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Uncertainties of drift coefficients and extrapolation errors:
Application to clock error prediction
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Abstract. In Global Navigation Satellite Systems, the on-board time has to be modelized and predicted in
order to broadcast the time parameters to final users. As a consequence, the time prediction performance of the
on-board clocks has to be characterized.

In order to estimate the time uncertainty of the on-board oscillator, a linear or parabolic fit is performed over
the sequence of observed time difference and extrapolated during the prediction period. In 1998, CNES pro-
posed specifications of orbit determination and time synchronization for GNSS-2. The needs of synchronization
were specified as the maximum error of the time difference prediction from the extrapolated fit.

The purpose of this paper is the estimation of this error for different types of noise. This is achieved by the
theoretical calculation of the variances of the drifts coefficients, of the residuals and of the extrapolation errors
in the case of quadratic and linear drift models affected by different types of red noises.

After the description of the method and its results, examples are given using real data and the predicted

extrapolation uncertainties are compared to the real extrapolation errors.
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1 Introduction

In Global Navigation Satellite Systems, the on-board time has to be modelized and predicted in order to broad-
cast the time parameters to final users. As a consequence, the time prediction performance of the on-board
clocks has to be characterized.

In order to estimate the time uncertainty of the on-board oscillator, a linear or parabolic fit is performed over
the sequence of observed time difference and extrapolated during the prediction period, i. e. when the satellite
is out of visibility. In 1998, CNES proposed specifications of orbit determination and time synchronization for
GNSS-2. The needs of synchronization were specified as the maximum error of the time difference prediction

from the extrapolated fit.

[Figure 1 about here.]

The question is then: how is this maximum error related to the noise levels of the clock ? Despite several
papers deal with this question [1, 2, 3, 4, 5, 6], a new approach was chosen here because we are not only
interested in the asymptotic trend of this maximum deviation but also in its evolution close to the interpolated
sequence.

In this paper, we will call Time Interval Error (TIE) the differences between the extrapolated parabola and
the real time deviation z(¢) (see figure 1, above). By definition, the TIE samples are then the residuals to this
parabola (see figure 1, below). However, in the following, we will limit the use of the word “residuals” to the

differences between the interpolated parabola and the real time deviation (t).

[Figure 2 about here.]

The TIE is due to two effects: the error of determination of the parabolic parameters and the error due the
noise of the clock. Obviously, both of these errors may be positive or negative, and the ensemble average of

the TIE is equal to zero (see figure 2, above). Moreover, it can be easily shown that the statistics of the TIE
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is Gaussian (see figure 2, below). Consequently, we only have to estimate the variance of the TIE in order to
completely define its statistical characteristics.

Moreover, the removal of a quadratic fit from the time deviation sequence cancels out the non-stationarity
problem of very low frequency noises (see the moment condition in section 2.5 and in [7]), and the variance of
the TIE (i.e. the “true variance”) converges for all types of noise without considering an hypothetic low cut-off
frequency.

In order to determine an estimation of the TIE, we will already redefine the interpolation method. Then, we
will compare the equations giving the theoretical estimates of the variance of the TIE to simulations and to real

data.

2 Interpolation with the Tchebytchev polynomials

2.1 Interpolating functions

Let us consider a sequence of N time deviation data « (¢), regularly spaced with a sampling period 7¢:

{[E(to), Q?(tl), Cey I(tN_l)}, and t; = i7o.

Rather than carrying out a classical quadratic least squares interpolation:
z(t) = Co + Cyt + Cot* + e(t) (1)

where e(t) is the noise, i.e. the purely random behavior of z(¢), we use the first three Tchebytchev polynomials

[7, 8] as interpolating functions (see figure 3):

1
@o(t) = ﬁ
3 t
Q(t) = \/(N—l)N(N{—l) [27_—0—(]\7—1)] @
0= \/ 5 61— 6(N - 1)L+ (N 2V - 1)
0= (N—2)(N-UNN+LO(N+2) | 72~ "V T T T = o
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[Figure 3 about here.]
The interpolation we want to perform is then:

where all the parameters { P, P1, P, } have the same dimension as z(t), i.e. a time.
Besides their dimensionless nature, the advantage of using these interpolating functions is related to their
normality and orthogonality which greatly simplify and improve the estimation of the parameters P,, P, and

P; as well as their statistical characteristics, as it will be shown further.

2.2 Propertiesof theinterpolating functions

Let us define the vector ®; associated to the interpolating function ®;(t) as:

D, (to)

d; = : : (4)

It is then possible to build the matrix [®]:

(@] = (‘f’o P, <i52) = : : : . ()
Oo(tn—1) Pi(tn—1) Po(tn-1)
One of the main properties of the Tchebytchev polynomials lies in the orthonormality of the vectors associated

to these interpolating functions:

[@])7[®] = [I5] 6)

where [I3] is the unit matrix (3 x 3).
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2.3 Edimation of the parameters{ Py, Py, P>}

Let us define the vector X as:

z(to)
X = : . )
T (tN—l)
This vector may be modeled by:
X =[®]P+E (8)

where P is the vector whose components are the three parameters we want to estimate, and E the vector

standing for the purely random part of X :

Po e(to)
P= P and E= 9)
P2 6(tN_1)
In order to estimate 13, we have to calculate:
@17 X = [0]"[®] P + [®]"E. (10)

From equation (6) and because the ensemble average <[<I>]TE> = 0, itis possible to estimate P with P defined
by:
P=a]'X. (12)

Thus, the estimate P; of the parameter P; is easily obtained by calculating:

N-1
Pi=37 - X =Y &(t)a(t). (12)
=0

24 Relatlonsr”pst)etW%n {00,01,02} and {Po,Pl,PQ}

The classical parameters {C, C, C3} of (1) may be easily deduced from the parameters { Py, Py, P>} of (3). It

may be noticed that, with an infinite precision calculation, the following relationships are absolutely rigorous:
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the only differences must be attributed to truncature errors. Moreover, the Tchebytchev polynomials minimize

this sort of errors, because their covariance matrix is optimized for avoiding bad conditioning problems.

5(N —2)(N —1)
\/N N+1) N+2)P2' (13)

N N+1

Co, as Py, P, and P, has the dimension of a time.

