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Abstract We study hydrogen in the Saha regime, within the physical picture in terms of a
quantum proton-electron plasma. Long ago, Saha showed that, at sufficiently low densities
and low temperatures, the system behaves almost as an ideal mixture made with hydrogen
atoms in their groundstate, ionized protons and ionized electrons. More recently, that re-
sult has been rigorously proved in some scaling limit where both temperature and density
vanish. In that Saha regime, we derive exact low-temperature expansions for the pressure
and internal energy, where density p is rescaled in units of a temperature-dependent density
0" which controls the cross-over between full ionization (p < p*) and full atomic recom-
bination (p >> p*). Each term reduces to a function of p/p* times temperature-dependent
functions which decay exponentially fast when temperature 7' vanishes. Scaled expansions
are ordered with respect to the corresponding decay rates. Leading terms do reduce to ideal
contributions obtained within Saha theory. We consistently compute all corrections which
are exponentially smaller by a factor exp(8 Ey) at most, where Ey is the negative ground-
state energy of a hydrogen atom and 8 = 1/(kgT). They include all effects arising from both
the Coulomb potential and the quantum nature of the particles: excitations of atoms H, for-
mation of molecules H,, ions H," and H~, thermal and pressure ionization, plasma polariza-
tion, screening, interactions between atoms and ionized charges, etc. Scaled low-temperature
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expansions can be viewed as partial resummations of usual virial expansions up to arbitrary
high orders in the density.

1 Introduction

Hydrogen is an important element, both at a theoretical level and for practical purposes.
Here, we consider a non-relativistic quantum hydrogen plasma, made of protons and elec-
trons with respective masses m, and m,, which interact via the familiar 1/r-Coulomb po-
tential (see Sect. 2.1). As far as thermodynamic properties of that system are concerned, an
exact calculation at finite temperature 7" and finite density p, remains far beyond present hu-
man abilities. Nonetheless, by exploiting the exact knowledge of the spectrum of hydrogen
atom and using Morita’s method [51], Ebeling [23] first computed low-density expansions
for pressure and free energy up to order p? at fixed non-zero temperature, in a closed analyt-
ical form (see also Ref. [39]). When p goes to zero, the system becomes fully ionized (see
Ref. [43] for a rigorous proof). At order p?, the recombination of a small fraction of charges
into hydrogen atoms is exactly taken into account. Such low-density expansions have been
more recently completed up to order p>/? [4-7]. Those results have been checked afterwards
in Ref. [37], and their high-temperature form in the one-component case does coincide with
that derived in Ref. [20]. In the opposite limit where p goes to infinity at zero temperature,
the system behaves as a mixture of free Fermi gases, and expansions in inverse powers of p
have been calculated (see Refs. [29] and [50] for the first calculations in the one-component
case, and also Ref. [39] for similar works or extensions).

The previous exact asymptotic expansions are suitable for regimes where the system is
almost fully ionized. The purpose of the present paper is to derive a similar expansion in
the so-called Saha regime, where a non-vanishing fraction of charges is recombined into hy-
drogen atoms. That regime was introduced long ago [60] in the framework of the chemical
picture. Assuming that the system is an ideal mixture of protons, electrons, and hydrogen
atoms, its composition is then determined by applying the usual mass action law [26]. More
recently, by starting from the physical description of the system in terms of a quantum
plasma, it has been proved through successive works by Fefferman [27], Lieb et al. [18],
Macris and Martin [45], that Saha approach is asymptotically exact in a scaling limit mix-
ing the temperature and the chemical potential (see Sect. 2.2). As argued in Sect. 2.3, that
limit defines quite diluted and low temperature conditions, namely the Saha regime, under
which non-ideal contributions are small perturbations. In order to compute the correspond-
ing contributions, we consider a formalism that combines the path integral representation
of a quantum gas to familiar Mayer diagrammatics (see Sect. 2.4). Our key starting point
in that framework is the so-called screened cluster expansion (SCE) of particle densities in
terms of fugacities [8], which turns to be quite appropriate for studying recombined phases
as illustrated in Refs. [10-12] (dielectric response of an atomic gas) or [9] (partial screen-
ing of van der Waals forces by free charges). The physical content of SCE is close to ideas
first introduced by Rogers [54] for describing atomic or molecular recombination within
the physical picture. In that approach, virial coefficients are numerically estimated within
a priori modelizations, which incorporate quantum effects at short distances and classical
Debye screening at large distances. The corresponding so-called ACTEX method has been
developed through successive works [55, 56, 58, 59]. It has also been applied to hydrogen
[57], with quite good results at low and moderate densities as described in Ref. [48]. Nev-
ertheless, in the Saha regime, exact asymptotic expansions with analytical prescriptions for
computing the successive terms, have not been derived within ACTEX method.
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Exact Results for Thermodynamics of the Hydrogen Plasma

In Sect. 3, using the parametrization of chemical potential in terms of temperature in-
troduced in Ref. [45], we show that every contribution in SCE of particle densities, decays
exponentially fast when 7' goes to zero. Thanks to available inequalities for the spectrum of
the considered Coulomb Hamiltonian, we extract the leading terms which do arise from free
(ionized) protons and electrons, as well as from atoms H in their groundstate with energy
Ey = —me*/(2h?) where m is the reduced mass m = mpm,/(m, +m,). Next corrections
are ordered with respect to their decay rate in the zero-temperature limit. They account for a
large variety of physical effects: plasma polarization, formation of molecules H,, ions H,"
and H ™, interactions between ionized charges and Hydrogen atoms. Such corrections are
defined without any ambiguity or a priori modelizations, so they do not depend on any ad-
justable phenomenological parameter. In particular, SCE provides well-behaved expressions
for the partition functions of a molecule H, or ions H;r and H~ in the vacuum, which are
the generalizations of quantum virial functions for the hydrogen atom [23] to more complex
entities. Notice also that ionic contributions to charge neutrality or screening are consistently
incorporated, as it should.

The equation of state (EOS) is derived by using thermodynamic identities in Sect. 4. This
leads to our main result, namely scaled low-temperature (SLT) expansion of the pressure P
around ideal Saha pressure

BP/p* = BPsua/p*+ ) BP:/p", (1.1)
k=1

considered as a function of the temperature and of the dimensionless density variable p/p*
where p is the electron number density (which is equal to the proton number density by
neutrality). The temperature-dependent reference density p* defined by

* exp (:8 EH) . 2 1/2

= —2(277)»%)3/2 with A, = (BR*/m)"/?, (1.2)
determines the cross-over between full ionization for p < p*, and full recombination for
o> p* (see Sect. 2.2). Since Ey is negative, Ey >~ —13.6 eV, p* decays exponentially fast
at low temperatures. In expansion (1.1), it is convenient to express the pressure in units of
kg Tp* which turns out to be the natural reference pressure in the Saha regime. Then, each
term in (1.1) is dimensionless. The first term is the usual Saha pressure expressed in terms

of p/p*
BPsana/p* =p/p*+ (1 +2p/p9)"* — 1. (1.3)

We see indeed that for p < p*, the system becomes fully ionized (8 Psana ~ 20), whereas for
p > p* all ionized charges recombine into neutral hydrogen atoms (8 Psan, ~ 0). Each term
in expansion (1.1) beyond that leading ideal contribution has the form of a non-linear func-
tion of ratio p/p*, times a temperature-dependent function £, () (or possibly a polynomial
in the h;(B), | < k). The h;(B) decay exponentially fast when T vanishes and are ordered
with respect to their decay rates h;(8) ~ e #%, 0 < 8, < 8, < ---. Hence the expansion
(1.1) is organized as a series of exponential terms with increasingly faster exponential decay
as T — 0. The h;-functions and their decay rates are governed by a balance between en-
ergy and entropy involving the ground-state energy E ](\?; ., of Coulomb Hamiltonian Hy, v,
for N, protons and N, electrons in mutual interaction. We determine the pressure in the
Saha regime by computing exactly all terms in expansion (1.1) smaller than leading ideal
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contribution B Ps,,,/p* of order 1 by exponentially decaying factors of maximum order
exp(BEy). We find

BPi/p* = (function of p/p*) x hi(B), hi(B) ~e P, k=1,2,3,4,

: (1.4)
B Ps/p* = (function of p/p*) x [k (B)]*
with (§; in electronvolt units, Eéol) =Ey;. E fog =Ey-, Eéog =Epy,)
81 =|En|/2>=6.8,
0y = |3EH — EH2| ~9.1,
(1.5)

83 = 3|Ey|/4~10.2,
8= 2Ey — Epg| > 11.0.

The explicit forms of the density-dependent functions and of the A;(f8) can be found in
Sects. 4.1 and 4.2 together with a discussion of their interpretation and relative importance
in different density and temperature regimes. In short, the s -functions incorporate various
corrections to the ideal Saha term which can be described by

e h(pB): plasma polarization around ionized charges

e /1,(B): formation of H, molecules and atom-atom interactions

e /3(B): atomic excitations and interactions between ionized charges

e h4(B): formation of H; and H~ ions, atom-charge interactions, and screening of atomic
groundstate

The construction of SLT expansion (1.1), defined by taking the zero-temperature limit at
fixed ratio p/p*, is itself an important new result. It provides a non-trivial structure for the
various corrections to ideal Saha pressure, which are properly ordered in that scaling limit.
It turns out that keeping only the first correction 8 P;/p*, is equivalent to a modification
of the Saha ionization rate which has been derived previously by several authors (see e.g.
[41] and references quoted in [39]). To our knowledge, next terms B P /p* (2 <k <5) are
entirely new, and do not have counterparts in the literature. We provide their exact expres-
sions, which involve suitably truncated few-body partition functions. Two-body truncated
partition functions are merely related to quantum virial functions first introduced by Ebel-
ing (see e.g. [39] and references quoted therein). Three- and four-body truncated partition
functions are introduced and defined here for the first time. Previous terms (2 < k < 5) also
account, beyond standard calculations, for interactions between recombined entities as well
as screening effects. For instance, contributions of atom-atom interactions in 8 P,/p* are
evaluated without any a priori modelization, while screening of atomic groundstate embed-
ded in B P,/p* incorporates further corrections to the familiar Debye shift.

Corrections in SLT expansion (1.1) are ordered with respect to their decay rates when
the temperature vanishes at fixed ratio p/p*. The behavior of such corrections along a given
low-temperature isotherm when the density is varied, displays some interesting physics.
For very small densities p < p*, all density-dependent functions in front of the ;s can
be expanded in powers of p. Then, we retrieve the well-known virial expansion at fixed
temperature up to order p? included (see Sect. 4.2). In particular, the leading correction of
order p*? is the familiar classical Debye term arising from the polarization contribution
B P1/p*. When the density is increased, virial density-expansion can no longer be used, but
SLT expansion still works and accounts for non-perturbative effects with respect to finite
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values of p/p*. Up to moderate densities p >~ p*, B P;/p* remains the leading correction to
ideal Saha terms. Interestingly, that polarization contribution is reduced at higher densities
p > p* because most protons and electrons are recombined into atoms H. Then, molecu-
lar contributions embedded in 8 P,/p* provide the first correction to Saha pressure, since
they also overcome contributions of atom-atom interactions, at least for a sufficiently low
temperature isotherm. Ultimately, they are responsible for the breakdown of expansion (1.1)
at too large densities. Our results clearly provide a better analytical knowledge of the ther-
modynamics in an extended part of the phase diagram, as illustrated by the validity domain
drawn in Fig. 12 of Sect. 4.3. The SLT expansions can be viewed as infinite resummations
of low-density expansions.

We emphasize again that the EOS (1.1) incorporates the screening effects in a coher-
ent and consistent way for the whole range of densities p < p* (strongly ionized gas) and
o > p* (recombined gas). When the interaction is Coulombic, one has to face the diver-
gence of the sum of bound state contributions to the partition function of an isolated atom
arising from the infinite number of Rydberg states. That important and well-known problem
is usually dealt with the Planck-Larkin prescription to cut off states of energies E, larger
than kgT (see e.g. the discussion in [24]). In our implementation of the physical picture
for the recombined phase, no divergence occurs since the partition function of the hydro-
gen atom appears naturally in a convergent truncated form, as a consequence of collective
screening effects. Only that truncated partition function embedding both bound and ionized
states is free from ambiguity. More comments about that point are offered in Sect. 3.2.

Collective screening effects also give raise to well-behaved partition functions for more
complex entities, like ions H~ and H,", or molecules H,. Such partition functions are nat-
urally defined according to a truncation procedure similar to that introduced for the atomic
partition function. They also involve contributions from both bound and dissociated states.
The molecular partition function accounts thus not only for molecular bound states, but also
for diffusion states made with two protons and two electrons. The finiteness of few-body
truncated partition functions is of course crucial in the analysis of their low-temperature be-
haviors, which are shown to be controlled by Boltzmann factors exp(—B8Eg), exp(—BEx-),
exp(—BE H2+), exp(—pBEp,), associated with the corresponding recombined entities in their
groundstate (as would trivially be expected in a system with short range forces [25, 35]).
Contributions from excited or diffusion states are well-defined in those truncated partition
functions, and they may be neglected when the temperature is low enough.

An exact treatment of screening in the many-body problem is also required to establish
the correct classification of terms in the expansion (1.1) according to decaying exponentials.
For instance, in addition to obvious contributions of atomic bound states, there are correc-
tion terms proportional to the inverse screening length « (or powers of it), which is itself
proportional to the square root of the density « ~ ,/p. Since the latter is also exponentially
small in the Saha regime (see Sect. 2.2), contributions of collective screening effects have
to be compared to pure atomic terms, and may be predominant as exemplified by the first
correction B8 P;/p*. Such systematic classification could not have been obtained without
a unified theory which deals exactly with the interplay between screening effects and the
other physical phenomena at stake (primarily the formation of atomic and molecular bound
states).

