ® He. The coupling constant J <« 1 is the perturbative parameter.

Let B(s) = ||B(s) |, 0(s) = arccos = and @ (s) = arctan B

Y; The eigenvalues and the

B(s) By (
eigenvectors of S are
i i 0
Ho(s) = ==B(s)  {ols) = 0 (160)
2 e'?®) cos —;S)
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Figure 3. Population of qubit state 0 p, oo = (£o(0)I p.(s)1{p(0)) (top) and coherence
Peo1 = {80 (0)Ip. ()1 £1(0))1 (bottom) for the exact dynamics (* = &), the adiabatic
transport formula with S alone (+ = alone —ad), the strong adiabatic transport formula
(* = strong — ad) and the weak adiabatic transport formula (¢ = weak — ad), in
conditions corresponding to a strong adiabatic regime (with Aw. = 1.5 au, r,,x = 1au,

Fmin = 0.5au, Vy=3au, V; = 1.5au, V, = 05au, V3 = 2.5au, O =g and

€ = 1.6 x 1072 (au: atomic unit)).

h e—llﬁ(é') CcOS @
w(s) = +2B(s) G = 2 (161)
2 . 0(s)
sin ——=
2
The eigenvalues of £, or £, for N = 3 are
hw, n? 5
Vooo) = -3 1 - J; +0O(J ) (162)
hw, 5
Yaoo-oon = = + O(J ) (163)
hwe h? 5
H00D+010)+(100) = == = 17 + O(J ) (164)
hw,
H00D-2010)+(100) = = + JA? + (9(]2) (165)
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Figure 4. Errors in logarithmic scale between the approximations of the adiabatic
transport formulae and the exact dynamics for the population of qubit state O (top) and
the coherence (bottom) in conditions corresponding to a strong adiabatic regime (with
hw. = 1.5au, ry = lau, ry, =05au, Vy=3au, V; = 15au, V, = 05au,

V3 =2.5au, Onx =5 and € = 1.6 X 1072 (au: atomic unit)).

ho
Vaio-o1) = — + (9(]2) (166)
hw, h? 5
V(011)+(101)+(110) = = 17 + (9(1 ) (167)
hw, 5 5
Yorn-200n+110) = = + TR + (9(1 ) (168)
hw, h? ’
l/(111)=3 —174-(9(] ) (169)
which are associated with the eigenvectors
i = 11) ® /) ® Ik) (170)
1
é:a(iik)+b(lmn)+c(0pq) = —(afijk + b&mn + céopq) (171)
va? + b* + ¢?

(17))i=o, 1) being the eigenstates of an isolated spin.
The control is fixed by the following variation of the control parameters:

B(s) = 30(1 - e—<s—°~5>z/ﬁsz) + B (172)
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Figure 5. Population of qubit state 0 p, oo = (£o(0)I p.(s)1{p(0)) (top) and coherence
P.o1 = {8 (0)lp.(s)I {1(0))1 (bottom) for the exact dynamics (* = &), the adiabatic

transport formula with S alone (¢ = alone — ad), the strong adiabatic transport formula
(» = strong — ad) and the weak adiabatic transport formula (¢ = weak — ad), in
conditions corresponding to a weak adiabatic regime (with Aw, = 0.5 au, ryx = 1 au,

Fmin = 0.02au, Vy=3au, V; = 1.5au, V, = 0.5au, V53 = 2.5au, O =% and

€ =5 x 107* (au: atomic unit)). Remark: the alone and the strongly adiabatic cases are
graphically merged; the weak adiabatic and the exact cases are graphically merged.

0(s) = n(1 — sin (7s)) (173)

@ (s) = 27s. (174)

4.22. Adiabatic transport. We start with the chain in a state ¢, Where
a;, ag € {(000), (100) — (001), ..., (011) — 2(101) + (110), (111)} corresponding to the
states of left and right half chains. The adiabatic transport of the density matrix for S alone is

Patone—ad ) = [ £0()) (S0 (9)| . (175)

If the dynamics of the chain is strongly adiabatic, the adiabatic transport of the density matrix
is

pstrong—ad (S) = pOma, (S) (176)
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Figure 6. Errors in logarithmic scale between the approximations of the adiabatic
transport formulae and the exact dynamics for the population of qubit state O (top) and
the coherence (bottom) in conditions corresponding to a weak adiabatic regime (with
hw. = 0.5au, rpa = lau, npyp, = 0.02au, Vy=3au, V; = 1.5au, V, = 05au,
Vy=25au, Opy = g and € = 5 x 10~ (au: atomic unit)). Remark: the alone and the

strongly adiabatic cases are graphically merged.