_ 2 3 6 5(N — 1)
Cr= T_o\/(N - 1)N(N + 1)P1 B T_o\/(N —2)N(N+1)(N +2) P (14)

Oy, as £ and £2 | is dimensionless.
T0 T0

=2 5
T RVIN-(N-DN(N + 1)(N + 2)

P,. (15)

Cy, as %, has the dimension of a frequency.
0

2.5 The moment condition

It is important to know if the estimates £; will converge, or, and this is equivalent, if the variance <Pf> is finite.
It may be demonstrated that such a variance may be calculated in the frequency domain (see [9] and Ap-
pendix 1) as:

(Y= [TlatnP sEua (16)
where ;(f) is the Fourier transform of the interpolating function ®;(¢) and S25(f) is the two-sided power
spectral density of z(t), see (26).

We assume that S25( f) is modeled by a power law with a negative or null exponent (see (29)): S2%(f)

f%. The convergence condition for the estimates P is then:

/+Oo |ei()I* f*df  converges. (17)

The moment condition (see [7] and Appendix 2) implies the following equivalence:

400 _ N-1 . —a—1
/ lei(£)I? f*df converges & Oi(t;)tl=0 for 0<q< 0‘2
o Z

(18)
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Moreover, since the Tchebytchev polynomials constitute an orthonormal basis, each ¢-order polynomial
may be rewritten as a linear combination of the Tchebytchev polynomials ®;(¢) whose order is smaller or equal
to ¢:

19 =" P®(t). (19)

Consequently, the polynomial ¢7 is orthogonal to all Tchebytchev polynomials whose order is greater than ¢:
N-1
> @ittt =0 ifandonlyif i>q. (20)
Jj=0

This yield a simple method for verifying the convergence of an estimate P; for a given power law model of
S25(1).
As an example, let us consider that S2( ) may be modeled by a f—* power law (i. e. a random walk FM).

The condition (18) implies that the variance of the estimator P; will be finite if and only if :
N-1
> ®it;)ti=0 for ¢=0 and ¢=1. (21)
7=0

According to the properties of the orthogonal polynomials (20), only ®,(¢) satisfies the condition (21). This
means that the variance of the parameters P, and P; is infinite unless we use a low cut-off frequency f;.

In other words, the divergence effect of such a noise for the lowest frequencies induces a linear drift: the
lower the low cut-off frequency, the higher the variance of the coefficients of this drift. Therefore, in order to
ensure the convergence of such a noise, we just have to remove a linear drift from the data sequence.

It may be noticed that this moment condition is much more useful than this application. It is the condition
which allows us to identify the convergence for low frequency noises and for high order drifts. It may be applied
to create new estimators (new variances) or to simulate low frequency noises with a very low cut-off frequency

fi.

Table 1 summarizes the convergences properties from f~* noise to white noise.

[Table 1 about here.]
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3 Assessment principle of the interpolation and extrapolation errors

3.1 Esimation of theresiduals

From (11), the residuals may be defined as a vector &'

—

o= X — [®]P. (22)
The variance of the residuals o> may be estimated by:

ot =~ (" 5). 23)

(¢ 5) = (X7X) - <15TP> . (24)
The scalar product <Y’T>?> is N times the variance 0% of the z(¢) data and the scalar product <]5TP> is the

sum of the variances of each estimate P, P, and P. Then, the variance of the residuals may be estimated by:

1
Oe =0X ~ W (01230 + 01231 + 01232) . (25)

3.2 Corrédation of the samples

Obviously, the long term behavior of the TIE depends greatly on the type of noise. The autocorrelation function
R.(t) of the z(¢) data contains the information about this type of noise. The power spectral density (PSD)
S..(f) is the Fourier Transform of the autocorrelation function R..(¢). Thus, denoting by S25( f) the two-sided

PSD and S, (f) the one-sided PSD defined as :

Sao(f) = 2825()) it f>0
(26)

Se(f) =0 it <0

we have:

Rg;-(t] — tz) = <$(t2) . -'lf(t])> _ /"‘OO st(f)e+j‘27rf(tj—ti)df

— 00

- /o+oo S (f) cos [2m f(t; — t:)) df. (27)
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Taking into account f;, the low cut-off frequency and f},, the high cut-off frequency, (27) may be rewritten:

In
Rolty =) = [ 7 8.(1) coslanft; = ] df (28)
We will use the power law model of S, ( f):
0
Se(f)= D koS (29)

a=-—4

It may be noticed that this model is more generally expressed in terms of frequency noise with the power

spectral density .S, ( f) of the frequency deviation y(¢). Since y(t) is defined as:

_dz(t)
its power spectral density is then linked to .S, (f) by:
Sy(f) = 4n2 25, (f). (31)
The power law model (29) may be rewritten:
+2
Sy(f)= 3 hatf® (32)
a=-2
where the noise levels A, are linked to the &, by:
ho = 47%k0_s. (33)

In the following, the different types of noise are called:

e white PM for o« = 0 (PM stands for Phase Modulation),

flicker PM for oo = —1,

white FM for « = —2 (FM stands for Frequency Modulation),

o flicker FM for aa = -3,

random walk FM for o« = —4.
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3.3 Calculation method of the TIE

By hypothesis, we consider that the TIE is the difference between the true time deviation = (¢) at time ¢, and the

extrapolation of the parabola (previously estimated from ¢q to tx_1) up to thistime ¢ > tx_1:
TIE(t) = z(t) — Py®o(t) — P&y (t) — Py®y(t)  and &> ty_y. (34)
Thus, the quadratic ensemble average of TIE may be estimated by:
(1) = (20)+ <P§> )+ (B2 ot + () 30
(xR < PY B0 + (012240

+2 [(PoPr) @o(1)®1(t) + (PoP2) (1) @a(1) + (PP 1 (1)@a(1)] . (35)
Consequently, for each type of noise, we have to know:
e (22(t)) = R.(t), the autocorrelation function of z(¢) ;

e the 3 variances <Pf> =

Q
3[\3

e the 3 covariances <15z-15]-> = Cov(P;, P;): actually, only <]50152> £0

o the 3 covariances <w(t)f%-> = Cov (z(t), P).

3.4 Exampleof thewhite PM noise

We illustrate the calculation of the TIE with the case of white PM.

e Autocorrelation (see table 2):

Ry (t) = 026(t) = kofnd (1), (36)

where o2 is the variance of the z(¢) data, kq is the white PM noise level and f;, is the low cut-off frequency

of the system.
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e Variances and covariances of the parameters P;: we define [C,] the matrix of the parameter covariances

by:

€l =(P-F )= (@I"X - X7(a]) = @7 (X - X7) @ 37)
where the component (i, j) of the matrix <>Z : )?T> is:
(X XT) = (lt)2(t) = Ralt; = ) (39)
Therefore:
(X XT) = kofulln] (39)
where [Iy] is the unit matrix (N x N).