Though SLT expansions are asymptotic, i.e. a priori valid in the zero-temperature limit,
they can be used for quantitative purposes within a rather wide range of temperatures and
densities. We have performed numerical calculations, for both the EOS and the internal
energy. For T of the order a few thousand kelvins, the h;(8)’s are not accurately repro-
duced by their simple low-temperature asymptotic forms: further contributions, which arise
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in particular from excited states of the recombined entities, must also be taken into account.
Within a simple criterion on the order of magnitude of the various corrections to Saha pres-
sure, we draw the validity domain of SLT expansion (1.1) in the plane (8, p) (see Fig. 12
in Sect. 4.3). That validity domain exemplifies the quantitative interest of our calculations,
which can be applied to physical systems under observable conditions, like the Sun photo-
sphere for instance. Furthermore, we have compared our findings to those of Militzer and
Ceperley [48] obtained within Path Integral Monte Carlo (PIMC) simulations (PIMC meth-
ods have been implemented through successive works [15-17, 47, 49]). The agreement is
satisfactory, as it should since PIMC results are computationally exact within statistical er-
rors (see e.g. Ref. [40]). The detail of that comparison, as well as all our numerical results,
will be presented in a forthcoming paper [1].

From a mathematical view point, all manifestations of screening stem from the screened
potential introduced in Sect. 2.4 and studied in [13]. That potential can be viewed, in the
quantum mechanical context, as the analogue of the classical Debye-Hiickel potential. Be-
cause of its central role, we have devoted the long Appendix A: to a number of related
properties which are used in our analysis. In Appendix B:, the low temperature behaviors
of the truncated atomic, ionic and molecular partition functions mentioned above, are deter-
mined by methods using Green functions and path integral representations. In Appendix C:,
we compute the contributions of interactions between atoms and ionized charges.

2 Saha Regime and Screened Cluster Expansion
2.1 Definition of the Model

The hydrogen plasma is a two-component system made of protons and electrons. In the
present non-relativistic limit, the proton and the electron are viewed as quantum point parti-
cles with respective charges, masses, and spins, e, = e and e, = —e, m, and m,, o, = 1/2
and o, = 1/2. The kinetic energy operator for each particle of species « = p, e with po-
sition x takes the Schrodinger form —h?/(2m,)A where A is the Laplacian with respect
to x. Two particles separated by a distance r interact via the instantaneous Coulomb poten-
tial v(r) = 1/r. The corresponding Coulomb Hamiltonian Hy, v, for N, protons and N,
electrons reads

h? 1
Hy, e ==Y 58+ 5D eweav(% — X)) 2.1)
i i#]j

where N = N, + N, is the total number of particles. In (2.1), the subscript i is attached to
protons fori =1, ..., N, and to electrons fori =N, +1, ..., N, + N,, so the species index
o; reduces either to p or e while x; denotes either the position R; of the i-th proton or the
position r; of the j-th electron (j =i — N)).

The system is enclosed in a box with volume A, in contact with a thermostat at temper-
ature T and a reservoir of particles that fixes the chemical potentials equal to u,, and p, for
protons and electrons respectively. Its grand-partition function & is

& =Trexpl—B(Hy,.x, — tpNy — 1teNo)]. (22)

In (2.2), the trace is taken over all states symmetrized according to the Fermionic nature of
each species; the boundary conditions for the wave functions at the surface of the box can be
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chosen of the Dirichlet type. Lieb and Lebowitz [44] have proved that the thermodynamic
limit (A — oo at fixed 8 and u,) exists, thanks to Fermi statistics and screening. Indeed,
the Fermionic statistics of at least one species implies the H -stability [21, 22]

HNpsNe > _B(N[? + Ne)a B > 0 (2.3)

that prevents the collapse of the system. On the other hand, screening ensures that it does not
explode. In a fluid phase, the infinite system maintains local neutrality, i.e. the homogeneous
local particle densities p, and p, for protons and electrons remain equal for any choice of
the chemical potentials (.. In other words, the common particle density p = p, = p., as
well as all other bulk equilibrium quantities, depend on the sole combination

w=(p+ ue.)/2, (2.4)

and not on the difference v = (u, — 1,,)/2. In particular, in terms of the fugacities z, =
exp(B ), this means that both the density p and the pressure P are functions of only 8 and
7= (zp2.)"/* = exp(B). Therefore individual chemical potentials 1., i, are not uniquely
determined: we can choose their difference v at will without changing the bulk densities.
Among the possible choices, it is particularly convenient to set

= 3k T1n = = —|—3k T In he (2.5)
= — = =, .= e e )
Up=H > B ", 1% w ) B o

where A, = (Bh?/mg)'/? is the thermal de Broglie wavelength of species o. This choice
guarantees that Maxwell-Boltzmann densities of free (no interactions) proton and electron
gases, respectively

Py =2z,/Q2rr2)*2,

, (2.6)
pe! =22,/ Qra})’?,
are identical, i.e.
pit = pi =2z/(2mA?)*? 2.7)
with A = (A,A,)!/2. The factors 2 in (2.6) accounts for spin degeneracy.
The enforced neutrality of the ideal mixtures is equivalent to the linear relation
D eaza/ (22} =0 (2.8)

between the activities z,, and z., sometimes called the pseudo neutrality condition. That con-
dition can be imposed without loss of generality when dealing with fugacity expansions in
the grand canonical ensemble. As shown in Sect. 3, it considerably simplifies the analysis of
diagrammatic series for the interacting system. If we consider other fugacities (z;,, z,) which
do not satisfy the pseudo neutrality condition, an infinite number of graphs contributes to
any term with a given order in low-density expansions. The calculations of those terms then
become rather cumbersome. Nevertheless, beyond that technical complication, their final
expression would be identical to that derived by starting with the above fugacities satisfying
both condition (2.8) and z,z, = z;z;, in agreement with Lieb and Lebowitz proof [44].
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2.2 Rigorous Results at Low Density and Low Temperature

We briefly recall the Saha theory in its simplest form. From the elementary view point of
the thermodynamic of ideal substances, equilibrium ionization phases can be considered in
the so-called chemical picture [26] as mixtures of noninteracting gases of electrons, protons,
and hydrogen atoms, with chemical potential p,, obeying the law of chemical equilibrium
Mar = e + L. According to (2.7) the corresponding densities of electrons and protons are

3/2
Py =0 = 2(%) / exp(BLL), 2.9)
whereas the atomic density is
_ 3/2
P = 4(T[mz> exp(—B(Ey —2u)) (2.10)

where M = m, + m, is the atomic mass and the factor 4 is the number of spin states.
Apart from the binding energy Ey of the Hydrogen atom, all other effects of the Coulomb
interaction are disregarded, so the Saha EOS is that of a mixture of perfect gases

B Psana = Py + ol + 0l (2.11)

We see in (2.9) and (2.10) that, when u = Ey, all densities are of the same exponential
order at low temperatures: this corresponds to the coexistence of ionized and atomic phases.
It is appropriate to characterize the set of ionization equilibrium phases by a temperature-
dependent chemical potential [45]

wu=uB)=Eyg+kgTInw (2.12)

where w is a fixed parameter 0 < w < 0o. As shown from (2.9) and (2.10), that parameter
determines the relative proportion of atoms to ionized charges through

id M 3/4
p,—‘Z:Zw(—) =Y (2.13)
ot =\ ) T2

where we have introduced the equivalent parameter y = 4(M/m)¥*w. According to the
above definitions, the fugacity z = exp(fu) can be seen as parametrized by either w or y at
fixed temperature, i.e. z =wexp(BEy) or

m 3/4
z=(ﬁ> y exp(BEn) /4. (2.14)

For further purposes, it is convenient to consider the temperature dependent reference den-
sity p* defined by (1.2) in the Introduction. Then we can rewrite ideal densities as

*

Pl =pll =p*y (2.15)

and

Pui =P

(2.16)
@ Springer
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In terms of y, the proton (or electron) density p = pi! + pi¢ = pi? + pi¢ and the Saha
pressure (2.11) respectively read

2
p= p*(y + 7) (2.17)
and
y2
ﬂPSaha:p*(ZV"'?)- (2.18)

Inversion of relation (2.17) provides y, and hence the chemical potential w, as a function
of the reduced density p/p*. Substitution of that function in (2.18) finally yields the Saha
EOS (1.3) for the dimensionless pressure written as a function of p/p* (note that our density
variable is half of the total number density). As said in the Introduction, p* is the cross-over
density between full ionization and atomic recombination.

The Saha picture has been rigorously justified from the statistical mechanics of the full
interacting electron-proton gas in the following asymptotic sense. When the temperature
goes to zero at fixed negative values of u, the system obviously becomes highly dilute be-
cause all fugacities then vanish exponentially fast. If low temperatures favor recombination
of electrons and protons into bound entities with negative ground state energies, on the con-
trary low densities favor dissociation. The chemical composition of the system will result of
those two competing energy and entropy effects. That problem has been studied in a rigor-
ous way by Fefferman [27], who proved the two following results using a refined version of
the stability of matter (2.3) (see the discussion after (2.30) and Ref. [14] for a review). First,
when 8 — oo with u < Eg (u fixed), the pressure tends to that of an ideal mixture of pro-
tons and electrons with respective densities p;,d and p'? (2.9) i.e. the system becomes fully
ionized. Second, there exists some & > 0 such that, when 8 — oo with Eyg < u < Eyg + 6
(u fixed), the pressure tends to that of an ideal gas of hydrogen atoms in their groundstate
with density (2.10). In that case, there is full atomic recombination.

The previous discussion of the Saha EOS suggests that ionized protons, ionized electrons
and Hydrogen atoms should coexist at 4 = Ey. This has been firmly settled by Lieb et al.
[18] and also Macris and Martin [45] who proved that, when one introduces the tempera-
ture dependent chemical potential (2.12) and let 8 — oo, the EOS tends to that of an ideal
mixture of protons, electrons, and Hydrogen-atoms in their ground state, namely

BP = (pi! + pi* + pi)[1 + O(exp(—Be))] = B Psanal 1 + O(exp(—Be))]  (2.19)

for B large enough and € > 0. The original work of Fefferman provides a power-law bound
1/ to the error term; that bound was improved to an exponential one in [18]. Thus we see
that all ideal densities vanish exponentially fast, while corrections to ideal terms in (2.19)
decay exponentially faster. The mathematical methods used in [27] and [18] are adequate
to obtain a rigorous control of the dominant term (the Saha pressure), but apparently not
adapted to explicitly calculate the corrections. In this work, it is our purpose to develop
tools that enable to systematically compute those corrections, by expanding the pressure
beyond the Saha term in an exact way (see (1.1)). In order to characterize the Saha regime
in our study of the interacting system, we shall still use the parametrization (2.14) of the
fugacity z associated with the zero-temperature limit, in terms of the parameter y .
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2.3 Simple Physical Considerations about the Fugacity Expansion

Saha equation of state (2.19) can be recovered, at a heuristic level, from simple consider-
ations on low fugacities series for the pressure. Those considerations will serve as a guide
to the analytic estimations of various non-ideal contributions to the full EOS at finite tem-
perature and density performed in next sections. Low fugacity series are easily inferred, at a
formal level, from the identity

fP=——0, (2.20)

where the thermodynamic limit A — oo is implicitly taken, as in the whole paper. They
read

N
BP= Y 2"z By,, 2.21)
(Np,Ne)#(0,0)

where Mayer coefficients By, v, in (2.21) can be expressed as suitable traces,

1
BNp,Ne = Z Tr[exp(_ﬂHNp,Ne)]Mayer- (2.22)
The first Mayer operators [exp(—B Hy, N, ) IMayer read

[exp(_ﬂHl,O)]Mayer = exp(_ﬁHl,O)’
[exp(_ﬁHO,l)]Mayer = exp(_ﬁHO,l)’
[exp(—BH\1)IMayer = exp(—BHy,1) — exp(—BH, ) exp(—BH,1), (2.23)

1
[exp(—B H>,0) IMayer = €Xp(—BH> ) — 3 exp(—BHy,0)exp(—BHi),

. ey

while a similar expression holds for any [exp(—B8 H, Np. N ) IMayer

[exp(_ﬁHNp,Ne)]Mayer = eXP(_,BHNp,Ne) . (224)

In (2.24), terms left over reduce to a linear combination of products of Gibbs operators
exp(—=BHwm, m,) (M, < N,, M, < N,) associated with all possible partitions of N, protons
and N, electrons. Traces (2.22) must be taken over Fermionic states which are products of
anti-symmetrized states for each set of degrees of freedom associated with a Gibbs operator
exp(—BH M), u,). For instance, in space of positions and spins, B, o reads

1
Buo= / dR, / dR,[2(R Ry exp(—B Ha0) R  Ry)

— 2(Rylexp(—=BHi,0)|R;){Ro| exp(—B Hi0)|Ra)

— (ReRy|exp(=B Hz,0)|R1Ry)]. (2.25)
For the term exp(—BH, o) exp(—BH, o) subtracted in [exp(— B H> o) Imayer, €ach Gibbs op-
erator exp(—pB Hj o) refers to a single proton, so no anti-symmetrization occurs and only

diagonal matrix elements of exp(—p H; o) appear in (2.25). Truncated Mayer operators can
also be expressed in terms of Ursell operators [32—-34].
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Despite Mayer coefficients By, , diverge, leading contributions to the equation of state
can be easily picked out in formal series (2.21), as follows. For (N, =1, N, =0) and (N, =
0, N, = 1), we obtain the simple exact expressions

2
Bio=——=5 2.26
0= G (2.26)
and
2

After multiplication by fugacity factors exp(Bu,) and exp(Bu.) respectively, we obtain
the related contributions to pressure (2.21) which reduce, of course, to the ideal Maxwell-
Boltzmann densities of ionized protons (,o;d) and ionized electrons (péd). For (N, =1,
N, = 1), it is reasonable to expect that hydrogen atoms with internal ground state energy
E y provide the leading low-temperature contribution which reads

W eXp(—,BEH), (228)

with Ay = (Bh?/M)'/? while factor 4 is due to spin degeneracy. The corresponding contri-
bution to (2.21) is nothing but the ideal Maxwell-Boltzmann density p'? of Hydrogen atoms
in their ground state. In the Saha regime, ideal densities of ionized protons ( p;" ), ionized
electrons ( ,oéd) and hydrogen atoms ( ,oé;’ ) are all found to be of the same order of magnitude
exp(B Ey) disregarding powers of 8, because of (2.12).

