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Introduction

H-He gas = 

• Formation/dissociation of atoms and molecules, e.g. H, He, He+, He2+, H2+, H-, …

quantum plasma of point particles interacting solely

via the Coulomb potential  eiej/|ri-rj|.

• Screening effects:  

→ modifications of atomic/molecular spectra at finite density

Screened cluster EOS

Goal: Very accurate equation of state (EOS) for H-He mixtures
at low-densities

Deviations to the Debye potential 		 	      due to quantum effects

The SC EOS accounts for

• Thermal excitations and effects of interactions

compute all terms, up to some order, in quantum low-fugacity expansions

(based on analytical + numerical results)

Physical picture:

++

–
p: proton

α: helium nucleus

e: electron

Main idea:

+

•  
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or   {zγ = e 
!μγ }    (fugacities)

P

Computation of the EOS

Grand-canonical ensemble:

independent variables:	  V,   T,   {μγ} 

grand potential:

Compute !  at low fugacities   using quantum Mayer diagrammatical expansions.

γ = e, p, "

All thermodynamical properties follow by differentiation.

zγ(T,{ργ})

= ργ(T,{zγ})

Differentiate !

Eliminate the fugacities
numerical inversion

P(T,{ργ})P(T,{zγ})
EOS for the pressure

•  
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Quantum plasma                classical plasma of charged loops 

Feynman-Kac path integral:

r⃗1 r⃗2

( Ξ = grand-canonical partition function)Grand-potential:

(quantum exchange)

∑ over all closed paths (loops) 
in imaginary time s

classical Boltzmann factor

Z

= Coulomb interaction

   averaged along the paths

Z

•  

r⃗2r⃗1

Equivalence:

=
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Screened cluster expansion

e–βV–1

-βΩ =  βP =              +            	 	 +        	 	  +	 	 	   +   …
e–βφ–1

Eliminate all Coulomb divergencies in the thermodynamic limit   (Abe-Meeron resummations)

e–β(φ–V)/2

––
––

–
+

-βΩ

-βΩ
Λ

λD: Debye screening length

•  

Polarization cloud

V(�����)

βP  =  ∑ Cγ  (T,κ) zγ   +      ∑  C       (T,κ) zγ1zγ2    +      ∑    C            (T,κ) zγ1zγ2zγ3   + …
γ γ1,γ2 γ1,γ2,γ3

γ1,γ2 γ1,γ2,γ3

(3)(2)(1)

A fugacity factor zγ = e!μγ  is associated to every particle in every loop:

Z

Screened cluster functions

Fugacity expansion (Mayer diagrams):

Fugacity dependence via κ  =
q P

= λD

Analogous to virial functions, but at finite density
–1

(Quantum Mayer) screened cluster diagrams

 φ(�����): screened Coulomb interaction
≈ RPA interaction

Brydges & Martin (1999)
(review)
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Screened cluster expansion
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≈ RPA interactionλD: Debye screening length

•  

Polarization cloud
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βP  =  ∑ Cγ  (T,κ) zγ   +      ∑  C       (T,κ) zγ1zγ2    +      ∑    C            (T,κ) zγ1zγ2zγ3   + …
γ γ1,γ2 γ1,γ2,γ3

γ1,γ2 γ1,γ2,γ3

(3)(2)(1)

A fugacity factor zγ = e!μγ  is associated to every particle in every loop:

Z

Screened cluster functions

Fugacity expansion (Mayer diagrams):

Brydges & Martin (1999)
(review)

Fugacity dependence via κ  =
q P

= λD

Analogous to virial functions, but at finite density
–1

z2 z3z
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C(3)     (T,κ):  all 3-particle effects.   

C(2)(T,κ):      all 2-particle effects. – interactions between 2 ionised charges

– atoms H,  He+    (at finite density)

Path integral approach Mayer diagrams Direct space: r, s all orders in the charge e

Thermo. Green fct. approach Feynman diagrams Fourier space: k, ω  perturbative wrt charge e

Cluster functions given by formally simple path integral formulae.

•  

C(1)(T,κ):  ideal term + plasma polarisation effect   (at all orders in the charge e)γ

SC EOS  at 3rd order  for H-He mixtures

Computation of all diagrams  ≤ 3 particles :

➜

Tabulation of the 21 cluster fcts➜

Screened cluster functions

γ1,γ2

γ1,γ2,γ3
– atoms/mols:  He,   H2+,   H– 


– atom-charge interactions, etc.
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e p

plasma polarization: contrib. ~ z2

  (pure H gas)

= z2 (Cep(T,κ)  +   Cpp(T,κ) +   Cee(T,κ)) (2) (2)

PIMC code to calculate
Z Z

SVC at zero density: Ebeling virial function

I.   Second Virial Coefficient:   density dependence
As  z → 0,  the coefficient of  z2  is determined by:

as T → 0

[Ballenegger et al., 2017]

1
2

1
2

T/TRydberg

 Low density:         λD = 1000 !B

Moderate density

High density

Deviations at finite density due to broadening and shifts in the atomic spectrum.