[Cy] = ko fn[®]7[®] = ko fu[I3]. (40)

Thus, in the case of a white PM noise, the use of the interpolating functions & (¢) lead us to parameters

which are completely decorrelated and with the same variance:

Cov(P,P)=0 if i#j and op = kol (41)
e Covariances (x(1) P ):
(2()P) = (s)[@)"X) = [0 (s() X). “2)
f1 > i
Ry (t — o)
(a()X) = : = 0. (43)
Ryt — tn-1)

Consequently, Cov (z(t), P;) = 0.

e Variance of the residuals:

- Ly o, N3 14
O-e_R:E(O)_A_TS th— thA—7- ( )
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The number of samples NV should be at least equal to 100, and we may assume that N >> 1. Therefore:
02~ ko fh. (45)
Thus, the removal of a quadratic drift in a white PM noise does not modify its variance.

e Estimation of the TIE:

(TIEX()) = ko fi [1 + B3(0) + B2(0) + 23(1)] (46)
R ko f 4 3
(TIE? (1)) = N O DN NI+ T l180% — 360(N — 1)%

12 t
+36(TN? — 15N + 7)— — 36(2N® — TN? + TN — 2)—
J -2 ;

70 T0

+(N° 4+ 9N* — 41N3 4+ 51N? — 32N + 12)] . (47)

One may easily admit that N > 1, then

k 13 12 '
TIE (1) ~ 222 180 360N L+ 25on2 e _7ans L 4 NS ot (48)
N o 75 To

Let 7, denote the measurement time, i. e. the duration of the interpolated sequence:

T,, = N1o. (49)
Equation (48) may be rewritten versus T,,:
kof t 3 t? t
2 ~ 0Jh L L LT Y
(TIE () ~ =5 (N + 180T4 3607 + 25277 ~ T2 49 ). (50)

Since the origin of the time ¢ is the beginning of the interpolated sequence, ¢ must be greater than 7,,.
This argument ¢ may be replaced by the prediction time 7),. T}, is the extrapolation time whose origin is
the beginning of the extrapolated sequence (and the end of the interpolated sequence). 7}, is then linked
to the argument ¢ of (50) by:

t="T,+T,. (51)

By using (51), (50) becomes the following function of the two variables 7’,, and 7,:

T T3 T?
(N + 18075 + 36075 + 252T2

(TIEX(Tn, Ty) ) ~ k?éch

4

+ 725—1’ + 9) . (52)
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4 Theoretical results

Only the final results are given here, but the calculation details are available upon request to the authors.

4.1 Preiminary calculation

4.1.1 Autocorrelation of a time deviation sequence

The results given in Table 2 were calculated from (28).

[Table 2 about here.]

Since we are interested in the long term behavior of clocks, we will limit this study to the 3 “redest”

frequency noises: white FM, flicker FM and random walk FM.

4.1.2 Variance of the parameters P; and P,

According to the moment condition (18), the variance of the parameter P, diverges for white FM, flicker FM
and random walk FM (see Table 1). On the same hand, the variance of the parameter P; diverges for flicker

FM and random walk FM.

e White FM:

ok % (53)

oh % (54)
e Flicker FM:

oh, ~ % (55)
e Random walk FM:

0}232 = M. (56)

63

All the above equations were obtained under the assumption N > 1.
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4.2 Caseof aquadraticinterpolation

4.2.1 Variance of the residuals

From (25) we got the following results versus T,,, = N 7o:
e White FM :
3n%k_,T,
2 2
Th) =~
Ue( m) 35
e Flicker FM:
. 2k_sT?
0} (T) ~ 52
24
e Random walk FM:
4 3
o2(T,) ~ il

315

All the above equations were obtained under the assumption N >> 1, i.

4.2.2 Estimation of the TIE using the noise levels

14

(57)

(58)

(59)

e. T, > 1o.

The theoretical calculation of (35) yields the following variances versus the measurement time 7),,, and the

prediction time 7}, (see definitions of T, in (49) and T}, in (51)):

e White FM:

L 100k
S04 + 10075

6ﬂ k_ QT

(TIEA(T,, T,)) ~ o

[

e Flicker FM:

6
T6

1;
Tn.+T,

5

ﬂ2k_370
—_— -|— 692

m 1922
8 [

el

(TIEX(T,,T,)) =~ + 576

4
92 P +_~ p

It

+96—L1n T4

T3

TB

2 T,

P 4192 41
+69T2 + 9T + ) (60)
4 3 2 T
-|-424 -|—136 +20T +1

2

T,

+9 P +5—+1)] (61)
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e Random walk FM:

9 4k T3 T4 T3 T2 T
(TIEX(T,,,T,) ) ~ % (450T{1 + 690 5o+ 3035 r +42—+2 (62)

All the above equations were obtained under the assumption N > 1. Thus, under this assumption, the de-
pendence versus N cancels out: the variance of the residuals only depends on the length of the interpolated

sequence T,,, and the variance of the TIE only depends on the ratio %—f; whatever the number of samples NV is.

4.2.3 Estimation of the TIE using the variance of the residuals

The relationships (60) to (62) needs an explicit knowledge of the noise levels k. However, for very long term
interpolation (several days), we may be sure of the dominant type of noise: the flicker FM for a cesium clock
or the random walk FM for a quartz oscillator.

Thus, the variance of the TIE may be directly estimated from the variance of the residuals :

e White FM : from (60) and (57) we got:

T! T3 T? T,
(TIEX(T,, Ty) ) = 207 (50T—{1 + 100T—§ + 69T—§ +197 4+ 1) (63)

e Flicker FM: from (61) and (58) we got:

) T8 T T T8 T ol
(TIBX(T,, T,)) =~ 307 1920 + 5TO 75 + 6925 + 42475 + 1367+ 2075 4 1
TB T T4 3 T2 T
? 1n Bl P 7 92 P . 64
07 (Tm-l-Tp) ( i Ty O T ()

e Random walk FM: from (62) and (59) we got:

T T3 > T,
(TIFX(Ty, T)) ~ 207 (450T—Tj1 + 6902 + 30375 + 4255 42 (65)

However, such a method is less precise than the use of a correct estimation of the noise levels. This is due

to the statistics of the estimate of the variance of the residuals (see section 6).