All other contributions to the EOS are expected to be small corrections to Saha pressure,
as suggested by the following simple arguments and estimations. The Saha regime defines
quite diluted conditions since p vanishes exponentially fast. Therefore, ionized charges and
hydrogen atoms are expected to be weakly coupled and weakly degenerate. Let us introduce
the various length and energy scales defined in Table 1, where we assume that each atom

Table 1 Length and energy scales in a quantum hydrogen plasma

Symbol Value Physical signification
Length
ag h2/(mez) Bohr radius
Ap.e.at "B/ mp,e.ar)/? de Broglie lengths
lp Be? Bjerrum length
a (3/(4mp)) /3 Mean interparticle distance
1 (4 Be? [p;')d + ,02”1])*1/2 Debye screening length
lo k1 [In(kA)| Quantum screening distance
Energy
€H_H eZa% /a3 Atom-atom interaction energy
€H—¢ eap/a> Atom-charge interaction energy
€c—c e2/a Charge-charge interaction energy
€kin kgT Classical kinetic energy
Egy |Eg| = me* / (th) Atom ground-state energy
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-1
aB Ap.e,at lp a K lo
a | | | | | .
@) \ \ \ \ \ I
~ g0 ~ pt/2 ~B ~ Y2 exp(—BE[/3)  ~ B/ exp(—BE[/2) ~ B5/*exp(~BER/2)
€H—H €EH—c €c—c kT |Ex|
® | | | | —
~ B3 exp(BEy)  ~ BT exp(28By/3)  ~ T2 exp(BER/3) ~ Bt ~ 8°

Fig. 1 Hierarchy of a length and b energy scales in the Saha regime

carries, roughly speaking, an instantaneous dipole of order eap, while the physical signifi-
cation of [ is given in next Sect. 2.4. According to the hierarchies between those length and
energy scales described in Fig. 1, both exchange and interaction contributions for ionized
charges and hydrogen atoms should be exponentially smaller than above ideal terms. Simi-
larly, we can estimate the contributions of complex entities which result from the quantum
mechanical binding of N, electrons and N, protons, i.e. the existence of a bound state in

the spectrum of Hy, y, with negative ground state energy E,(\(,)IZ v, - The ideal contribution of

a given complex entity is easily extracted from By, v,, and it is of order exp(— ,BE](\?;’ N
After multiplication by fugacity factor exp[B(u,N, + u.N.)], we find a contribution to
pressure (2.21) which is of order

expl—B(Ey, x, — (Np+ Ne — DEplexp(BEn), (2.29)

where we have used parametrization (2.12) of the chemical potential. Ideal contribution
(2.29) decays exponentially faster than exp(BEy) for (N,, N.) # (1,1),(1,0), (0, 1), by
virtue of inequality

EQ) v, = (Np+ Ne—DEy >0, (N, No)#(1,0), (0. 1), (1.1)  (230)

which is a key ingredient in Fefferman’s proof [27]. Although not yet proved, that inequality
is satisfied by known complex entities [28] as illustrated below. Of course, and as for ionized
charges and hydrogen atoms, exchange and interactions contributions for complex entities
should be smaller than ideal ones.

Above heuristic arguments suggest that corrections to ideal Saha pressure (2.11) decay
exponentially faster than leading terms when 7 vanishes, in agreement with the rigorous
bound involved in (2.19). A precise evaluation of those corrections will be performed in
Sect. 3 by using screened cluster expansion described in next Sect. 2.4. That method re-
moves all long range Coulomb divergencies which plague Mayer coefficients By, v, . It
provides well-defined recipes for computing contributions from both interactions and com-
plex entities. The simplest entities which appear are the molecule H, with groundstate en-
ergy Ey) = En, = =317 eV, ion Hy with Ey} = Eyy =~ —16.2 eV, and ion H~ with

E 50% = Ep- ~ —14.3 eV. Notice that such groundstate energies do satisfy inequality 2.30.
For complex entities made with five or more particles, we will assume inequality

EW v > (Ny+Ne=DEy. N, +N.=5. @31)

That inequality, more constraining than (2.30), is indeed satisfied by known stable complex
entities. For instance, Eéoé =Eyr = —36.5 eV and Eéog =Ey = —28.5 eV are indeed
larger than 3Ey >~ —40.8 eV. Previous groundstate energies are computed within the method
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L 7O
NN,
0 S+ N+N
Egl
2Eg | JHy
5 B
|
+
' N oH3
| plasma atomic . °
| ' N >
BEp| o] L *.hydrogen - melecular
| N > _hydrogen
\ N N
slope 1

Fig. 2 Geometrical representation of inequalities (2.30). Consider a line of slope i < 0 which goes through
the point associated with the hydrogen atom. If all the points (N + N, E](\(,); x,) associated with other

entities lie above that line, the inequalities (2.30) hold for that value of w, and the system tends to a dilute
atomic gas in the limit 8 — oo

described in [52]. The corresponding values are in excellent agreement with experiments
and reported data in the literature. The resulting stability regimes of ionized, atomic and
molecular phases are shown in Fig. 2.

2.4 Screened Cluster Expansion within Loop Formalism

Screened cluster expansions are devised within an auxiliary classical system of charged
loops. As first shown by Ginibre [30], & is identical to the grand-partition function of a
classical system made with loops. That transformation starts with the expression of Z in
space of positions and spins, and use of Feynman-Kac formula [38, 53, 61, 62],

(x} - Xylexp(=BHy,.n,) X1 - Xy)

exp[—(x; — X,-)z/(2)\§i)] N B
B H (277)»31.)3/2 f l_[D(gi) CXP[—E Zeai €y,

i=1 i=1 i#j

1
X/O dsv(J(1 — ) (x; — X;) +5(X; = X)) + Ao, &, (5) _)\'ajgj(s)l)]' (2.32)
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Fig.3 A loop (4)
L= (a,q,X,n(s)) made up of X 3
5 particles x()
X <«— Brownian path
X + An(s)
(2)
x(1) x

In the r.h.s. of (2.32), functional integrations are performed over Brownian bridges &;(s)
(§;(0) = &;(1) = 0) with the normalized Gaussian measure D(&) defined by its covariance
(see (2.34) with g = 1). Each Brownian bridge &, (s) defines a path (1 —s)x; +sX; + X, &;(s)
associated with a given particle. A loop £ is then defined as the collection of open paths
associated with particles exchanged in a given permutation cycle. This leads to the identity
[14, 19, 46]

0]

O
_ =

[e'¢] 1 N
oon =D 207 f [Tocozco [Texp(—BV (Li, £))), (2.33)
N=0 i=1

i<j

where fugacity z(£;) and two-body potential V (£;, £;) are defined below.

A loop L is characterized by its position X, species @ = p, e and number g of exchanged
particles, while its shape is defined by a closed Brownian path 5(s) with s € [0, g] and
1n(0) = n(g) = 0. Genuine particle positions in matrix elements of exp(—p(Hy, n,) reduce
to x® =X + A, n(k) with k integer, k =0, ...,q — 1 (xX© =x@ =X) (see Fig. 3). Phase-
space measure D(L) is the product of discrete summations over « and g, spatial integration
over X and functional integration over 9 (s) with normalized Gaussian measure D() defined
by its covariance

f DY, ()00 (1) = 8,0 infs /4., 1/q)(1 — sup(s /q. 1/)). (2.34)

Fugacity z(£) reads [14, 19]

2 z4
L£)=(—=1)9"12 %«

,3€2 q q 5
XeXP[_T/O dS/O dr(1 —5m,m)3(s—t)v(lkan(s)—kan(t)l)} (2.35)

where §(s — 1) = Z:C’:_oo 8(s —t —n) is Dirac comb, while [s] ([¢]) denotes the integer part
of s (¢). In (2.35), factor (1 — dj,[s1) avoids counting point particle self-energy contributions,
while Dirac comb ensures that only loop elements with equal times (modulo an integer)
interact, an essential feature specific to quantum mechanics. Eventually, two-body potential

V(L;, L;) reduces to

gi q;
V(ﬁ,-,[,j):eaieaj/ ds/ dtd(s — DV(IXi + A i () = X; — doym; (D). (2.36)
0 0

At large distances, V behaves as the Coulomb potential between point charges g;e,, and
qgjea;s 1.. V(Li, L) ~ qiqjeqeq; /|X; — X;|. Therefore, usual Mayer diagrammatics for
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0 A ! lo
| : : : =
e? e? exp(—kr) e2\2
o~ o~ o~
r r

Fig. 4 Order of magnitude of effective potential ¢ at various distances. Inregion A < r <, interactions are
exponentially screened according to Debye potential. For r > [, ¢ is dominated by (unscreened) multipolar
interactions

loops are plagued with long-range divergences. As in the case of classical Coulomb fluids,
they are removed by summing infinite chains built with V. This amounts to replace V by
screened potential ¢ which can be viewed as the quantum analog of Debye potential [13].
The explicit formula for the Fourier transform of ¢ is recalled in Appendix A:. Its spatial
behaviors, according to the hierarchy of scales displayed in Fig. 1, are roughly summarized
in Fig. 4, where only orders of magnitude of ¢ are given (we set r = |X; — X;| and omit
all shape dependences which occur for r < A or [y < r). Notice that familiar exponential
decay of ¢ breaks down at large distances r > . The asymptotic dipolar behavior of ¢ is
sufficient for ensuring that every graph built with ¢ is finite [2, 3].

As detailed in [8], so-called screened cluster expansion for protonic density p, follows
from an exact transformation of formal Mayer diagrammatics for loop density p(£,) which
provides

Py = S(G)/mc )Z3(C, )qa/]'[D(C)z ©|[17], @3

(a similar expression holds for p,). In (2.37), bare potential V is replaced by screened po-
tential ¢. Graphs G are identical to usual Mayer graphs, where points are now particle
clusters, except for some specific rules (arising from the replacement of V by ¢) which are
described below. Each cluster C; (i =0, ..., n) contains Ni(p ) protons and Ni(e) electrons.
The internal state of a cluster C(N,, N,) (C € {C;,i =0, ..., n}) is determined by L, and
L, loops (6(“), ey L(L";)) in which the N, protons and N, electrons are distributed (in root

cluster Co = C,, EY’ ) is identified to L, which contains the root proton). Integration within
phase space measure D(C) reduces to the sum over all possible distributions of particles
into loops combined with integrations over loop positions and shapes (with Xg” ) = X, fixed

at the origin for loop Lg” ) = L,). Statistical weight Z q{ (C) for a cluster C(N,, N, ) reads
=1 Z¢>(/~1(p)) l_[k 1 2¢(£ (E)) BT
l_L, @ TTE ne(g)!

where n,(g) is the number of loops containing ¢ particles of species a (for Cy, n,(q.)! is
replaced by (n,(q.) — 1)!). Weight z4 (L) reduces to

DAL, (2.38)

zl ) =

2¢(L) = z(L) exp[Ir(L)] (2.39)
with ring sum /(L) given by
1
Ir(£) = 5/D(Cl)z(ﬁl)ﬁV(ﬁ,£1)ﬁ¢(£1,£)- (2.40)
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Truncated Mayer coefficient BdT,’  1s defined by a suitable truncation of usual Mayer coeffi-
cient By y for N loops with pair interactions ¢. This truncation ensures that Bg’ y remains
integrable over relative distances between loops when ¢ is replaced by V. First truncated
Mayer coefficients are

B*9* B¢’
TRETRE

By,=1.  Bj,=exp(—f¢)— 1+ B¢ — (2.41)

Bond F4(C;, C;) can be either —®, p2®? /2!, —B3®3 /3!, where total potential @ (C;, C;)
is the sum of pairwise interactions ¢ (£, L) over loops £ and £’ defining internal states of
C; and C; respectively.

As for ordinary Mayer diagrams, two clusters are connected by at most one bond, and
graph G is connected. Here, symmetry factor S(G) is computed by permuting only clusters
with identical numbers of protons and electrons. Moreover, for a cluster C different from
C,, the internal state of which is determined by a single loop Ega), when C is either, the
intermediate cluster of a convolution (—8®) * (—®), or connected to the rest of the graph
by a single bond B2®? /2!, expression (2.38) of its statistical weight must be replaced by

Z3(C)=z4(LY) — 2(LY). (2.42)

Eventually, summation in (2.37) involves only graphs G which are no longer integrable over
relative distances between clusters {C;,i =0, ...,n} when ¢ is replaced by V. Screened
cluster expansion for the pressure is inferred from use of (2.37) in thermodynamics identi-
ties, as described in Sect. 4.