= %®) (6]
Jh sin 6 (s)

+ n g

4

—B(s) + %na,ar cos A (s)
X (|6)) (G| + ) {(G6)]) (177)

where ng 4, = ng, + ng, is a number defined by table 1.
If the dynamics is weakly adiabatic, the adiabatic transport of the density matrix is

P weak—ad (S)

_ Qlo[Tre"”T [ ESioqe- [ A;}B,,.w)da]poalar ©) (178)

with

E(l) = )’Oa,a,

aa,

1 1
&) (eh,

+ ﬂlala,

1 1
Cl(a/)a,.> <C1(a,)a,

(179)
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Table 1. Values of the number n, characterizing the coupling in a half chain in the state

5{1'

« Na
(111) _1
(110) — 2(101) + (011) _g
(110) + (101) + (011) _%

(110) — (011) 0
(100) — (001) 0
(100) + (010) + (001) %
(100) — 2(010) + (001) %
(000) 1
1.0
0.8 -
\ ==+ Palone—ad,00
0.6 - \

\ T pstmng—ad,()()

04l \ ~ = Pweak—-ad,00
— Poo

02 r J

0.0 : : )

t
0 1000 2000 3000 4000 5000
1.0
0.8
|palone—ad,()l|
06 T |pstrongfud,01|
oal o |pweak—ad,01|
— lpail
02
0.0 . . . . ¢
0 1000 2000 3000 4000 5000

Figure 7. Population of spin state 0 p, oy = (o (0)! p.(s)I{o(0)) (top) and coherence
p.o1 = {8 (0)lp.(s)! {1(0))1 (bottom) for the exact dynamics (* = @), the adiabatic

transport formula with S alone (* = alone — ad), the strong adiabatic transport formula
(* = strong — ad) and the weak adiabatic transport formula (¢ = weak — ad), in
conditions corresponding to a strong adiabatic regime (with Aw, = 2 au, By = 1 au,

Bmin = 0.67 au and J = 2 X 1072 au (au: atomic unit)).

(7" = 0 because (¢4) are independent of s), and

1’ >‘C(1) >< ()
caa, baja, caa,

1
A = Y (a0,

b,c=0

(180)
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Figure 8. Errors in logarithmic scale between the approximations of the adiabatic
transport formulae and the exact dynamics for the population of qubit state O (top) and
the coherence (bottom) in conditions corresponding to a strong adiabatic regime (with
hwe = 2 au, By = 1 au, Bpin = 0.67 au and J = 2 X 1072 au (au: atomic unit)).

where
2
Aoy, = -gB + Uy + Uy, + %na,ar cos 0 + (9(12) (181)
2
Mg, = gB + Vg + Ve, —%nm, cos 0 + 0(12) (182)
and
Jh sin @
Lo, = $0 = —Naya, & (183)
Oaar 4 "p— %nmar cos 6
Jh sin @
&0 = G+ =g — L. (184)
4 B — Ny, cos O

4.2.3. Strong adiabatic regime. We study a strong adiabatic regime where 7= 5 x 10° au,

. h _ J _ _ 2 . . .
Tg = 1an?€[0,1]7|”1($)_ﬂo(x)l =1.5au and 6’ = A 2 X 10 au (au: atomic unit). We have

T > 6’ > 15 assuring that the assumptions of theorem 1 are satisfied. The population of
spin state 0 (o (0)lp (s)1Zo(0)) and the coherence of the controlled spin 1{p(0)lp (s)1 £ (0))!
(note that (§y (0), £1(0)) is the eigenstate of the ‘free’ spin S since the magnetic field of control
is off at s = 0) are represented in figure 7. The errors between the different adiabatic transport
formulae and the exact dynamics are plotted in figure 8. A numerical study shows that a
purely strong adiabatic regime seems not to be present for this system, which presents rather
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Figure 9. Population of spin state 0 p, 3o = (5o (0)! p.(5)1o(0)) (top) and coherence
Peor = 1{¢o(0)p.(s)1 £(0))] (bottom) for the exact dynamics (* = &), the adiabatic

transport formula with S alone (¢ = alone — ad), the strong adiabatic transport formula
(» = strong — ad) and the weak adiabatic transport formula (» = weak — ad), in
conditions corresponding to a weak adiabatic regime (with Aw, = 2 au, By = 1 au,
Bpin = 1072 au and J =2 x 1073 (au: atomic unit)). Remark: the alone and the

strongly adiabatic cases are graphically merged; the weak adiabatic and the exact cases
are graphically merged.