Vernotteet a. - E 1319 - Final Version - Metrologia- February 1, 2001 16

4.2.4 Asymptotic behavior

If 22> 1,0 e if T, > T

o White FM:
2 2 T4
i (TIEX(T,, Ty)) ~ 1oogeﬁ. (66)
e Flicker FM:
T4
. 2 ~ 2
i (TIEX(T,,,T,)) ~ 30007 é (67)
e Random walk FM:
2 2 T4
H A ~ _p
i <TIE (T, Tp)> ~ 9000 T (68)

It may be noticed that, for a fixed value of o2, the asymptotic ratio of equation (68) over equation (67) as well

as the asymptotic ratio of equation (67) over equation (66) is exactly equal to 3 when T, tends toward infinity.
Moreover, for long T, values, the main contribution of the TIE is obviously due to the error on the quadratic

parameter P,. Using a classical quadratic model such as (1), the variance of the TIE should be linked to the

variance of the quadratic classical parameter C5 by:

lim (TIEX(T,,T,)) ~ o2, T;. (69)

Tp—00
Using (15), the variance of the quadratic classical parameter C'; may be obtained from the variance of the
quadratic Tchebytchev parameter P:

, 180 , 180

O-CQ ~ 1V5T61 UP2 - J\rTm O-P2. (70)

It is easy to verify that (69) gives the same results as (66), (67) and (68).

4.3 Caseof alinear interpolation

Cesium clocks are not affected by a quadratic drift. If such clocks are used, we may limit the fit to a linear

interpolation. In this case, for long term, the main contribution to the TIE will be due to the error on the
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parameter P; and then will be lower than for a quadratic interpolation. It is then strongly recommended to
extrapolate the time deviation of a Cesium clock from a linear fit. On the other hand, the variance of the

residuals will be higher because a quadratic adjustment remains closer to the time data than a linear one.

4.3.1 Variance of the residuals

e White FM:
o2 (1) o 2Tt )
e Flicker FM:
CHUSES % (72)
e Random walk FM3:
o2(T}) ~ % (73)
All the above equations were obtained under the assumption N > 1,i. e. T, > 7o.
4.3.2 Estimation of the TIE using the noise levels
e White FM:
<T1E2(Tm,T)> MTQT (QT; +9T + ) (74)
e Flicker FM:

T,
3 12-2 4+24-2 4902 4+ 8- +1

) _ ﬂ_Qk_BTT%L T4 TB T2
(TIRA(T,, T,)) ~ — T2 20 48t

2In (1 GTPQ 6T 1
+ H( +T—> T2+ T—+

T} T, T} T,
+2T§ In (TﬁTp) ( Tz +157"+8 (75)

3The random walk FM is treated here for homogeneity, but a Cesium clock is never affected by this type of noise.
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e Random walk FM3:

Srik_yT3 (. T3 T? T,
(TIEY(T,, T;)) » % (35T3 +395 +11—+1 .

All the above equations were obtained under the assumption N >> 1, i.e. T,, > 1o.

4.3.3 Estimation of the TIE using the variance of the residuals
From (71), (72), (73) and (74), (75), (76), we obtained:
e White FM:

T? T

m

T2 T,
(TIFX(T,, T,)) ~ 207 (9—p +9-L 4 1)
e Flicker FM:

T4 TP T2
(TIEX(Tn,T,)) = 303[ T4+24 +20% -|—8T—-|-1

Tp Tp2 Tp

e Random walk FM3:

T3 5 T,
(TIEX(Tn, Tp) ) =~ 407 ( T3 + 395 + Nt 1)

4.3.4 Asymptotic behavior
If £ => N,i.eift>T,:

e White FM:
T2
lim (TIEA(T,, T,)) ~ 180252

Tp—co € T,,%

e Flicker FM:

li <TIE2T T >~36 2T—p21 Ty
TSt (Tm, Tp)) = Zer2 "\T,. )

+2T—§1n T T2+15&+8 )
T3 T, +1T, T2 T

18

(76)

(77)

(78)

(79)

(80)

(81)



Vernotteet a. - E 1319 - Final Version - Metrologia- February 1, 2001 19

e Random walk FM3:

T3
. 2 ~ 2P
Jim (TIE(T,,T,) ) ~ 14007 o (82)

In this case, the time dependences of the variance of the TIE are different for the 3 types of noise: Tz‘f/Tﬁb
for the white FM, In(Tp/T,,)T;?/T2 for the flicker FM and 77> /T, for the random walk FM. This is due to

the divergence of the variance of P; for flicker and random walk FM.

[Table 3 about here.]

4.4 Relationshipswith the Time Variance

The Time Variance (TVAR), and its square root, the Time Deviation (TDEV), are commonly used for time
analysis [10]. Table 4 gives the relationships between the variance of the residuals o2 and TVAR(r) for an
integration time 7 = T,,, = No. Itis interesting to notice that, for a given type of noise, the ratio o2/ TVAR(7)

is constant.

[Table 4 about here.]

5 Experimental validation

5.1 Monte-Carlo simulations

In order to verify the equations (60) to (62) and (74) to (76), we simulated time deviation sequences of different
types of noise (white FM, flicker FM and random walk FM) and we used quadratic and linear fits. For each

type of noise, 10,000 realizations were calculated with

o the same noise level: k_y = 1.4 x 107%s, k_3 = 3.3 x 1078 or k_4 = 5.0 x 10~'2s~! for the quadratic

fit, koo =3.5x 10735, k_3 =4.8 x 10~7 or k_4 = 3.3 x 10~ 15~ for the linear fit,

e the same number of data: 65,536,
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e the same number of data taken into account for the fit: N = 8640,

e the same time of estimation of the TIE: T’”—JTE equals to {8640, 9900, 11350, 13000, 14900, 17000,

19500, 22400, 25700, 29400, 33700, 38600, 44300, 50700, 58100, 65535}.

The noise levels were chosen for getting a variance of the residuals equal to 1.
[Figure 4 about here.]

Figure 4 shows the curves corresponding to the square root of equations (60) to (62) compared to the
standard deviation estimated from the 10,000 simulations (i.e. half the width of the Gaussian of figure 2). The
simulations exhibits a quite good agreement with the theoretical curves.