3 Estimations of Ideal and Non-Ideal Contributions to Fugacity Expansions of
Particle Densities

Now, we proceed to asymptotic estimations, in the Saha regime, of all contributions to
p = p, in screened cluster expansion (2.37). Every contribution to p, is expressed, simi-
larly to (2.15) and (2.16), as p* times a power of y, and times a dimensionless temperature-
dependent function. This provides a formal representation of p/p* in powers of y, where
the coefficients depend only on temperature (see (4.2)). At low temperatures, every coef-
ficient decays exponentially fast. In Sects. 3.1-3.6, we select all contributions which are
smaller than leading terms (2.15) and (2.16) (divided by p*) by exponentially decaying
factors of maximum order exp(BEy) (8 — 00). In Sect. 3.7, we show that all other contri-
butions decay faster by factors exponentially smaller than exp(8 Ey). Beyond leading ideal
contributions of ionized protons (2.15) and hydrogen atoms (2.16) (which are recovered
in Sects. 3.1 and 3.2), we determine first corrections arising from their mutual interactions
(Sects. 3.1, 3.4, 3.5 and 3.6). Such corrections are at most of order (p!?, )%, so they are
smaller than leading terms by exponential factor exp(8 Ey). We also study ideal-like contri-
butions of recombined entities, molecules H,, ions H~ and H;r (Sects. 3.3 and 3.6) which
must be accounted for at that order. In the following, a graph with N, protons and N, elec-
trons will be obviously denoted Gy, n, (for N, + N, > 1, there are several graphs with
identical particle numbers).
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Fig. 5 Graphs representing
simple entities: a ionized proton
and b hydrogen atom

() (b)

3.1 Ionized Proton and Plasma Polarization

An ionized proton appears in graph G (see Fig. 5a) made with the sole root cluster C,

containing a single proton. The internal state of C, is defined by the sole protonic loop P
with g, = 1. The contribution of G to (2.37) then reads

f D(E,)z4(LP) = / D(&,) exp(Ir(LP)). (3.1)

Qr )\2)3/2

We stress that collective effects are embedded in ring sum /g (£E,p )). Thus, strictly speaking,
G describes an ionized proton dressed by the surrounding plasma of ionized protons and
electrons. Within the present framework, that dressing mechanism accounts for the familiar
plasma polarization induced by an immersed charge.

In the Saha regime, ring sum /g (ﬁﬁ,p )) can be evaluated by using the exact expression of
¢ (see Appendix A:). The corresponding asymptotic behavior can be easily recovered via
the following simple estimation of convolution integral (2.40). At leading order, only terms
g1 =1 (a1 = p, e) need to be retained into D(L;). Moreover the integration over position
X is controlled by relative distances |X; — X, | of order ¥ ~!. At such distances, ¢ (£, Lff’ ))
can be replaced by its Debye form, while V(L,(f’ ), L) merely reduces to eey, /|X; — X,|.
This gives

Be’k? exp(—«|X; — X,|)  Bek
I £<P>~—/dX/D ~ : 3.2
R(EY) ~ 2 ] Pe0 =% xn . (3.2)

in perfect agreement with the detailed analysis of Appendix A:.
Since Be’« is small (see Fig. 1), dressing effects in (3.1) can be treated perturbatively by
expanding exp(/g ([,ff’ ))) in powers of Ix. The resulting leading contribution of G o reads

o A2)3/2/ D&, )_m P;,d=,0*)/, 3.3)

where functional integration over &, merely reduces to 1 by normalization of Gaussian
measure D(§,). That leading term reduces to ideal Maxwell-Boltzmann density of ionized
protons (2.15) (i.e. bare contribution z, By o as it should).

Taking into account (3.2), we find that first correction to (3.3) is rewritten as

g Be'k
(2n Wﬂf DEMRES) ™~ Gy k2)3/2/8€K f pE) =25 6

Contribution (3.4) involves a factor z*/?, and hence a factor >/ times exp(38E/2). One
factor exp(8 Ep) may be absorbed into the prefactor p*. It remains a factor exp(BEg/2),
which multiplies the remaining part of the contribution. Therefore, we rewrite (3.4) as

2
pil—— fex

=07 832(1,0) exp(BE s /2). (3.5)
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where we define screening function

(BIEu|)**

$32(1,0) = Y

(3.6)
Index 3/2 of screening function refers to the power of y and (1, 0) to the single proton
cluster. All subsequent contributions will be written according to the same prescription.

First correction (3.4) accounts for familiar plasma polarization induced by a single proton
(i.e. cluster (1,0)) at lowest order. Its simple structure results from the almost classical
and weakly coupled nature of the plasma mentioned in Sect. 2.3. Higher order collective
corrections proportional to y? (with p integer or half-integer), can be rewritten similarly to
(3.4) via the definition of screening functions S, (1, 0) which depend only on 8. For instance,
next correction to (3.4) merely reduces to

p*y2Sy(1,0)exp(BEn), (3.7)
with
_ (BIEx)*? 2m\ '"*\ BIEx|
S»(1,0) = o (1 + <m_,,> ) . (3.8)

The first contribution in the r.h.s. of (3.8) arises from the quadratic term in the expansion
of exp(/g ([,f,p ))), while the second one arises from the linear term where loop-shape depen-
dence of Ip (/L;p )) beyond classical form (3.3) is taken into account (see (A.11)). Further
corrections are exponentially smaller than (3.7) as shown in Appendix A:.

The dressing mechanism associated with plasma polarization occurs for any particle in
all other graphs Gy, v, . At lowest order, every ring factor exp(/g) can be replaced by 1, and
first corrections are obtained by using (3.2).

3.2 Hydrogen Atom: Recombination and Dissociation Contributions

A hydrogen atom is expected to appear in graph G ; made with single root cluster C, (see
Fig. 5b). The contribution of G ; reads

/ DE,)zs (L) / axX, f D(E )2 (LB (LD, L)

_ 4zpze
T (27A2)3

/ D(E,) exp(Ir(a) / ax, f D) exp(Ir(1))

(3.9

_PP@ | ﬁ3¢>3<a,1)]
2! 3!

X [GXP(—ﬂfﬁ(a, D)=1+p¢(a. 1)

(with obvious simplified notations for the dependence of I and ¢ on loops £ and [,ge)).
In (3.9), protonic loop L’ép ) and electronic loop E(f) contain one proton (g, = 1) and one
electron (¢, = 1) respectively. Each of those particles are dressed like the ionized proton in
G . Furthermore, their mutual interaction ¢ involves screening effects, which are also due
to the surrounding plasma of ionized protons and electrons. At leading order, since ¢ (a, 1)
reduces to V at finite distances |X; — X, | (see Appendix A:), B; (a, 1) can be replaced by
BT (a, 1) defined by (2.41) with V in place of ¢. The resulting bare contribution of G, i, as
well as first corrections due to collective effects, are successively estimated as follows.
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3.2.1 Bare Contribution in the Vacuum

The bare contribution of G ; reads

42,2
S [ axi [ peane)

B*V3(a,1) BVia,1)
2! 3!

X |:exp(—,8V(a,1))— 14+8V(a,l1) — ] (3.10)

In (3.10), functional integrations over shapes &, and &, can be exactly rewritten in terms of
matrix elements of suitable operators by applying backwards Feynman-Kac formula (2.32).
For the exponential factor in B (a, 1), we obviously obtain

1
Qma2y P 2ma)

= (Ruri|exp(—=fHy,1)|Rery) (3.11)

/ DE,YD(E,) exp(—BV (a. 1)

with R, = X, and r; = X|. Functional integrations of powers of V(a, 1) in B (a, 1), are
related to the corresponding terms arising in Dyson expansion of (R,r;|exp(—B8H, 1)|R,r1)
with respect to interaction part Vi ; of H; ;. Moreover, let us introduce position R* =
(m,R, +m,ri)/M of the atom mass center, and one-body Hamiltonian H), of relative
particle with position r* = r; — R,. Then, bare contribution (3.10) becomes

)/2

o T2, Dep(BER), (3.12)
with
Z(,1) = WTr[eXP(—ﬁHl,l)]&ayer
—4 f dr (5 [exp(— B Hyo) yaye 1), (3.13)

where [exp(—BH pe)]](,,ayer stands for truncated Mayer operator

[eXP(—/SHpe)]{/Iayer
= exp(—BHye) — exp(—BK )

B
+ / df] CXP[—(,B - TI)er]Vpe CXP[—TI er]
0
B 7]
- / dTl / dTZ eXP[—(,B - fl)er]Vpe exp[_(Tl - TZ)er]Vpe CXP[—Tzer]
0 0

B 7 )
+ [ Cdn [ Ve [ drexpl= (8~ r KV, expl—(r ~ K]
0 0 0
X Vpe eXP[_(TZ - T3)er]vpe eXP[—T3er] (314)

(Kpe=—h*A/(2m) and V,, = —€*/r).
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Partition function (3.13) is similar to the so-called direct quantum virial function first
introduced by Ebeling [23] (see Sect. 4.1). It incorporates contributions from both bound
states (recombination of proton and electron into an hydrogen atom) and diffusion states
(dissociation of an hydrogen atom into ionized proton and electron). Contrary to the trace of
[exp(—BHpe) IMayer> Z(1, 1) is finite because (r*|[exp(—,3Hpe)]{,[ayer|r*) decays as 1/(r*)*
at large distances. Though truncation in [exp(—B8H, 17@)]1{/[ayer can be traced back to collective
screening effects, Z(1, 1) depends only on temperature, and no longer on density.

In order to estimate (3.13) at low temperatures, we can heuristically extend the very sim-
ple argument used in Section 2.3 for estimating B, ;. For r* ~ ag, contribution of ground
state Yo (r*) of Hp, to (r*|exp(—BH,,.)|r*) exponentially dominates all other contributions
because of the finite gap between Ep and the rest of the spectrum. Moreover, truncated
terms in [exp(—B8H pe)]gdayer, which are crucial for ensuring the finiteness of the trace, do not
generate exponentially growing terms at low temperatures, because they only involve Gibbs
operators associated with kinetic Hamiltonian K ,.. Therefore, the leading behavior of (3.13)
when 8 — oo, obtained by replacing (r*|[exp(—,BHp€)]T|r*) by [Yo(*)|?exp(—BEy),
merely is

Z(1,1) ~4exp(—BEp). (3.15)

Beyond the previous heuristic argument, we present in Appendix B: a non-perturbative
derivation of (3.15), which is quite useful for further purposes (see Sects. 3.3 and 3.7) since
it provides convincing low-temperature estimations of quantities similar to (3.13) involving
three or more particles.

Eventually, according to formula (3.12), the leading bare contribution of G ; reads

which is nothing but ideal contribution (2.16) of hydrogen atoms in their groundstate. Be-
yond leading term (3.16), the rest of the bare contribution of G, ; can be rewritten as
2

p*%zm(l, 1)exp(BEx), (3.17)

with Z,.(1,1) = Z(1,1) — 4exp(—BEy). At low temperatures, leading contribution to
(3.17) arises from the first excited level (E 2) = E/4) of the hydrogen atom and reads

3BE
2p*yzexp( '34 H). (3.18)

It can be viewed as the ideal density of hydrogen atoms in their first excited state. As ex-
pected, that level is less populated than the ground state by exponentially decaying Boltz-
mann factor exp(38 E /4) associated with energy difference Eg) — Ey = —-3Ey/4 (apart
from the trivial factor 4 arising from orbital degeneracy of the first excited state).

If the identification of atomic states contributions (like (3.16) or (3.18)) makes sense in
the zero-temperature limit defining Saha regime, at finite temperatures the definition of an
atomic part Zy in Z(1, 1) is arbitrary, as it has been noticed for a long time (see Ref. [39]
and references quoted therein). That ambiguity is related to the fact that contributions of
bound states with |E;§’)| < kgT cannot be disentangled from that of diffusion states since
they have the same order of magnitude. A possible definition of Zy is a finite sum of terms
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analogous to (3.18) up to p,,., such that IEg’m‘”)| =~ kgT: that procedure accounts for ex-
pected thermal ionization which prevents the existence of highly excited hydrogen atoms in
so-called Rydberg states. As emphasized in Ref. [39], only the full contribution embedded
in Z(1, 1), obviously independent of above arbitrariness, is relevant for thermodynamics.
Notice that diffusion state contributions describe (unscreened) short-distance interactions
between ionized proton and electron. Such contributions are similar to that involved in G,
(see Sect. 3.3), and they are smaller than ideal contribution (3.16) by exponential factor
exp(B Ep) apart from powers of .

3.2.2 Collective Corrections

The first contributions of G ; due to collective effects are obtained by expanding, in (3.9),
ring factors exp(/g(a)) and exp(Ig (1)) in powers of Ig(a) and I (1), and Mayer coefficient
B;(a, 1) in powers of (¢ — V)(a, 1). At lowest order, Iz(a) and Ix(1) behave as Be’k/2,
while (¢ — V)(a, 1) behaves as e’k at distances r < Be?. Therefore, first polarization cor-
rections, which are smaller than leading bare contribution (3.16) by an extra factor Be’k,
cancel out: an Hydrogen atom, which is a neutral entity, does not polarize its surrounding
plasma at lowest order.

Collective corrections to (3.16) are then determined by the behavior of I and (¢ — V)
beyond the previous simple constants. In other words, the bare proton-electron Coulomb
potential is modified, beyond the familiar Debye shift, by a coupling between quantum fluc-
tuations of both particles and the surrounding plasma. That effect cannot be incorporated
into an effective potential. The corresponding calculation, performed in Appendix A:, gives
at lowest order,

Py’ S3(1,1) exp2BEn), (3.19)

where screening function S3(1, 1) for cluster (1, 1) is given by (A.16). Contribution (3.19)
is exponentially smaller than (3.16) by factor exp(S8 Ey) and must be retained at that order,
because S3(1, 1) behaves as a power of 8 times exp(—BEpy) (see (A.17)). As shown in
Appendix A:, higher order collective corrections decay exponentially faster than (3.19).

3.3 Other Complex Entities
3.3.1 Two-Proton Cluster

A two-proton cluster is described by graph G,( made with single root cluster C, (see
Fig. 6a). There are two possible loop configurations for the internal state of root cluster
C,: either the two protons belong to two different loops £ and EEP ), or they belong to a

single loop £ . The corresponding contribution reads

/ D&,z (L) f axX, f D& )zp (L)BL LD, L) + f D224 (LP)

4 2
- (znz)f:z)p /Xm/D(Sa)D(&)eXP(IR(a))eXp(IR(I))
242 ’1 3,3 ’1
x [exp(—w(a, D)~ 14 Bga 1)~ 2 ¢2(fl ) P ¢3<'a >}
2z§7
T @maz)n / D(n,) exp(Ix(a)) exp(—BU (a)). (3.20)
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o®
oY )

(a) (b) () (d)

Fig. 6 Graphs representing various complex entities: a two-proton cluster; b molecule Hj; ¢ ion H2+ ;
dion H™

Like (3.9), (3.20) incorporates collective effects, i.e. dressing of each proton and screening
of their mutual interactions.