(2)

e–βEH

SVC
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plasma polarization: contrib. ~ z2= z2 (Cep(T,κ)  +   Cpp(T,κ) +   Cee(T,κ)) (2) (2) (2)

SVC at zero density: Ebeling virial function

As  z → 0,  the coefficient of  z2  is determined by:

as T → 0

[Ballenegger et al., 2017]

1
2

1
2

T/TRydberg

 Low density:         λD = 1000 !B

Moderate density: λD = 20 !B

High density:       λD = 10 !B

GS contrib. is shifted! 
(quantum deviation 
to Debye screening)

 + calculation of C(3)(T, κ)  ≈  3rd virial coefficient.

Deviations at finite density due to broadening and shifts in the atomic spectrum.

e–βEH

SVC

  (pure H gas)

PIMC code to calculate
Z Z

I.   Second Virial Coefficient:   density dependence
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CHAPTER 7. EQUATION OF STATE OF THE HYDROGEN-HELIUM MIXTURE
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Figure 7.10: The prediction of our He+ screening model in comparison to the one without He+ screening
and the OPAL-tables. Alongside the di↵erence of the bare screening constant 0 and the He+ version
He+ is shown. As expected the screening constant He+ > 0 and thereby the weight of the Debye-type
SLR-diagrams has increased, which leads to a pressure decrease, so that our predictions become closer
the the OPAL-predictions. Again, for high densities the -dependence of the cluster functions gains
importance and we attribute the di↵erences to this.

zHe+

 =

vuuut4⇡�

0

@
X

�={e,p,↵}

e2�z�

1

A+ e2zez↵CHe+(�,0), (7.20)

where 0 =
p

4⇡�(ze + zp + 4z↵) is the screening constant for which the He+-cluster has not been taken

into account. This approximation is justified due to the weak dependence of the cluster functions on the

screening constant8.

The results of this model involving He+-screening are shown in figure 7.10 for ↵ = 1/4. For comparison

we show again the OPAL-prediction as well as our results where the He+-cluster has not been taken into

account during the screening process. Alongside the di↵erence of the charge-charge coupling e2�(He+ �
0) is shown. As expected the screening constant He+ became larger by taking the He+-particles into

consideration. By taking the He+ screening into account the accordance with the OPAL-tables is even

better, at least for low densities. The screening provided by the He+-particles slightly reduced the pressure

in the recombination domain � < 10Ha�1. To round up our study, we present our last plot where the

predictions of the SCHHEHe+ model for the pressure along the adiabat of the Sun are shown again.

The inclusion of the He+ particles in the screening process leads to a better accordance with the OPAL-

8We have verified that the next order iteration of the self-consistency equation (equation (7.20)) does not change the
results for the equation of state for the parameter range of ⇢,↵ we are interested in.

95

•  

0 10 20
! = 2TRydberg/T

105 40,000 20,000 K # = 10–5 !

OPAL

SC EOS

SC EOS
without screening by He

 75% H

 25% He

+

atomic 

regime

fully ionised 

regime
Transition region:  
     small differences SC / OPAL


$D  modified by He+ ions.

Wendland, PhD thesis (2015)

B
–3

II.   Pressure isochore in a H-He mixture

Bound states

     H,  He,  He,  H2,   H– 
+ atom-charge interactions 
treated without approximation

++
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No double-counting of bound/scatt. states contributions to thermodynamics

Screened cluster EOS     at 3rd order

Conclusions
•  

Modular: easy to add/remove effects in Ω.

It accounts for all 1, 2 and 3-particle effects in a quantum plasma.

✔ 

~ OK for solar conditions

Validity conditions
• not too strong 

coupling and degeneracy

• non relativistic

✔ 

• Guide to more phenomenological theories at higher density


• 4-particle cluster fct:  exact H-H interactions

Perspectives

- no arbitrary regularisation for internal partition fcts

- no modelization for atom-charge interactions

exact partition function for H2 molecule

➝ #-dependence of virial coeffs
➝ 2-particle (H, He+) and 3-particle (He, H2+, H–) cluster functions

Few-particle cluster functions calculated with a PIMC code.

Effective interaction %  (≈ RPA potential) which includes quantum corrections to Debye screening.

✔ 