The asymptotic behaviors are reached at the end of the log-log graphs. The benefits of the linear interpola-

tion are obvious.

5.2 Real clocks(quartz USO and atomic clocks)

[Figure 5 about here.]
[Figure 6 about here.]

Figure 5 compares the long term behavior of a real ultra-stable quartz oscillator (denoted “quartz 1” in table
5) to the bounds given by the estimated standard deviation of the TIE (the square root of equations (60) to (62)).

The data from the oscillator are time deviations sampled with a sampling period 7 = 10 s, obtained at
CNES Toulouse (France) with their own reference clocks (Cs HP 5071A option 001 and H-Maser EFOS-16).
The fit was carried out over the first 24 hours of the sequence and extrapolated over the whole sequence (90
hours).

Allan variance revealed that 2 types of noise must be taken into account: white FM (ko = 10722 s, i.e.
k_y =2,5x 10724 s) and random walk FM (h_y = 1,5 x 10731 s71 ie. k_4 = 4 x 10733 s71). Thus, the

bounds of figures 5 were obtained by using the square root of the sum of (60) and (62).
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In figure 6, the fit was still performed over a 24 hours sequence, but the interpolated sequence was shifted
along the 90 hours data sequence. At each step (rg =10s) of this shift, the fit was extrapolated over 3.5 hours.
The TIE measured at this instant (7, =3.5 hours) was plotted (solid line) and the interpolated sequence was
shifted again.

The TIE bounds of the upper figure (dashed lines) were estimated from the noise levels as in figure 5. In the
lower figure, the TIE bounds were estimated from the variance of the residuals, which was calculated at each
step of the shift. In this case, we assumed that the random walk FM was dominant and we used the square root
of (65).

The experimental TIE curves remain generally in the theoretical bounds. The few moments where the TIE

is outside the bounds is fully compatible with the statistics of TIE (see section 6).

[Table 5 about here.]

[Table 6 about here.]

Table 5 shows experimental results obtained with several clocks and a quadratic interpolation. The noise
levels were estimated from Allan variance measurements. This table compares “o. exp.”, the standard deviation
of the residuals, with “o. theo.”, the estimate of o. obtained from the square root of (57), (58), (59) and the
noise level coefficients.

This table compares also “or gz €xp.”, the measured error between the parabola extrapolated over 3.5 hours
and the real time deviation of the clock at this instant, with “or ;g theo. (from £,)” estimated from the square
root of (60), (61), (62), and with “o7r 75 theo. (from o.)” estimated from the square root of (63), (64), (65).

Table 6 shows the same type of results but limited to the cesium clocks and with a linear interpolation.

Here also, the agreement between measurements and estimates is quite good.

On the other hand, table 5 and 6 confirm that the standard deviation of the residuals is higher for a linear

interpolation than for a quadratic one, whereas it is the opposite for the standard deviation of the TIE.
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6 Confidence intervals for the interpolation and extrapolation errors

Figures 5 and 6 shows that the real TIE may be outside the bounds of the estimated 6r;z. Thus, it is important
to know the probability for the real TIE to be inside or outside these bounds. Moreover, it may be useful to
improve the TIE bounds by using confidence intervals. This may be achieved by studying the statistics of the

TIE.

6.1 Statisticsof theTIE
As we pointed out in section 1, the real TIE is a centered Gaussian process:
TIE(Tm, Tp) = LG(O, UTIE)- (83)

where LG(m, s) denotes a Laplace-Gauss distribution with a mean value m and a standard deviation s.

The real org is estimated by 6775:

P \/<T1E2 (Tom, Tp)>. (84)
We want to obtain a coefficient ¢g ensuring the following confidence interval:
—cg-orig < TIE(T,,,T,) < 4+cg - 611E with 3% of confidence. (85)
Whatever the values of TIE(T,,, T),) and 671 are, it is always possible to define a coefficient ¢ by:
TIE(T,.,T,) = ¢- 611E. (86)
This coefficient ¢ may be written as:

o TIB(T, Ty) _ TIB(Ty, Ty) (87)

o118 \/ (TIEA(T,, T,))

The distribution of TIE(7,,,T,) may be considered as a centered Laplace-Gauss distribution with a unitary

standard deviation, multiplied by its real standard deviation o5 :

TIE(Tm, Tp) = UT[ELG(O, 1). (88)
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Therefore, <TIE2 (T, Tp)> is y? distributed with » degrees of freedom (depending on the type of noise) and

with a mean value equal to the real variance o4 :

2
(TIEY(T,y, Ty)) = ob ™2, (89)

v
Thus, the distribution of the coefficient ¢ is:

o= orreLG(0,1) _ LG(0,1) (90)

\/ O3 EX2 /v VXV

By definition, ¢ follows a Student distribution with v degrees of freedom [11]. Consequently, for building the

confidence interval (85), we have to use the Student coefficients for cg. These coefficients are given in tables
[11].

However, it is then necessary to know the number of degrees of freedom of the Student distribution, or,
and this is equivalent, the number of degrees of freedom of the x? distribution followed by <TIE2(Tm, Tp)>.
Obviously, this number depends on how <TIE2(Tm, Tp)> is estimated, i. e. from the variance of the residuals

or from the noise levels &,.

6.2 Estimation from thevarianceof theresduals

Equations (60) to (62) and (77) to (79) shows that <TIE2(Tm, Tp)> is the product of a random variable 52 by
a constant number. Thus, the distribution of <TIE2 (Tr, Tp)> is the same as the distribution of 52, i. e. a x?
distribution.

From Monte-Carlo simulations, we observed that the degrees of freedom of the distribution of 52 only

depend on the type of noise but, curiously, neither on the number of data NV, nor the sampling period q.
[Table 7 about here.]

We measured the following degrees of freedom v for the x? distribution of 52 :

e White FM: v = §;
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e Flicker FM: v ~ 3;
e Random walk FM: v =~ 2.

Therefore, the ¢z Student coefficient must be chosen with these degrees of freedom, according to the type of
noise. Table 7 gives these coefficients for a 70% confidence interval (1o) and for a 95% confidence interval
(20).

Figure 7 shows the probability curves of the real TIE to be far from the extrapolated fit for an estimation of

OTIE from (33.

[Figure 7 about here.]