At leading order, after applying backwards Feynman-Kac formula (2.32), we find that
the bare contribution of Fig. 6a reduces to

ol (3)3/22(2 0)exp(BEx) (3.21)
V2 \m, ’ ’
with
(mA2)3?
2(2,0) = —— Trlexp(—B Ha.0) luyer

=/dl‘*{2(l‘*I[GXP(—ﬁpr)]Qayerll‘*)—(—1'*|6Xp(—ﬂpr)ll‘*)}- (3.22)

In (3.22), H,, is the one-body Hamiltonian of relative particle with position r* = R; — R,
and mass m,, =m,/2, H,, = K,, + V,, with K,, = —h*A/(2m,,) and V,, = €*/r.
Moreover, [exp(—,Bpr)]l{,[alyer is defined as (3.14) with K, and V,, in place of K, and
V,e respectively. Like Z(1, 1), Z(2, 0) is also merely related to Ebeling quantum virial func-
tions (see Sect. 4.1). Thanks to truncation in [exp(—B8H pp)]&ayer, the integral over r* does
converge contrary to the integral in (2.25) that formally defines B, . Because of the con-
tinuous nature of the spectrum of H,,, which starts at zero, Z(2, 0) behaves as a power law
at low temperatures. Contribution (3.21) then decays faster than p* by exponential factor
exp(B Ep) (discarding powers of §).

Collective corrections to (3.21) arise from expansions of ring factors and of Mayer coef-
ficient in (3.20). At lowest order, we can use Iz (a) ~ Iz(1) ~ Be*«/2 and (¢ — V)(a, 1) ~
—e’k (r < Be?) for g, = g = 1, while Iz(a) ~ 2Be*k for g, = 2. Therefore, the first polar-
ization correction to (3.21), which can be treated at a purely classical level, is smaller than
p* by factor exp(3BEg/2).

3.3.2 Molecule H,

Contribution of a molecule H, is embedded in graph G, ; made with the single root cluster
C, containing two protons and two electrons (Fig. 6b). Again, dressing of particles as well
as screening of their mutual interactions can be treated perturbatively in the Saha regime. At
leading order, the resulting bare contribution of G is then transformed into

*4«/51/)1
p M

3/2
V'35 —) Z(2,2)exp(3BEn), (3.23)
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with

2r33,)%

7(2,2) = + Tr[exp(—B Hz.2) layer

= (277)\%12)3/2/dedrldl’z{4(RaR11‘1r2|eXP(—5H2,2)|RaR1I‘11'2>

—2(RiRyrry| exp(—BH, ) IR R 1 17)
— 2(R Ryror | exp(—=BH,2) IR R 1 17)
+ (RiRyror | exp(—=B H, 2) IR R X 1p) + -+ -} (3.24)

(Am, = (BR*/(2M))'/?). Like (3.14), truncated Mayer operator [eXP(—,BHz,z)]{/Iayer is de-
fined as a suitable truncation of [exp(—pH> ) ]mayer inherited from the structure of coeffi-
cients Bgy v (N =1,2,3,4). In addition to the terms already present in [exp(—B H> ) IMayer>
that truncation involves products of imaginary-time evolutions of interaction potentials
between subsets of two protons and two electrons (for our purpose, it is not neces-
sary to detail here all the numerous terms involved in that truncation). This ensures that
[exp(—p H2,2)]1{/1ayer has a finite trace contrary to [exp(—BH> 1) mayer-

Similarly to (3.13), partition function (3.24) incorporates contributions from both re-
combination into molecules H,, and dissociation (interactions at short distances between
atoms H, ions H,', ions H~, ionized protons and ionized electrons). At low temperatures,
the leading behavior of Z(2,2) is determined by applying the method described in Ap-
pendix B:. A key ingredient is the discrete nature of the spectrum of H,, (discarding the
trivial contribution of the center of mass) near its infimum. Moreover, we assume quite
weak bounds for three- and four-body Coulomb Green functions, inspired in part from their
known exact two-body counterparts [36]. Then, we show that leading contribution to Z(2, 2)
arises from the first four terms in the r.h.s of (3.24) evaluated for the ground state of mole-
cule H, with energy Ep, = Eéog Thus, despite truncated terms beyond matrix elements of
exp(—pB H, ) not written explicitly in the r.h.s. of (3.24), are crucial for ensuring finiteness
of Z(2,2), they do not affect its leading low-temperature behavior which merely reads

Z(2,2) ~exp(—BEwy,) (3.25)

when 8 — oo. Since H, contains two protons, the resulting contribution (3.23) is twice ideal
density ,oziz of molecules H, in their para-groundstate where the two protons, as well as the
two electrons, have opposite spin orientations, while the total angular momentum is zero.

First thermal corrections to (3.25) arise from molecular excited states. Contrarily to the
atomic case, such states are not exactly known. However, according to the usual phenom-
enology, they are expected to be well described by para-states and ortho-states (the two
protons have the same spin orientation) with non-zero angular momenta describing global
rotations of the molecule [42]. Moreover, excited states with still higher energies can be
associated with proton vibrations and ultimately electronic excitations [42].

Beyond above purely molecular terms, Z(2, 2) also incorporates short-range contribu-
tions which account for interactions between products of molecular dissociation, as well as
the corresponding exchange effects. Similarly to the case of Z(1, 1) where atomic contribu-
tions are mixed to those of interactions between ionized-charges, the extraction of either a
molecular part Zy, or an atom-atom contribution in Z(2, 2), remains arbitrary. Again, that
arbitrariness does not cause any trouble for thermodynamics which depend only on the full
contribution Z(2,2).
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Collective corrections to (3.23) embedded in G, , can be studied as above (see Sect. 3.2).
Like atom H, molecule H, is neutral so it does not polarize (at lowest order) the surrounding
plasma. First collective corrections are then smaller than (3.25) by an extra factor (Be’k)?
of order exp(BEp). Therefore, they are smaller than p* by a factor exp[(4Ey — Ep,)],
which is itself exponentially smaller than exp(B8Ey) by virtue of inequality 3Ey < Ey,.

3.3.3 Ions H™ and H2+

Tons H;r and H~ appear in graphs G, ; (Fig. 6¢) and G, (Fig. 6d) respectively. The corre-
sponding bare contributions are rewritten as

3 3/2
* y me(M + mp)
and
3 3/2
* y mp(M + me)
P ?TZ(T Z(1,2)exp(2BEn), (3.27)
with
(2722 )2 )
Z22,1) = Tz Tr[exp(—,BHg,l)]Mayer (3.28)
and
(anz, 3/2 T
Z(1,2)= — A Tf[exp(—ﬁHl,z)]Mayer (3.29)

gy = (BR?/(M + mp))'? and Ay- = (BR*/(M + m,))'/?). Truncated Mayer operators
[exp(—B H,, )]1{,layer and [exp(—BH 1,2)]{4@er are defined similarly to [exp(—B H2,2)]1{/1ayer and
[exp(—pB Hl,l)]{/[ayer' The low-temperature behaviors of (3.26) and (3.27) are determined by
applying the method described in Appendix B:. As for (3.13) and (3.24), truncated terms

beyond exp(—pB H,, ;) or exp(—pB H, ) do not contribute at leading order. Therefore, we find
that (3.26) behaves as

*y_3(me(M—|—mp)
8

32
M2 ) CXp[,B(ZEH - H+)] = 2'0H+’ (3.30)

where ,o + is the ideal density of ions H, in their groundstate with energy E Hf = E;Of,

which is doubly degenerated because of electron spin. Similarly, we obtain leading behavior
of (3.27), i.e.

3 M +m, 3/2 .
%(%) explBQREy — Ey-)] = pyy-. (3.31)

where pi¢ i~ 1s the ideal density of ions H™ in their groundstate with energy Ey- = E f(g,
which is doubly degenerated because of proton spin. Like (3.23), those ideal contribu-
tions decay exponentially faster than p* in the Saha regime. Density effects embedded
in G,; and G, are similar to those encountered above for an ionized proton. They
provide contributions which are smaller than p* by factors exp(B(SEy/2 — E H2+)) and

exp(B(SEy/2 — Eg-)), while such factors are themselves exponentially small compared
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to exp(BEg) by virtue of inequalities 3Ey /2 < EH2+ and 3Ey /2 < Ey- (see numerical
values given in Sect. 2.3).

3.4 Interactions between Ionized Charges beyond Polarization Effects

Since the Saha regime is quite diluted and weakly coupled (see Sect. 2.3), leading con-
tributions of screened interactions are embedded in the polarization mechanism described
in Sect. 3.1 for a graph with a single particle. This provides well-known Debye correc-
tion (3.4). Beyond that mean-field contribution, next contributions of interactions between
ionized charges arise from graphs involving two particles, namely G; ; and G, shown in
Figs. 5b, 6a and 7a—c. As quoted above, graphs made with one cluster (Figs. 5b and 6a)
involve contributions of unscreened interactions at short distances. Graphs made with two
clusters, C, (one proton) and C; (one proton or one electron), connected by a single bond
F4(Cq4, Cy) which can be either —B® (Fig. 7a), B2®? /2! (Fig. 7b), or —p>®3/3! (Fig. 7¢),
account for large-distance screened contributions which are estimated as follows.
Graphs shown in Fig. 7a (with o = p, ) provide contribution

—B / dX; / D(E)DE )z (L) zp (L (LD, L) + 25 (LD (L), £1))]

48z

- 2 » @)
X [W eXp(IR(ﬁlp ))¢(£ap 7£]1 )

Ze e e
t G exp(Ir (LN (LY, L] >)]. (3.32)

The expansion of ring factors exp(Iz (L)) and exp(Ix (Ci” ))) provides a first contribution
which vanishes by virtue of identity (A.3) derived in Appendix A:. The first non-vanishing
contribution arises from linear terms g (ﬁﬁp )) and Ig (ﬁﬁe)) where loop-shape dependences
beyond classical behavior (3.2) are included. At lowest order, ¢ can then be replaced by its
classical Debye form, and the resulting leading contribution of Fig. 7a is

2

—p"S18:(1,0) = $,0. Dexp(BEn) (3.33)
with
_ (BIEg)? 2m\'*\ BIEy|
$(0,1) = ﬁ — <1 + (m—e> )T (3.34)

(a) (b) (©)

Fig. 7 Graphs describing screened interactions between one proton and one electron (« = e), or between
two ionized protons (o = p)
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which follows from (A.11). Further contributions decay exponentially faster than

p*exp(BEn).
Because weight of cluster C, has specific form (2.42), contribution of Fig. 7b reads

2
:8 /dX1/D(§ )D(E )Z¢(£(P))[(Z¢([’(P)) Z(ﬁ(p)))(ﬁ (E(p),[,ip))

+ (2o (L) — 2(LNG* (LD, £I)]

_ 2 / ax, f D(E)D(E,) exp(Ix (L))
Qra2) “ ‘

) [(2?»72)3/2(6"1’(11?(5(”))) DL, £P)

t a7 §2)3 5 (expUR(L)7) = DO (LY, Ei“)] (3.35)

At lowest order, we can replace factors (exp(/g (Eip ))) — 1) and (exp(Ig (ﬁﬁe) )) — 1) by
Be*k /2 on one hand, and ¢ by its classical Debye form on another hand. This provides the
leading contribution of (3.35)

3,6
anBe exp(—2«|X; — X, |)
—_— dX
(,OP) 5 K/ 1 X, —X.|2

=7(p,)?Be® = p*y?[W(1,0[1,0) + W(1,0[0, )]exp(BEn) (3.36)

with

(BIEu])*?
IV

in agreement with asymptotic formula (A.6) derived in Appendix A:. Functions W can
be interpreted as resulting from effective interactions between ionized charges generated
by quadratic fluctuations of ¢. Next corrections to (3.36) decay exponentially faster than
p*exp(BEy), as inferred from (A.6) and (A.11).

Eventually, contribution of Fig. 7c is

W(1,0|1,0) =W(1,0]0,1) = (3.37)

_n3
:3 /XmfD(E )YD(&, )Z¢([,(p))|:z¢(£(p))¢ ([’(p)’ﬁgp))+Z¢(£§e))¢3([,;p)’£§e))j|
- Wfdxlfp(g )D(gl)exp(lR(g(p)))

* [WGXP(IR(E(")))QS P, £

Ze e e
Gy SPURENG (LD L 5], (3.38)

@ Springer
A-28



Exact Results for Thermodynamics of the Hydrogen Plasma

with g, = ¢, = 1, ni" =&, and " = £,. All collective effects can be omitted in (3.38) at

lowest order, so leading contribution reads

2o BIERD

12]_[3/2 exp(ﬂEH) (339)

with numerical constant ¢, given by (A.8). Next corrections to (3.39) decay exponentially
faster than p*exp(BEy).

3.5 Interactions between an Atom and an Atom or an Ionized Charge

As argued in Sect. 2.3, atoms H are expected to be weakly coupled under Saha conditions,
like ionized charges (see Sects. 3.1 and 3.4). Leading contributions of interactions between
atoms and ionized charges should then involve either two atoms or a single one. As quoted
in Sect. 3.3, short-range parts of those contributions are embedded in Figs. 6b—d made with
a single cluster. Here, we consider other graphs made with two clusters which account for
complementary parts including long-range effects.

