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We present an adaptation of the Poin
aré model of 
ore-mantle intera
tion to Mer
ury, seen as 
omposed of a rigid mantle and an ellipti
al liquid 
ore. Thanks to a Hamiltonian formulation, weperform extensively both an analyti
al (Lie transforms) and a numeri
al analysis of this 4-degree of freedom problem. This allows us to highlight a long-term behavior of the obliquity, the
onsequen
es of the proximity of a resonan
e between the spin frequen
y of Mer
ury and the free 
ore nutation, and also the in�uen
e of the polar �attening of the 
ore.
Modeling the interior of Mer
ury

In the framework of the ESA spa
e mission Bepi-Colombo, planned to belaun
hed in 2014 and to rea
h Mer
ury 6 years later, we model the rotation ofMer
ury so that its observations 
ould be inverted to get data on Mer
ury'sgravity �eld. Radar observations of the longitudinal librations of Mer
urysuggest the existen
e of an at least molten 
ore below a rigid mantle. In pre-vious studies we assumed the mantle to be spheri
al, while we here 
onsiderit as ellipti
 (see Fig.1).

Figure 1: Our representation of Mer
ury's interior.
As a 
onsequen
e, the �uid 
onstituing the 
ore exerts a pressure 
ouplingat the 
ore-mantle boundary. We use the model of Poin
aré to study thedynami
s of the system, that assumes the �uid to be invis
id with 
onstantuniform density and vorti
ity. A simple velo
ity �eld inside the 
ore is as-sumed, adding a 4th degree of freedom to a model of rigid rotation of themantle. Moreover, we 
onsider that the rotation of Mer
ury is perturbed bythe Sun. Under these assumptions, the Hamiltonian of the system reads:
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with the following parameters 
hara
terizing the internal stru
ture of Mer-
ury:
ǫ1 =

2C − A− B

2C
= J2

MR2
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,

δ = Cc/C.

ǫ1, ǫ2 and δ are assumed to be known, so we let the parameters ǫ3 and ǫ4vary, i.e. the shape of the triaxial 
ore.
Chara
terization of the problem

A 4-d.o.f. system 
an mathemati
ally be 
hara
terized by 4 proper periodsof free librations around the equilibrium, that is here the Cassini State at

the 3 : 2 spin-orbit resonan
e. Mer
ury is assumed to be 
lose to this equi-librium thanks to dissipative e�e
ts. Expressing the 4 proper periods is away to represent the response of the system to external solli
itations (herethe gravitational torque of the Sun). We 
al
ulated the numeri
al values ofthese periods both with a full numeri
al 
ode and with Lie transforms withgood agreement. The results are given in Tab.1:
Table 1: The proper periods of the system.

ǫ3/ǫ1 0 0.1 1 3 3
ǫ4/ǫ2 0 0 1 3 0
Tu (y) 12.05800 12.05775 12.05772 12.05777 12.05773
Tv (y) 615.77 (large) 1636.43 1214.91 1216.09
Tw (y) 337.82 337.82 337.87 338.14 338.20
Tz (d) � 58.630 58.619 58.585 58.585

These periods have roughly these physi
al meanings :
• Tu: period of the free longitudinal librations,
• Tv: period of the free librations of the obliquity of Mer
ury,
• Tw: period of the free polar motion of Mer
ury,
• Tz: period of the free os
illations of the 
ore.We 
an see from their numeri
al values that the period Tz, asso
iated withthe 
ore, is 
lose to a resonan
e with the spin frequen
y of Mer
ury. This in-du
es a slow 
onvergen
e of the algorithm of Lie transforms, and dynami
ale�e
ts that should raise the response of Mer
ury to 58-d periodi
 ex
itations.We see that the system is 
loser to the resonan
e when the polar �atteningof the 
ore ǫ3 is small. We 
an also see that the periods Tu asso
iated withlongitudinal librations is quite 
onstant, this indu
es that the shape of the
ore 
annot be dete
ted in the longitudinal librations of Mer
ury. Finally,the periods of the free librations in obliquity depends also on ǫ3 as be 
analso seen on Fig.2. When ǫ3 in
reases, Tv tends to the rigid value of 1, 070years.

Figure 2: Evolution of the proper period Tv, asso
iated withthe obliquity. It seems to obey a law alike Tv ∝ ǫ
−5/4
3 .

Results
We here express the observables outputs of the system, i.e. the orientationof the mantle (and not of Mer
ury). As predi
ted from the variations of Tu,the longitudinal librations are independent of the shape of the 
ore if weassume its size as known. We here plot the obliquity of the mantle (Fig. 3),the polar motion (Fig. 4), and the wobble of the 
ore (Fig.5).

ǫ3 = ǫ4 = 0 ǫ3 = ǫ1/10, ǫ4 = 0

ǫ3/ǫ1 = ǫ4/ǫ2 = 1 ǫ3 = 3ǫ1, ǫ4 = 0Figure 3: Variations of the orbital obliquity ǫ of the mantleof Mer
ury for di�erent shapes of the 
ore. Two behaviors 
anbe distinguished: when the 
ore is spheri
al (ǫ3 = ǫ4 = 0), andwhen it is not.

ǫ3/ǫ1 = ǫ4/ǫ2 = 1 ǫ3 = 3ǫ1, ǫ4 = 0Figure 4: Polar motion of the mantle. It is very small andquite independent of the shape of the 
ore.

ǫ3 = ǫ4 = 0 ǫ3 = ǫ1/10, ǫ4 = 0

ǫ3/ǫ1 = ǫ4/ǫ2 = 1 ǫ3 = 3ǫ1, ǫ4 = 0Figure 5: Wobble of the 
ore Jc. We 
an see that for a spher-i
al 
ore (ǫ3 = ǫ4 = 0) the visual aspe
t is very di�erent fromthe other 
ases. Moreover, a long-term visualisation of Jc showsa slope, i.e. a se
ular in
rease of the wobble of the 
ore, whilethe other 
ases (out of the resonan
e) do not show it.
The polar motion of Mer
ury is very small and do not exhibit signi�
antvariations due to the shape of the 
ore. On the 
ontrary, the wobble of the
ore has an amplitude de
reasing when the polar �attening ǫ3 in
reases. Theobliquity has 2 possible behaviors: when the 
ore is spheri
al, and when itis not. From a mathemati
al point of view, what 
an be seen is whether thesystem is resonant (resonan
e between the proper frequen
y of the 
ore 1/Tzand the spin frequen
y) or not.

Con
lusion
This problem is of high interest from a mathemati
al point of view sin
e itindu
es a resonan
e involving the 
ore. From a physi
al point of view, weshow that if the Poin
aré model is valid, then the shape of the 
ore 
annot bedete
ted from observations of the rotation of Mer
ury. The polar �atteningof the 
ore has an impa
t on the motion of the �uid, that 
ould be indire
tlydete
ted (through the magneti
 �eld?).
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