6.3 Estimation from thenoiselevels

In this case, the degrees of freedom of <TIE2 (T, Tp)> are equal to the ones of the estimated noise level %, and
then, depend on the accuracy of its estimation. For instance, if %, was estimated by using the Allan variance,
its degrees of freedom depend on the length of the sequence and on the number of sample used by the Allan
variance [12, 13]. If this sequence is long enough, the degrees of freedom may be much greater as the values
obtained in section 6.2. The degrees of freedom have to be estimated at each noise level measurement [12, 13].

Therefore, if the noise levels are precisely determined, the estimation of 61;g is far better by using this

method than from the variance of the residuals.

6.4 Example

Let us consider the case of the clock Rb 1 in table 5. Figure 8 displays the Allan variance curve of this clock.

Let us study the case of a 1 day interpolated sequence, and 3.5h prediction time: 7,,,=24h and 7},=3.5h.

[Figure 8 about here.]



Vernotteet a. - E 1319 - Final Version - Metrologia- February 1, 2001 25

6.4.1 Estimation from the variance of the residuals

Figure 8 shows that the random walk FM is dominant for r=1day (/2 slope). From table 7, we can build the

following confidence interval:
—1.4671p < TIE(T,,, T,) < +1.4671E with  70% of confidence. (91)
Thus, since the experimental &. equals 1.2ns (see table 5), (65) yields for T,,,=24h and ¢=27.5h:
—9.9ns < TIE(T},,T,) < 4+9.9ns  with 70% of confidence. (92)
But, for 95% of confidence, we obtain:

—4.36715 < TIE(T,,,T,) < +4.36711E with  95% of confidence (93)

—30ns < TIE(T,,,T,) < +30ns  with 95% of confidence. (94)

This huge factor is characteristic of the Student distribution with a low number of degrees of freedom: the

probability for having a high estimate is much larger than for a Gaussian process (see fig. 7).

6.4.2 Estimation from the noise levels

We will assume that for a 1 day integration time, the random walk FM is dominant and the contributions of the
other noises may be neglected. Thus, the noise level £_, may be estimated from the Allan variance aj(lday),

by using the following relationship [1, 14]:

B 212rh_y _ 8rirk_y
3 3 ’

02(7') (95)

This Allan variance estimate is x2 distributed, and its variance is given by [12]:

‘ wirk_ 2 m—
o? [52(7)} _ [8 d 4] 49(m_ 1;)2 (96)
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where the integer m is the number of independent sub-sequence of 7-length in the sequence, i. e. the ratio of
the integration time 7 over the whole sequence length. The number of degrees of freedom of a x2 distribution

is [11]:
o\ 2
W) (97)

Thus, from (95), (96) and (97), the number of degrees of freedom of the estimate aj(r) applied to a random

walk FM sequence of duration m7 is given by:

_8(m—1)?

 9m—10 " (98)

Since the noise level estimate is obtained from this Allan variance estimate, the noise level estimate is y?2

distributed with the same number of degrees of freedom as the Allan variance estimate.

e Let us first consider the smallest sequence allowing us the calculation of the Allan variance over one
day, i. e. a 2 day length sequence: m = 2. The first 2 day set of time deviation measurement gives:
o(1day) = 3.9 x 10725, From this Allan variance estimate, we obtain: k_4 = 1.7 x 10732571,
By using (98), we find v=1. From the table of Student coefficients [11], we can build the following

confidence interval:
—2671E < TIE(T,,,T),) < +2671E with  70% of confidence. (99)
For T,,,=24h and T),=3.5h, (62) yields 67;z=11ns:

—22ns < TIE(T,,, T,) < +22ns  with  70% of confidence. (100)

For 95% of confidence, we obtain:

—136715 < TIE(T,,,T,) < +13671E with  95% of confidence (101)

—140ns < TIE(T,,,T,) < +140ns  with 95% of confidence. (102)
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Consequently, a minimal sequence length for the noise level estimation yields a worst confidence interval

than with the variance of the residuals (5 times larger here).

e Let us use the whole available sequence (931500s=10.8d) as in figure 8. In this case, m=10, v=8,
or(lday) = 9.7 x 107%, k_s = 4.3 x 10733s~! and 6175=5.4ns. The corresponding 70% confidence

interval is then (see table 7):

—1.1671E < TIE(T\,T,) < +1.16711E with  70% of confidence (103)

-5.9ns < TIE(T,,,T,) < +5.9ns  with 70% of confidence. (104)
For 95% of confidence, we obtain:

-2.36715 < TIE(T,,,T,) < 4+2.36711E with  95% of confidence (105)

—12ns < TIE(T,,,T},) < +12ns  with  95% of confidence. (106)

This demonstrates the necessity to use the maximal available sequence length for estimating the noise

levels and then the standard deviation of the TIE.

It may be noticed that it is possible to get even more information about the noise levels, i. e. a narrower

confidence interval for the TIE, by using the multivariance method [14] and the total variance concept [15, 16].

7 Conclusion

The first application of this work may be the selection of clocks according to their time stability performances.
We may fix a limit for the maximum acceptable o. and TIE for a given interpolation sequence and extrapolation

time. Let us consider that for an interpolated period 7,,=24h and for an extrapolated time 7,,=3.5h, we fix :
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o. <2.1 nsand TIE<5ns. The use of equations (57) to (62) allows us to translate the above specifications
into specifications on the noise levels &, (for instance, for a random walk FM, these specifications become
k_4 < 3.7 x 10733s~1). Furthermore, these specifications may be translated again in term of Allan variance
over 1 day (in the case of the random walk FM, it yields o, (24h) < 3 x 10713). Thus, we can obtain a very
simple criterion by using the Allan variance, ensuring that the specifications for . and TIE will be respected.

Besides the interest of this method for navigation satellite systems, it may be used for defining a new method
for very long term stability analysis.

A clock may be continuously measured during a few days (e.g. a time deviation measurement with a
sampling period of 1 minute during 10 days). From these data, the noise levels of this clock could be precisely
determined [14, 8] and a quadratic fit could be carried out. Thus, if the clock is continuously running in the
same conditions, it could be possible to extrapolate the difference of this clock with the parabolic fit after a few
months or one year.

This analysis could be helpful to low accuracy purposes of time keeping, for instance for industrialists who

periodically send their clock to an accreditation laboratory, or for applications which need a large autonomy.