3.5.1 Atom-Atom Interactions

Figures 8a—c describe interactions between two atoms. Contrary to the case of ionized
charges, screening effects can now be omitted at leading order, because each atom is neu-
tral. In other words, potential @ (C,, Cy) between clusters C, and C; can be replaced by its
bare counterpart V (C,, C;), which decays as a dipolar interaction (the corresponding 1/R>-
decay is sufficient for ensuring integrability in Fig. 8a for symmetry reasons). Of course,
in statistical weights defining internal states of C, and Cj, collective effects can be also
ignored at leading order. Then contribution of Fig. 8a vanishes by symmetry, while the re-
sulting bare contributions of Figs. 8b and 8c can be rewritten in terms of matrix elements of
Gibbs operators by applying backwards Feynman-Kac formula (2.32). Leading contribution
of Fig. 8b reads

Zf,Z‘Z3 / dR,drdr, { 16(R, R 1 15|

B T
X / dtl / er exp[_(ﬁ - rl)(Hat + Hat)]Vat,at
0 0
X CXP[—(Tl - 72)(Hat + Hat)]Vat,at

x exp[—T2(Hy + Hay) IR R 1) + - - '}, (3.40)

where H,, = H;  is the Hamiltonian of a single atom, while V,, ,, is the interaction poten-
tial between two atoms. Terms - - - in (3.40) have a structure analogous to those subtracted

(—C2 =
(@) (b) ()

Fig. 8 Graphs accounting for interactions between two hydrogen atoms
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from exp(—pBH),,) in (3.14). The corresponding truncation, inherited from that in the BT’s,
is analogous to that defining individual atomic partition functions: it ensures that spatial in-
tegration over Ry, ry, r, does converge. An expression similar to (3.40) can be obtained for
Fig. 8c.

Full bare contribution of Figs. 8b and 8c takes the form (see Appendix C:)

o y*W (1, 1|1, D) exp3BEn), 3.41)

discarding terms which decay exponentially faster than p*exp(BEgy). When f — oo,
W (1, 1|1, 1) behaves as

Cat,at
W, 1)1,1) ~ . —2BE 3.42
(L1 D) ~ S s exp(—2 ) (3.42)

where c,; 4 1s the pure numerical coefficient (C.1). Function W (1, 1|1, 1) accounts for un-
screened interactions between two hydrogen atoms in their groundstate. Contributions from
both short and large separations R are involved. In particular, contributions from familiar
van der Waals interactions Ug_p(R) = —Ag_g/ R® (with positive constant Agy_g com-
puted from quantum perturbation theory at zero temperature [42]), do emerge through the
large-distance (R = |R] — R}| > Ay) behavior

B 7]
(R.Ry x| / ar, f a2y expl— (B — 1) (Har + Hor) Vs
0 0

x exp[— (71 — 12) (Hy + Hut)1Var,ar €Xpl—12(Hy + Ha) IR R 1i12)

__exp(=2BEp)

EIPERE Yo DI 1Yory) P BUL—n (IRT = R3)), (3.43)
H

for spatial configurations r} ~ r; ~ ap and sufficiently low temperatures.

Collective corrections to (3.41) are exponentially smaller than its leading behavior. No-
tice that they arise from various effects: plasma polarization associated with ring factors
exp(/r), Debye exponential screening of interactions at scales k!, and also modification of
1/RC-tails at distances larger than [ as detailed elsewhere [9].

3.5.2 Atom-Proton and Atom-Electron Interactions

Figs. 9a—f account for interactions between one atom H and a single ionized charge. Lead-
ing contribution of Fig. 9a (obtained by replacing ring factors by 1) vanishes by virtue of

(@) (b) (c)
OmD =D
(d) (e) ®

Fig. 9 Graphs accounting for interactions between a hydrogen atom and an ionized charge (o = p or e)
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identity (A.3). Like Fig. 8a, bare contribution of Fig. 9d also vanishes for symmetry reasons.
Therefore contributions of Figs. 9a and 9d decay faster than p*exp(BEy). Figs. 9e and 9f
provide contributions obviously identical to that of Figs. 9b and 9¢ with o = p. In Figs. 9b
and 9c, all collective effects can be neglected at leading order, in particular ¢ (C,, C;) can
be replaced by bare potential V(C,, C). Within that substitution, integrability at large dis-
tances R between C, and Ci, is obviously ensured thanks to dipole-charge 1/R? decay of
V(C,, C1). The resulting bare contributions of above graphs are rewritten in terms of matrix
elements of Gibbs operators similarly to (3.40). For instance, bare contribution of Fig. 9b
with o = p reads

B T
Sz [ aRan(BRRn| [ dn [ dnexplo(8 — v (Ha+ Hy) Vo
0 0
X eXP[—(Tl - 7-'2)(Hat + Hp)]vat,p exp[_TZ(Hat + Hp)]lRaR1r1> +-- } (344)

where H, = H,  is the Hamiltonian of a single proton, while V,, , is the total interaction
potential between an atom and a proton. Like in (3.40), terms - - - in (3.44) have a structure
analogous to those subtracted from exp(—pBH,,.) in (3.14), which ensures spatial integra-
bility over R; and r;. Bare contributions of the other considered graphs can be expressed
similarly to (3.44).

As shown in Appendix C:, the full bare contribution of Figs. 9a—f behaves as

p*V 2W(1, 1|11,0) + W(1, 1|0, 1)]exp(2BEx), (3.45)

plus terms which decay exponentially faster than p*exp(8Ey) when 8 — oo. Functions
W(l,1|1,0) and W(1, 1|0, 1) account for unscreened interactions between an atom in its
groundstate and an ionized charge. Their low-temperature behaviors are

Cat,p
wW(,1|1,0) ~ —BEn),
(111,00~ e il exp(BEn)

Cat,e
w(1,1/0,1) ~ ;
(10D 16732(B|Ey|)!/?

(3.46)

exp(—=BEx)

where ¢, , are pure numerical constants (C.3). Long-range contributions to W (1, 1|1, 0)
and W(1,1]0,1) do reduce to that of the attractive interactions Uy_o(R) = —Ay_o/R*
between an atom H and an ionized charge, with positive constant Ay_, = Ay_, computed
within quantum perturbation theory at zero temperature.

First collective corrections result from plasma polarization by the considered ionized
charges, and they reduce to (3.45) multiplied by simple factor Se?« /2 of order exp(BEy /2).
As for atom-atom interactions, part of further density corrections result from screening of
atom-proton or atom-electron interactions at large distances.

3.6 Interactions between an lonized Proton and Charged Clusters

Screened interactions between an ionized proton and charged clusters are embedded in any
graph made with a root cluster C, containing a single proton connected to a charged cluster
C, via abond —B®. As shown below, such a graph provides a contribution which behaves,
at leading order, as that of the part connected to C, through C;. Moreover, that mechanism
enforces charge neutrality (o, = p.) by symmetrizing protonic and electronic contributions
to SCE of p,.
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3.6.1 Two-Proton and Two-Electron Clusters

In Figs. 10a and 10b, C; contains either two protons or two electrons. Leading contribution
of Fig. 10a arises from relative distances between clusters C, and C; of order !, while
relative distances between particles inside cluster C; are of order Be?. For such configura-
tions, @ (C,, C;) can be replaced by its Debye classical form —28e?exp(—« X)/X, where
X is the relative distance between C, and C; (cluster C; carries a total charge 2¢). At the
same time, statistical weights Z; can be replaced by their bare forms. Then, integration
over internal degrees of freedom of C; merely provides half contribution (3.21) of Fig. 6a
made with a single root cluster identical to C: that factor 1/2 arises from the combinatorics
specific to root cluster of any graph (see comment after formula (2.38) and factor ¢, in the
corresponding contribution). Integration over internal degrees of freedom of C, obviously
provides p;d, while the remaining spatial integration over X reduces to

B ,exp(—«X) __87'[,362__L
de[ 2Be e ]— Tk (3.47)

Eventually, leading contribution of Fig. 10a is

V2 [ 'm 3/2
—p*m <—) Z(2,0)exp(BEn), (3.43)

mp

i.e. minus half bare contribution (3.21) of Fig. 6a. Next corrections to (3.47) decay expo-
nentially faster than p*exp(B8Eg). A similar calculation provides leading contribution of
Fig. 10b

p*—yz

232

where we have used that C; carries a charge —2e. Next corrections to (3.49) also decay
exponentially faster than p* exp(BEy).

m \32
(m_> Z(0,2)exp(BEpg), (3.49)

3.6.2 Ions

Leading contributions of Figs. 10c and 10d can be treated as above. Taking into account that
ion H, carries a charge e, we find for Fig. 10c

_p*y_3 me(M +m)
64 M?

3/2
> Z(2,1)exp(2BErw), (3.50)

Fig. 10 Graphs accounting for interactions between an ionized proton and a charged cluster
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i.e. minus one fourth bare contribution (3.26) of Fig. 6¢. For Fig. 10d, no combinatorics
factor 1/2 appears when integrating over internal degrees of freedom of C; because C;
contains a single proton. Since C; carries a charge —e, leading contribution of Fig. 10d
becomes

P 6a M2

i.e. half bare contribution (3.27) of Fig. 6d. Contributions (3.50) and (3.51) can be inter-
preted as the modification of density of ionized protons due to their coupling with ions H,"
and H~ respectively. As mentioned above, those contributions added to that of Figs. 6¢ and
6d provide a full contribution to p, which is indeed identical to that relative to p,. Thus,
charge neutrality is indeed enforced by the structure of SCE (2.37).

Next corrections to (3.50) and (3.51) decay exponentially faster than p*exp(BEy), as
well as all other non-ideal contributions of ions H," and H . Part of such contributions may
be related to modifications of screening length, which are taken into account by summing
suitable chain graphs (we have checked that this does provide the screening Debye length
for a mixture of ionized charges and ions).

3/2
) Z(1,2)exp(2BEy), (3.51)

3.6.3 Other Charged Clusters

Eventually, Figs. 11a—d made with three clusters C,, C; and C;, also provide leading
contributions of order p*exp(BEy) via the same mechanism as above. At leading order,
@ (C,, Cy) can be replaced by its Debye classical form. Then, integrations over internal de-
grees of freedom of clusters C; and C,, and over relative distance X, — X between those
clusters, are identical (apart from obvious substitutions p — e) to those relative to Figs. 7b
(for 11a), 7c (for 11b), 9e (for 11c) and 9f (for 11d). Using again identity (3.47) for integra-
tion over X = X; — X,, and (A.7) for the integral of ¢, we obtain for Fig. 11b (C; is made
with a single particle and carries a charge +e)

. 2 (cp—c)(BIEH])?
4 247302

exp(BEw), (3.52)

and for Figs. 11c and 11d

3
p*%[W(l, 110, 1) — W(1, 1]1,0)1exp(BEx). (3.53)

Total leading contribution of Fig. 11a vanishes by charge neutrality constraint (2.8). Next
corrections to (3.52) and (3.53) decay exponentially faster than p*exp(BEg).

Fig. 11 Graphs of order p* exp(BE ) accounting for interactions between three clusters
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3.7 Contributions with Arbitrary Particle Numbers

The evaluation of any contribution arising from a graph Gy, y, made with at least three
particles (N, + N, > 3), can be carried out by extending the methods described above for
graphs with few particles. The outlines of the analysis are briefly sketched below. We first
proceed to an estimation of the leading contribution. The behaviors of further collective
corrections are discussed afterwards.

3.7.1 Leading Contributions

* At leading order, we make the substitutions exp(/g) — 1 and Bg — BT in any weight
qu (Cy), and (exp(Ig) — 1) — Iy in specific weight (2.42). Moreover, we explicit each
D(C;) in terms of spatial integrations over particle positions and of functional integrations
over Brownian bridges.

* Let consider two clusters C; and C; connected by a bond F4(C;, C;). If one of them
is electrically neutral, i.e. it contains the same number of protons and electrons, ¢ can be
replaced by V in F4(C;, C;). If both carry a net charge, ¢ must be replaced by its Debye
classical form ¢p.

x By virtue of Feynman-Kac formula, functional integrations over Brownian bridges
reduce to matrix elements of either exp(—BHu, m,), or interactions V' evolved according to
exp(—tHu,.m,) (0 <7 < B).

* In graphs only made with bare bonds, integrations over positions of particles provide
a function W accounting for bare interactions between clusters. If Gy, , contains a single
cluster, such integrations give raise to partition function Z(N,, N,).

* When one or more bonds involve ¢p, positions of particles which belong to charged
clusters connected by such bonds, are rewritten in terms of relative positions inside a given
cluster and cluster position (arbitrarily defined as the position of a given particle). Let con-
sider a charged cluster C(M,, M,) (M, + M, # 0), not connected to any neutral cluster.
Integration over its position X can be disentangled from integrations over internal relative
positions, since its internal weight B decays on a scale Se? much smaller than «~! which
controls the decay of ¢p. Integration over its internal relative positions provide partition
function Z(M,, M,). Integration over X is performed by rescaling X in units of «~'. This
provides multiplicative inverse powers of «, with possible logarithmic terms In(xA) arising
from integrands built with ¢3.

* According to above analysis and prescriptions, the leading contribution of Gy, y, can
be rewritten as (apart from a pure numerical coefficient which depends on ratio m,/m )

pry NN R expl BN, + Ne = 1 = P/ EgI [ [ 2] [W (559

where each Z and each W depends only on temperature, while P is a positive integer.
Term y~F/2exp(—PBEy/2) arises from contribution 1/k”, which is generated by both
integrations over positions of charged clusters and specific weights I; proportional to k
(P =0 when Gy, n, contains only neutral clusters).

* The low-temperature behaviors of functions Z and W can be inferred from the meth-
ods exposed in Appendix B:. If there exists a bound state made with M, protons and M,
electrons, partition function Z(M,, M,) then behaves as

exp(—BEy, ) (3.55)
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apart from a multiplicative integer which accounts for groundstate degeneracy. In the other
case, asymptotic behavior (3.55) has to be multiplied by some power of 8. A given inter-
action function W behaves as the product of Boltzmann factors (3.55) associated with each
interacting cluster times a power of .

* According to the above low-temperature behaviors of Z and W, leading contribution
(3.54) of G, v, reduces to p*yNr*Ne=P/2 times a power of B times

exp[B(N, + N, — 1 — P/2)Ey]1] [exp(—BE},) 4,) (3.56)

when 8 — oo. The precise form of factor (3.56) has been studied above for several graphs
Gn,.n,. For all other graphs, we have checked that (3.56) is exponentially smaller than
exp(BEg). In particular, ideal contributions of complex entities made with more than four
particles can be omitted at considered order. The analysis is achieved by using the known
values of EH;, Ey- and Ep, given in Sect. 2.2, as well as inequality (2.31) for M, +
M, > 5. Neutrality constraint (2.8) ensures the cancellation of the leading contributions of
graphs which differ only by ending clusters made with either a single proton or a single
electron: above statement then applies, strictly speaking, to the leading contribution of the
sum of those graphs (for instance, see graphs G ; and G, shown in Fig. 7a).