regimes where the adiabatic approximation without environment, the strong adiabatic
approximation and the weak adiabatic approximation are not clearly distinguishable.
Nevertheless we see in figure 8 that the strong adiabatic transport formula induces globally
fewer errors.

4.24. Weak adiabatic regime. We study a weak adiabatic regime where 7 = 50 au,
h

Tg = infsE[O,l]m =10%au, ¢/ = el = 10%au and 7e = wie = 0.5au (au: atomic
unit). We have 7> 7o and 6’ ~ 73T assuring that the assumptions of theorem 2 are
satisfied. The population of spin state 0 (£, (0)lp (s)I{y(0)) and the coherence of the controlled
spin 1{{o(0)lp(s)I £1(0))| are represented in figure 9. The errors between the different
adiabatic transport formulae and the exact dynamics are plotted in figure 10. The errors of the
prediction of the adiabatic transport formula with S alone are now very large in accordance
with the very small gap between the two eigenvalues of Hg(s) during the dynamics. The
weak adiabatic transport formula provides a very good approximation with an error smaller

than %‘ = 1072 in accordance with theoretical error max ( 17‘5 62).
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Figure 10. Errors in logarithmic scale between the approximations of the adiabatic
transport formulae and the exact dynamics for the population of spin state O (top) and
the coherence (bottom) in conditions corresponding to a weak adiabatic regime (with
hwe = 2 au, By = 1 au, Bmin = 1072 au and J = 2 x 1073 (au: atomic unit)). Remark:
the alone and the strongly adiabatic cases are graphically merged.

5. Conclusion

We have shown that operator-valued geometric phases as defined by [13-18] are
exhibited by bipartite quantum systems in an adiabatic approximation with a perturba-
tive coupling between the two parts of the system. This result remains valid if the
bipartite system is constituted by a small subsystem and a large environment. Never-
theless, for a very large environment (a reservoir) the adiabatic theorem assumptions of
no resonance or no quasi-resonance between transitions of S and £ may not be satisfied
since the spectrum of a reservoir is assimilated to a continuum [9]. These adiabatic
operator-valued geometric phases arise when the evolution of the environment is
strongly adiabatic (the favorable case for a quantum control of the subsystem) but with
a subsystem evolution not necessarily adiabatic with respect to the control and to the
environment effects. The operator-valued dynamical phase generator arising with the
geometric phase generator, is a kind of effective Hamiltonian representing the system
dressed by environment states. The second order adiabatic transport satisfies a kind of
effective Lindblad equation.

The perturbative assumption restricts the field of applications of the present result to
special situations. It would be interesting to prove that the adiabatic transport of density
matrices also exhibits an operator-valued geometric phase with a strong interaction between
the two parts of a bipartite system.
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Appendix. A corollary concerning the splitting of the time-ordered exponential

Corollary 1. Let s — A(s) € L(V) be a family of bounded anti-self-adjoint operators of a
Hilbert space V. Let s = Uy(s) € U (V) be the unitary operator strongly continuous with
respect to s and solution of the equation

Uy = —-AU, Us(0) = 1yp. (A.1)

Let s = B(s) € L(V) be another family of bounded anti-self-adjoint operators; with the
same notations we have

Ua+p = Ux Uy (A.2)
with

X =A+ B — UxAUy". (A.3)

Proof. Let X (s) € L (V) be such that Uy = Uy, p UA_I.

UxUs= Uppp = Uy Uy + UxUy = U 4 (A4)
= —XUy Uy — UxAU,y = —(A + B)Ux Uy (A.5)
=X =A + B — UyAUy . (A.6)

O

We note that X is only implicitly defined.
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