APPENDIX 1: Variance of an estimate calculated in the frequency domain

Let us consider an interpolating function () whose Fourier transform is H (f). In the same way as (12), let us

denote 6 the estimate obtained by this interpolated function :

6— / " e ()t (A1-1)

— 00

If 4 is a centered Gaussian random variable, its variance is given by:

(6) = <U;°° h(t)x(t)dt]2> . (AL-2)

Since h(t) and z(t) are real, (A1-2) may be rewritten as:

(67) = / /_ +: (A (2(D)(t') ) didr (A1-3)
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where the over line denotes a conjugate complex. Let us define 7 as 7 = ¢’ — ¢. The equation (A1-3) may be

expressed as a convolution product:

() = //_:” ROA( +7) (2@ (i + 7)) dedr
_ /j: (W*h(t))m<(M*x(t)>(7)>dr. (AL-4)

By definition, the convolution product <(w(—t) * x(t)) > is the autocorrelation function R (¢) of z(¢), the

(7)
Fourier transform of which is the power spectral density S2°(f) (see (26)). On the other hand, the Fourier
transform of (h(—t) * h(t))( | is |[H(f)|?. Thus, from the Parceval-Plancherel theorem:

<02> _ /+oo

— 00

+oo

PSS = [ 1HDP S(nar (AL

where S.(f) is the one-sided power spectral density of x(t), see (26).
Whereas this result was obtained with continuous sampled data, it may be applied to discrete sampling by

considering the sampling function (¢) as a sum of Dirac distributions:

N-1
h(t) = hid(t —t;). (A1-6)
=0
Therefore,
+o0 N-1
0= / Wy ()di = 3 h(t)a (L) (A1-7)
-0 =0

which is an estimate of the same type as (12).

APPENDIX 2: The moment condition

Let us consider an interpolating function A(¢) whose Fourier transform is H( f). In the same way as (Al-1),
this interpolating function is applied to a time deviation sequence z(t), the two-sided power spectral density of
which is S25( ), see (26). This power spectral density is assumed to be modelized by a negative power law,
see (29):

SE(fHlec f&  and  a<0. (A2-1)

xr
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The variance of the estimate # given by h(t) applied to = (¢) may be calculated in the frequency domain from

(A1-5), as demonstrated in Appendix 1. Therefore, this variance is finite if the following integral converges:

<02> is finite < /+Oo |H(f)|> f* converges. (A2-2)

This problem with a singularity at zero frequency can be avoided by requiring H (f) to go to zero for small f,

more rapidly than f(~>=1)/2, Since the MacLaurin expansion of H(f) near zero is:

B dH 2 7 (PH /o
H(f)—H(0)+f<W>(f:0)+ : (dfz) +5 (W)<f=0)+'”+ (dfq) Ry (A2

the requirement for H (f) means that the leading (—« + 1)/2 terms of (A2-3) must vanish. As an example, if

a=-3, H(f) must go to zero for small f more rapidly than f1, then, the first (3 + 1)/2 = 2 terms of (A2-3)
must vanish.

(M) (f=0) may be calculated in the time domain:

dfe
o=
+oo

< ) :/ (—72mt)h(t)dt,

(i;f) (f:o):/—-:o (—727t)7h(t)dt.

Therefore the convergence condition of (A2-2) leads to the following condition [7], called the moment

On the other hand, H (0), (—?)(f R

(A2-4)

condition:

400 9 400 — — 1
/ |H(f)|” f>df converges & / h(t)t* =0 for 0<¢< . (A2-5)

(o] — 00 2
As in Appendix 1, this condition may be applied to discrete sampling by considering the sampling function

h(t) as a sum of Dirac distributions. The moment condition for discrete sampling is then:

+00 —a—1
/ |H(f)|* f*df converges & Z h(t;)t! =0 for 0<¢< a2 . (A2-6)

Glossary of symbols
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=,

LG(m, s)

Covariance between the random variables z and y.

Covariance matrix of the Tchebytchev parameters Py, Py and Ps.

with ¢ € {0, 1,2}. The first 3 coefficients of a classical parabola, see (1).

Student coefficient for a 3% confidence interval.

Purely random behavior of the time deviation z(¢) (by opposition to the deterministic be-
havior, i. . the drift).

Vectorial form of e(t). The components of E are the values of (t) at each measurement
time, see (9).

Fourier frequency variable.

Low cut-off frequency of the spectral density S..( f).

Noise level associated with the f< noise of the power spectral density of frequency deviation
S,(f).

Real function of time used as a sampling function.

Fourier transform of h(¢), i. e. its associated transfer function.

The unit matrix n x n.

Square root of -1.

Noise level associated with the f* noise of the power spectral density of time deviation
Sz(f), see (29).

Laplace-Gauss distribution with a mean value m and a standard deviation s.

Number of independent sub-sequence of 7-length in a sequence of time or frequency devi-
ation.

Number of samples of the interpolated sequence.

with ¢ € {0, 1,2}. The first 3 Tchebytchev parameters.

with ¢ € {0, 1,2}. Estimates of the first 3 Tchebytchev parameters.
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v/l

vl

Vector whose components are the first 3 Tchebytchev parameters.

Vector whose components are the estimates of the first 3 Tchebytchev parameters.

Integer used as the exponent of the time variable ¢ in the moment condition (see (A2-5) and
(A2-6) in Appendix 2).

Autocorrelation function of the time deviation sequence ().

One-sided power spectral density of the time deviation sequence z(¢), see (26).

Two-sided power spectral density of the time deviation sequence z(t). S2°(f) is the Fourier
transform of the autocorrelation function R..(t).

One-sided power spectral density of the frequency deviation sequence y(¢).

Time deviation of the integration time 7. Square root of the time variance.

Time variance of the integration time . See [10].

Time Interval Error: difference between the extrapolated time deviation and the real time

deviation for an interpolated time 77,, and an extrapolated time 7.

(TIB(T,,, T,) ) Variance of TIE(T,, T;).

T,

T,

Measurement time: duration of the interpolated sequence, 7, = N7o.

Prediction time: extrapolation time, the origin of which is the beginning of the extrapolated
sequence (and the end of the interpolated sequence), see (51).

Time variable.

Time deviation sample: the time difference between the real clock under study and an ideal
clock at time t, i. e. the gain or the loss of that ideal clock.

Vectorial form of z (). The components of X are the N time deviation samples, see (7).
Frequency deviation sample: y(t) = ﬂfﬁﬂ

Exponent of f for a power law spectral density.

Percentage of confidence for a confidence interval.
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Dirac distribution of the argument .

Estimate obtained by the interpolated function £ (¢), see (A1-1).

Variance of the estimate 6.