3.7.2 Collective Corrections

* Collective corrections are obtained by expanding ring factors exp(/g) in powers of I,
and truncated Mayer coefficients Bg in powers of (¢ — V). At the same time, both Iz and
(¢ — V) are expanded in positive integer powers of kA as described in Appendix A:. Then,
integration over cluster degrees of freedom involved in previous expansions, provide screen-
ing functions §. For a given graph Gy, w,, the resulting corrections take the general form

pryNp NP R exp[B(N, + N — 1= P2+ L/DEL [ [Z[[W]]S  357)

with L a positive integer.

* The low-temperature behavior of S is analogous to those of Z and W, and it reduces to
the product of a power of 8 times groundstate Boltzmann factors (3.55) associated with each
cluster involved in S (for instance, see the calculation of S3(1, 1) detailed in Appendix A:).
Thus, and as expected from the weakly-coupled conditions enforced in the Saha regime,
any correction (3.57) arising from Gy, y, becomes exponentially smaller than its leading
contribution (3.54) when 8 — oo. Collective corrections arising from graphs considered in
Sects. 3.1-3.6 have been explicitly computed up to order p* exp(B8 Ey) included. All other
corrections, in particular those arising from other graphs, decay exponentially faster than

p*exp(BEg).

4 Scaled Low-Temperature Expansions

According to the analysis of Sect. 3, we derive the structure of the asymptotic expansion
of p/p* (Sect. 4.1). Then, we proceed to the calculation of the pressure as a function of p
(EOS), by using thermodynamical identities (Sect. 4.2). We derive the corresponding expan-
sion around ideal Saha pressure (1.3), and the first four corrections are explicitly computed.
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4.1 Structure of the Asymptotic Expansion of Particle Density

According to Sect. 3.7, every contribution arising from any graph Gy, v, can be rewritten
as p* times y” times a temperature-dependent function. Power n is integer or half-integer,
n > 1, while y" may be multiplied by integer powers of Iny (it is not necessary to write
explicitly such logarithmic terms since they do not play any role in the following). For a
given n, there is a finite number of contributions proportional to y", i.e. such that N, +
N, — P/2+ L/2 =n. Their sum can be recast as

Py "gn(B)exp(B(n — D Epy). 4.1

Functions g,(B) are expressed in terms of bare partition functions Z(M,, M.) of clusters
(M,, M,), bare interactions W between clusters, and screening functions § which may in-
volve either a single or various clusters. Roughly speaking, the number of involved graphs,
as well as the maximum total particle number N, + N., increase with n.

Taking into account the results derived in Sect. 3, screened cluster expansion of common
particle density p = p, = p, can be formally rewritten as

2

plp* =7 + 5+ 782 xP(BER/2) + v 82.rc (B)eXP(BEn)
+ > v en(B)exp(B(n — 1)Ep) (4.2)
n=5/2

where the sum runs over integer and half-integer values of n. In (4.2), we have extracted in
v2g2(B) exp(BEy) contribution (3.16) of atoms H in their groundstate, while the remaining
part defines g .. (B). First two functions g3, and g .. are

832(B) = $3,2(1,0) (4.3)

according to (3.4), and

1
82.exe(B) = 715:(1,0) + 5(0. DI+ W(1. 0[1,0) + W(1. 0[0. 1)

_ (ep ) BIERD?
2473/

3/2 3/2
+1[zexc<1,1)+(2—m) Z<2,0)+(2—’") Z(o,z)] (4.4)

8 m e

by summing (3.7), (3.17), (3.21), (3.33), (3.36), (3.39), (3.48), (3.49) and (3.52). Notice that
(4.4) is symmetric with respect to permutations of species indexes p and e in agreement
with p, = p,.

We stress that, in the Saha regime, y is a fixed parameter not necessarily small, while
B — oo. Then, functions g, ...(B)exp(BEy) and g,(B)exp(B(n — 1)Ey) with n > 3/2
and n # 2, decay exponentially fast. Thus, the whole sum over »n in (4.2) can be reordered
according to the corresponding decay rates. Each term y"g,(8)exp(B(n — 1)Eg) is then
rewritten as y"h,(B) where k = k(n) is some integer. Functions h; decay exponentially
fast, i.e. hi(B) ~ exp(—pB3d;) (apart from powers of 8), with decay rates §; ranked as 0 <
81 < 8y < ---: hyyy decays exponentially faster than A, when 8 — oo. According to the
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analytic results derived in Sects. 3.1-3.7 on the one hand, and to the numerical values of
Ey,Exy-, EH2+, Ey, (see Sect. 2.3) on the other hand, we find

hi(B) = g32(B)exp(BEn/2), ni1=3/2,
hy(B) = g4(B) exp(3BEH), ny =4,
h3(B) = &2.exc(B)exp(BEH), n3=2,
ha(B) = g3(B) exp(2BEnH), ng =3.

4.5)

Their corresponding decay rates §;, can be found in the table (1.5) given in the Intro-
duction, while all higher-order functions h;(8) with k > 5 decay exponentially faster
than exp(BEpg), i.e. their decay rates §; are larger than |Ey| >~ 13.6. Notice that both
v>%8s2(B) exp(3BEp/2) and y/2g7/2(B) exp(SBE /2) decay faster than exp(BEx), so
both k(5/2) and k(7/2) are strictly larger than 4. Within previous reordering, (4.2) becomes

2 00
pIp" =y +5+ 3y (B, (46)
k=1

At order exp(BEy) included, all terms with k£ > 5 can be omitted in (4.6). Moreover,
for the sake of consistency, it is sufficient to compute functions /; with 1 < k <4 at the
same order (beyond its leading behavior exp(—pB4;), h; involves other exponentially small
contributions). This gives

E 3/4
m@) =P 0 exp(pEn/2), 47
1 m 3/2
hz(ﬂ)=6—4<ﬁ> 22,2 expGBER) + WL 11, DexpGAER),  (48)

1 1 4m\ 1 (BIEgu|)*?
h3(B) = ) + |:1 + D ln<ﬁ)i|Th;2 exp(BEg)

1 2m\? 1
+m{2Q(xpe)+ (m_) |:Q(—pr)— EE(—)CPP):|

p
2m\*? 1
+ <—) [Q(_xee) - _E(_xee)] } eXP(ﬂEH), (49)
m, 2
and
3T/ me(M+m,)\"? m,(M +m,)\>?
h4(B) = 6_4[<TP) Z2,1)+ (pT) Z(1, 2):| exp(2BEy)

+ S3(1, 1) exp(2BER) + %[W(l, 111,0) + W(1, 110, ]exp(2BEy). (4.10)

In (4.7) and (4.9), full contributions of respectively g; and g, ..., are kept, while analytic
expressions (3.3), (3.8), (3.34), (3.37) and (3.39) have been used. Moreover, and accord-
ing to formula (A.12) derived in Appendix A:, Z..(1,1), Z(2,0) and Z(0, 2) have been
expressed in terms of Ebeling quantum virial functions Q (direct part) and E (exchange
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part) defined in Ref. [39], with arguments x,. = 2(B|En|)'/?, x,, = @m,/m)"*(B|Ex|)'/*
and x., = (2m,/m)"*(B|Ey|)"/?. Term —1/2 in h3(B) subtracts the ground-state contri-
bution included in function Q(x,.). In (4.8) and (4.10), contributions of g4 and g3 which
decay exponentially faster than exp(8 Eg) have been omitted. The resulting expression for
h, is obtained by summing (3.23) and (3.41). Similarly, expression (4.10) for &4 follows by
summing (3.26), (3.27), (3.50), (3.51), (3.19), (3.45) and (3.53).

As a conclusion, it is useful to summarize the main features and ingredients of ex-
pansion (4.6). The h;-functions are ordered, at sufficiently low temperatures, according to
|hi(B)| > |ha(B)| > |h3(B)| > |ha(B)| > ---. They incorporate corrections to ideal Saha
equation which arise from different physical phenomena, as listed in the Introduction. Ex-
plicit expressions for #;(B) and h3;(B) are known, see (4.7) and Ref. [39], while h,(8)
and h4(B) involve integrals associated with 3-body and 4-body problems which cannot be
expressed in closed analytical forms. In h,(8), the internal partition function Z(2,2) of
a hydrogen molecule is defined in (3.24), and its low-temperature form is determined in
Appendix B:. The function W (1, 1|1, 1), which accounts for atom-atom interactions, is de-
fined in (3.41), and its low-temperature form is computed in Appendix C:. In h4(B), the
internal partition functions Z(2, 1) and Z(1,2) of ions H;r and H~ are defined in (3.28)
and (3.29) respectively, while their asymptotic expressions at low temperatures are derived
in Appendix B:. The interactions W(1, 1|1,0) and W (1, 1|0, 1) between an atom and an
ionized proton or electron, are defined in (3.45) and their low-temperature expressions are
given in Appendix C:. Eventually, the screening function S3(1, 1) of a hydrogen atom ac-
counts for collective corrections to the bare proton-electron Coulomb potential beyond the
familiar Debye shift, and it is given by formula (A.16) at low temperatures.

4.2 Equation of State

In order to compute the pressure, we consider identities

0B P
=Zp—,
Pp=2p oz,
dBP 4.11)
Pe =Ze (-
0Z,

Taking into account that P depends only on z and $, and using parametrization of z in terms
of Band y, z = (m/M)**y exp(BEy)/4, we rewrite such identities as
pP _ 2p

== 4.12)
dy Y

where partial derivative of 8 P with respect to y is taken at fixed 8. After inserting expansion
(4.6) of p into the r.h.s. of (4.12), a straightforward term by term integration with respect to
y provides

27k
Y h(B). (4.13)
n

2 o0

* 4
BPI0" =2y + -+
k=1

The required equation of state follows by inserting into (4.13) the expression of y in terms
of p obtained from the inversion of (4.6). That inversion can be performed perturbatively
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around the simple expression
Vsaa = (1+2p/p9'? — 1 (4.14)

obtained by retaining only the first two terms of (4.6). The resulting SLT expansion of the
pressure takes the form (1.1) presented in the Introduction where B Psan,/p* is given by
(1.3). The general structure of 8 P, /p* reduces to a function of p/p* times a polynomial in
the h;(B)’s with [ < k. Therefore, for a fixed ratio p/p*, corrections B P,/p* decay expo-
nentially fast when 8 — oco. Moreover, each 8 P, /p* decays faster than g P, /p* for k > 0
(with Py = Psan,). First corrections in (1.1) read

. 1A +2p/p9)"* =311 +2p/0%)"* — 1]/
BP/p* = 20001 hi(B), (4.15)

. LA +2p/p)" 2+ 20[(1+2p/p*) " — 1]*
PPl = 2(142p/p*)1/2 h2(B), (4.16)
—[(1+2p/p")'* = 1P

(1+2p/p*)'/2
—[(14+2p/pH) 2 +3][(1 +2p/p") /2 — 173
3(1+2p/p*)'/?

BPs/p" = h3(B), (4.17)

BPy/p" = ha(B), (4.18)

and

[(14+2p/0%)"? = p/p*IlA +2p/p*)'* — 177 >
BPs/p T+ 20/ 057 [h1(B)] (4.19)
Next correction 8 Pg/p* decays faster than exp(BEg).
In previous corrections S P;/p*, functions h{(B) and h3(B) can be expressed in closed
analytical forms according to (4.7) and (4.9) respectively. Similar analytical expressions for
hy(B) and h4(B) are not available. Nevertheless, the low-temperature behaviors of those

functions are exactly known, i.e.

1 /2m\?
ha(B) ~ e (ﬁ) exp(BGEn — En,)) (4.20)

and

3 (me(M +mp)

3/2
ha(B) ~ o e > exp(BQEn — Eyy)) (4.21)

when 8 — o0.
Eventually, the various terms in (1.1) display interesting behaviors with respect to ratio
p/p*, at fixed B sufficiently large:

e For p much smaller than p*, each 8 P,/ p*, as well as 8 Psana/ 0™, can be expanded in pow-
ers of p/p*. This leads to the virial expansion of 8P in powers of p. Since all B P;/p*’s
for k > 6 are at least of order p>/?, the full contribution of terms with k <5 in (1.1)
provides the expansion of 8P up to order p?, i.e.

23/2(27.[)3/4

P=2p—
B P 3

(M) exp(=BEw /D (B)p*?
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— 21) 2 (A pe)’ exp(=BEw)[2h3(B) + 1 = 2(h1 (B)’1p* + O ()

Bnpe?p)¥? 1
=2p— TG {u;eQ(xpe) +A;p[Q(—x,,,,) - 5E(—x,,,,)]
4dm

+ A2{Q(—xee) - 1E(—xee)] }/)2 -z 111(—)/336’6;?2 +0(p?) (4.22)
2 6 M
which does coincide with the well known expression derived previously by other methods
[4,23,39] (A,e = (BR?/m)'/2, X, = (BR*/m ;) and A, = (Bh*/m..)"/?). Notice that
contribution of B P, is of order p?, while that of B P; is of order p*.

e For p of order p*, leading term B Ps,n,/ 0%, as well as each correction P /p*, can be
viewed as infinite resummations of terms with arbitrary high orders in the above low-
density expansion. Such resummations account, in a non-perturbative way with respect
to density, of recombination processes for any value of the ionization rate. The relative
orders of magnitude of the various corrections to Saha pressure are mainly controlled
by their decay rates ;. Therefore the larger correction indeed is B P;, which results
from plasma polarization around a given ionized charge, evaluated within Debye clas-
sical mean-field theory. That result is equivalent to the modified Saha condition which
determines the ionization rate [39, 41].

e For p much larger than p*, 8 Ps,n, behaves as

B Psaha ~ P, (4.23)

which illustrates the almost full atomic recombination of the plasma. The larger correction
to Saha pressure is now 8 P, which behaves as
%

BP>~ —2hy(B)p” (—*> : (4.24)
so it overcomes B P; which grows only as (p/p*)*/4, as well as further corrections 8 P; ~
(/P2 BPy ~ (p/p*)*/* and BPs ~ (p/p*)'/?. Therefore molecular recombination
prevails over plasma polarization. Of course, expansion (1.1) is no longer appropriate for

too large values of ratio (p/p™*), since some corrections 8 P,/ p* become much larger than
Saha pressure.