Degrees of freedom of a 2 distribution.

Vector whose components are the IV residuals of the interpolated sequence, i. e. the differ-
ences between the N time deviation samples and the interpolated drift.

Variance of the residuals of the interpolated sequence.

Standard deviation of the Tchebytchev parameters P;.

Real standard deviation of TIE(7),, T},), i. e. square root of <TIE2(Tm, Tp)>.

Estimate of the standard deviation of TIE(T,, T},).

Variance of a time deviation sequence composed of white noise (white PM), see (36).
Allan deviation for an integration time 7. Square root of the Allan variance.

Allan variance for an integration time 7.

Integration time. Argument of the Allan variance and of TVAR.

Sampling period of the time deviation sequence.

with 7 € {0,1,2}. The first 3 Tchebytchev polynomials. i is the degree of the polynomial,
see (2).

Vector whose N components are the values of ®;(¢) at each measurement time.

Matrix of the 3 column vectors &, &; and &.

Fourier transform of the Tchebytchev polynomials ®;(t).

Chi-square distribution with v degrees of freedom.
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Table 1: Convergence of the P; parameters versus the type of noise. A star x denotes the convergence.

37



TABLES

38

Sz(f) Ry(t; — t;) (with i # j) R.(0)
1 o272 2t k
kg f™* g |—= — = (t; — 1)+ = |t; — t;° —
4f 4[3f13 fl (] ) + 3 |J |] deB
-3 1 2 2 5 ¢ P’ ¢ k—B
k_s.f k_s s t7 (t]‘ —ti) {-34+2C+2In (Zﬂ'f[ |tj —ti|)} -
2 2/
-2 1 2 2 2 k_o
k_o.f koo | = —m|t; —t;| + 217 fi (t; — 1) —
i fi
~1 2 2 2 In
k_y.f by [—C—ln @ fi|t; — L)) + 72 f2 (4 — 1) } kol (7
ko 0 ko fn

Table 2: Correlations of the time deviation data =(¢) versus the noise levels k.. C'is the Euler constant:
C =~ 0,5772. Assuming a sampling satisfying the Shannon rule, the high cut-off frequency is f; = % fiis
the low cut-off frequency.
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Table 3: Summary of the theoretical results.
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Sz(f) k_af”? k_sf™? k_af !
2 2To~ — 2 1 3
TVAR(7) wik_or | m*[27In(3) — 321In(2)] k_s7* | 11lm*k_yT
' 3 6 15
Quadratic interpolation
2 3n2k_oT w2k_s7? 7dk_y13
° 35 24 315
k) 1 iy
TVAR(7) 35 4[271n(3) — 321n(2)] 231
: 0.51 1 :
TDEV(7) 0.18 0.066
Linear interpolation
o2 272k _oT w2k_s7? 6mdk_y73
° 15 9 315
o? 2 2 2
TVAR(r) 5 3[271n(3) — 321n(2)] 77
Oc
—_— 0.63 . i
TDEV(r) 0-30 0.16

Table 4: Comparison between the Time Variance TVAR(7) and the variance of the residuals o2 for different
types of noise and for quadratic and linear interpolation.
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Clock Uy(24h) h_2 h_1 ho O¢ Oc OTIE OTIE OTIE
exp. | theo. | exp. theo. theo.
(from h,) | (from o)

(s (s) (ns) | (ns) | (ns) (ns) (ns)

Quartz1 | 1.8 x 10713 0 22x107% | 75x 10722 | 14 1.4 7.1 6.2 6.6
Quartz2 | 2.9x 10712 | 1.4 x 1072 | 1.6 x 10~% 0 96 | 9.2 | 565 52.0 56.0
Quartz3 | 3.0x 10712 | 1.4 x 1072° | 6.4 x 10725 0 10.2 | 11.0 | 55.7 59.0 59.5
Rbl |27x107 [1.2x107% 0 53x 10722 | 1.2 | 1.3 | 6.2 5.7 7.1
Cs1 9.2 x 10714 0 0 1.5x 1072 | 1.7 | 16 5.5 55 5.6
Cs2 3.0 x 10714 0 21x107%® | 1.1x10722 | 06 | 05 19 1.6 3.0

Table 5: Comparison between measured and estimated values of o. and o7 for several clocks with a quadratic
interpolation.
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oy (24h) h_1 ho Oe oe | OTIE OTIE OTIE
exp. | theo. | exp. theo. theo.
(from h,) | (from o)
() (ns) | (ns) | (ns) (ns) (ns)
Csl [9.2x107" 0 1.5x 10721 | 2.0 | 21 4.1 4.6 4.5
Cs2 [3.0x107%|21x1072® | 1.1x107%2 | 08 | 06 | 15 1.4 1.8

Table 6: Comparison between measured and estimated values of o, and o ;g for two Cesium clocks with a
linear interpolation.
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S:(f) ‘ v ‘ C70% ‘ Co5%
E_of7218] 11 2.3
k_sf™3 13| 1.2 3.2
k_af~ 2] 14 4.3

Table 7: Degrees of freedom of 62 and 6115, and confidence coefficients ¢ for 70% and 95% versus the types
of noise [11].
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Figure 1: Quadratic fit over a time deviation sequence of white FM (above). The fit is performed over the first
quarter of the sequence. The residuals of this fit (below) corresponds to our definition of TIE.
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Figure 2: Dispersion of the TIE for 20 realizations of the same white FM process (above). The histogram of
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Figure 5: Evolution of the TIE after the fitted sequence for an ultra-stable quartz oscillator. The fit was per-
formed over 1 day with a sampling period of 10s. The estimation of the TIE (dashed line) was performed
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Figure 6: Estimation of the TIE for the same oscillator as fig. 5. The fit was performed over a 1 day sliding
window. The TIE was measured 3.5 hours after the fitted sequence (solid line). The TIE bounds (dashed lines)
were estimated from the noise levels (above) or from the variance of the residuals (below).
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Figure 7: Cumulative distribution function of the real TIE expressed in 775 units (e. g. 2 means 2 67rg).
The estimate 6775 was obtained from the variance of the residuals 2. The upper graph shows the probability
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Figure 8: Allan variance plot of the clock Rb 1 (see table 5). The fit and the spectral analysis were performed
by using the multivariance method [14], including the Allan variance, the Picinbono variance and the modified
Allan variance. The sampling period was 1 s and the length of the sequence 10.8 days (931500 data).