4.3 Numerical Estimations and Validity Domain of SLT Expansions

Quantitative estimations of corrections 8 P;/p*, B P3/p* and B Ps/p* are easy, because func-
tions 4, (B) and h3(B) can be represented by simple analytical expressions at finite temper-
ature. For functions 4,(8) and h4(8) which involve 3 and 4-body contributions, no explicit
finite-T representations are available beyond their low-temperature asymptotic forms de-
termined in Appendices B and C. In order to obtain reliable values for those functions at
moderate temperatures, we have used a simple approach in which important finite temper-
ature effects (such as atomic vibrations and rotations) are phenomenologically taken into
account. As mentioned in the Introduction, the corresponding numerical evaluations of the
various corrections to Saha pressure (and internal energy), together with a comparison of our
predicted isotherms with the results of PIMC simulations, will be presented in a forthcoming
paper [1].

Here, we exhibit the validity domain of SLT expansion (1.1). A rigorous analysis of the
convergence of that expansion is a tremendous mathematical task, much beyond the scope
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Fig. 12 Phase diagram showing the validity domains of SLT expansion (1.1) (hatched region) and of the
virial expansion (shaded region). Atomic recombination density p*(8) (1.2) is a straight line at low tem-
peratures in the (B, log p)-plane. The validity domain is delimited at high densities, and for temperatures
below 10000 K, by critical density po.(8) at which molecular recombination occurs. Crosses indicate state
points where simulation results are available [48]. State points of astrophysical systems (Sun photosphere and
Brown dwarfs) are also shown in the diagram

of the present work. We estimated a quite plausible validity domain, by employing the semi-
empirical criterion | P;| < Psan,/10 for all five corrections (1 < k < 5): it covers the region
hatched in the temperature-density plane shown in Fig. 12. The shaded region at low den-
sities and high temperatures corresponds to the validity domain of the virial expansion (i.e.
low-density expansion at fixed temperature) determined from a similar criterion. Obviously,
SLT expansion improves widely upon virial expansion, by providing reliable results in the
atomic phase, including the temperature and density ranges around p*(f) which correspond
to partially ionized hydrogen gases. In Fig. 12, we have also shown state points, symbol-
ized by crosses, for which PIMC simulation results have been obtained [48]. It turns out
that some of them lie within the validity domain of the SLT expansion. We have checked
that our calculations, both for pressure and internal energy, are in agreement with PIMC
results within statistical errors [1]. This confirms the reliability of SLT expansions in the do-
main inferred from the above semi-empirical criterion. Notice that such domain extends to
rather high densities, up to a/ag = 6 at 15000 K, which corresponds to a mean inter-particle
distance of the order of twice the size of a hydrogen atom.

For temperatures below 10000 K, the validity domain is limited at high densities by
molecular recombination which occurs around densities o.(8) shown as a dashed line in the
phase diagram. That limitation is not intrinsic to the theory, and an SLT expansion applica-
ble in the molecular regime can be derived as well. Such a generalization requires replacing
the scaling (2.12) of the chemical potential by a similar scaling corresponding to a molec-
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ular regime (see Fig. 2), and performing the inversion u = @ (p) in the appropriate density
range. Notice that if p is not too high above p., expansion (4.6) of particle density in terms
of chemical potential should remain valid. Performing a non-perturbative inversion of the
chemical potential in favor of the density, should then provide accurate thermodynamical
functions which account not only for atomic recombination at p ~ p*, but also for molecu-
lar recombination above p..

For temperatures above 10000 K, the borderline of the validity domain has a compli-
cated shape determined by correction term P; which accounts for atomic excitations and for
interactions between ionized electrons and protons. At high temperatures, typically above
30000 K, thermal ionization prevents recombination of protons and electrons into atoms, and
our validity criterion is then equivalent to a weak coupling condition for ionized charges, i.e.
coupling parameter I" = Be?/a smaller than some value, which also determines the validity
of the virial expansion.

Eventually, state points of two astrophysical systems of interest, Sun photosphere and
a typical brown dwarf atmosphere, are also shown in Fig. 12. Our equation of state (1.1)
clearly holds at the temperature and density of Sun photosphere. In order to be applicable to
brown dwarf atmospheres, the SLT expansion would need to be generalized to the molecular
regime, as discussed above.
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Appendix A: Screened Potential and Related Integrals
A.1 Expression and Behavior of ¢

The Fourier transform of ¢ (£;, £;) with respect to X; — X; reads

B qi q;
S, i\ X)) = €area; / ds / dr explik - (ha,1;(5) — Ao, 1;(1))]
0 0

> 4 .
x n;w T exp[—2nwi(s —1)], (A.1)
where x = («, ¢, 7(-)) denotes the loop internal degrees of freedom, while function x2(k, n)
is defined in Ref. [13]. Functions «*(k, n) are analytical in k* near k = 0, while x*(0,n) =0
for n # 0 and «2(0, 0) # 0 is of order x> . For large values of k, k%(k, n) remains bounded
by a constant independent of n (of order k). For k ~ «, k*(k, n) for n # 0 is smaller than
k2 (k, 0) by a factor of order x>A?, while «?(k, 0) can be replaced by 2.

The behaviors of ¢ with respect to relative distance r = |X; — X;| (roughly described in
Fig. 4), can be readily derived from those of ¢ with respect to k, as detailed in Ref. [13].
Here, we briefly summarize that analysis. For k > «, each fraction 47 /(k* + k*(k,n))
can be replaced by 47 /k> in (A.1), so ¢(L;, L;) behaves as V(L;,L;) at short dis-
tances r < k. At distances r ~ k!, we recover the Debye classical form ¢p(L;, £;) =
gieq;qjeq; eXp(—kr)/r , by noting that terms n # 0 in (A.1) provide contributions smaller
than the one of n = 0 by a factor of order x>A2. Eventually, terms n # 0 in (A.1) provide
a singularity in the small-k expansion of q~5(k, Xi> X;)» which in turn induces a dipolar-like
decay of ¢ (L;, £;) at large distances r > [.
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A.2 Integrals of Powers of ¢

We consider ¢ (£, 55” “)) where loops £% and loop £5p ) contain, respectively, one pro-
ton (¢, = 1) and either one proton or one electron (¢; = 1). According to the definition of

G, xa. x1), the integral of ¢ (L, £17) over X, and &, =1, is nothing but

f ax, / DE G (LD, L7 = f DEDFO, 1o 11). (A2)

The r.h.s. of (A.2) is computed by taking the limit k — 0 of expression (A.1). The cor-
responding contribution of a term n # 0 is obtained by expanding phase factor expl[ik -
(Ap&,(s) — Ap.&,(2))] in powers of k. Since all odd moments of measure D(§,) van-
ish, as well as fol dr exp(2nmit), the first non-vanishing term in that expansion is at least
of order k. It has to be multiplied by a factor of order 1/k* which arises from fraction
47/ (k> + k% (k, n)), so the resulting contribution to the r.h.s. of (A.2) vanishes. Therefore,
the sole contribution arises from term n =0, i.e.

477 e?

20,0)° (&)

f ax, f DE S (LD, L) = +

with a positive sign for /jgp ) and a negative one for Eie).

According to Fourier-Plancherel formula, the integral of [¢ (£, CEP N2 over X, & =
n, and &, = n,, is rewritten as

/Xm/D(Sa)p(fl)[ﬂﬁff),EY"))]Z
1 ~
T @2n) /dk/D(«Sa)D(é”l)lrb(k, Xas XD

264 1 1 1 1
:—/dk/ dSI/ dII/ dS2/ dr,
T 0 0 0 0

o

Z exp[—2nmi(s; — t1)] exp[—2n,mi(sy — )]
k%4 «k%(k,n;) k% 4+ k2(k, ny)

X /D(ga)exp[ikpk-éa(sl —sz)]/D(’g'l)exp[—i)\p,ek-’g‘l(tl —1n)]. (A4)

In the last equality of (A.4), we have used that the average over shape & of any function
f(&,(s1) — &,(s2)) is identical to the average of f(&,(s; — s2)), provided that &(s) for s
outside [0, 1] is defined as equal to &(s — [s]) [13]. Within variable change k = xq, we
can replace k%(kq,n;) by either k? for n; =0, or 0 for n; # 0, discarding terms which
provide contributions smaller by a factor (kA)? at least. Summations over n; # 0 are then
performed according to identity ) 20€xp[—2nmi(s —1)] = 8(s — 1) — 1. Since measure
D(&) is Gaussian with covariance (2.34) (for g = 1), we transform (A.4) into

864/1d /ldt/ood ¢ 23225 (1 —5)/2 — k32 g% (1 —1)/2]
— S —— EXP|—K S — S — K —
Kk Jo 0 0 q(q2+1)2 P o4 ped

8et ! > o1 ) 2 \,2
[ ds | dg—lexpl—k>(2 422 )¢ s(1—5)/2] — 1)
K Jo 0 q
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864 1 1 00 1
— —/ dsf dt/ dg—
K Jo 0 0 q
x {expl—i*A2g’s(1 —5)/2 — kK°15 g7t (1 —1)/2] — 1) (A.5)

discarding terms of order k ~' O ((k A)?). The integrals over ¢ in (A.5) are computed in terms
of elementary functions of arguments [szis(l —5)/2+ szi’et(l —1)/2]"/? and [KZ()»% +
A2 )s(1—s)/2]'/2, which can be expanded in Taylor series since « 2 is small. For the leading
(order k') and first subleading (order k'O (k1)) contributions, the remaining integrals
over s and ¢ are readily calculated (some complicated double integrals over s and ¢ arising
from respectively first and third terms in (A.5) cancel out). Eventually, we obtain

S

The integral of [¢ (Eé” ), £§0‘))]3 over Xy, &, and &, can be evaluated within similar tech-
niques and tricks. Discarding terms of order O (xA), its leading behavior reduces to a con-
stant times In(k A o) plus another constant. When the two integrals corresponding respec-
tively to ¢ = p and o = e are summed together, logarithmic terms in « cancel out. Therefore,
we obtain

/ axX, / DE,)DE DL, L] = 2 mmw((mf)]. (A6)

/ axX, f D(E,) / DEDGLY, LD + @LP, L) = cpe® + 0ch)  (AT)

where ¢, is the constant

2l s 1
¢, = — ds/dt/dqlquz—
Tyl Mo 72q31q1 + qo|?

x {exp[—(gis(1 — ) + g3t (1 — 1) +2q; - qat (1 — 5))]
—expl—(gis(1 — ) + g3t (1 — 1) +2q; - qut (1 — s))m,/2m)]}  (A.8)

entirely determined by ratio m,/m. As it should, leading contribution c¢,e® in (A.7) is noth-
ing but the value of the considered integral with bare potential V in place of ¢ (that bare
integral does converge thanks to the 1/|X;|*-decay of [V (£, Egp))]3 + V(L LYP).
When the root proton is replaced by a root electron P — L)), the resulting integral
behaves similarly to (A.7) where constant c, is given by (A.8) with m, in place of m .

A.3 Behavior of Iy

We consider a loop £ containing a single particle of species «. Convolution formula (2.40)
for Iz (L) is first transformed according to Fourier-Plancherel identity, in which A K, Xa\ x1)
is replaced by (A.1). Discarding terms smaller by a factor O((xA)?), only the contributions
of loops Lgp ) associated with a single proton or a single electron, are retained. Moreover,
at the same order, after making variable change k = «q, we can replace x>(kq, n) by either
k2 for n =0, or 0 for n # 0. Using again identity Zn;ﬂ) exp[—2nmwi(s —t)]=8(s —1) — 1,
we then obtain

_ ,3€2K ,B€2K 1 1 1 1
Ir(L) = 5 + o zy:/() dS/O dSl/O dll/D(§1)/d‘Im
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X [exp(ikq - (Aa&(s) — 1,8, (s) + 1, &, (s1) — AeE(11))) — 1]

ﬂeZK ! ! ! 1
+ ;/0 ds/o dslfo dtlfD(El)/qu

x exp(ing - (he&(s) — Ay &1 () + A, &1 (51)))
x [exp(—ikq - Ao&(s1)) — exp(—ikq - A& (t1))] + B’k O((k1)?). (A.9)

The leading behavior of Iz (L) reduces to the first term in the r.h.s. of (A.9). In the second
term of (A.9), we can first perform the integration over q thanks to Cauchy’s theorem. The
resulting elementary functions of the argument k [A,&(s) — A, &,(s) + A, &,(s1) — A E(11)]
are then expanded in Taylor series since « A is small. The remaining integrations over times
and shape &, provide a contribution of order e’k O (kA) which depends on &. The third
term in the r.h.s. of (A.9) has the same order and a similar shape-dependence, as shown
by variable changes q = k|1, &(s) — 1, &,(s) + 1, &,(51) — A E(@)|u witht =5, or t =14
(the integral over q is splitted as the sum of two integrals by adding and subtracting 1 to
[exp(—ixq - Aok (51)) — exp(—ikq - A& (11)]).

The integration of Ig(L) over shape & readily follows from (A.9). Now in the second
and third terms of (A.9), it is convenient to first perform integration over shapes & and &,
using the previous trick relative to differences &(s) — &(#;) and &,(s) — &,(s;), as well as the
Gaussian nature of measures D(&) and D(&,). This leads to

_ ,3€2K ,B€2K 1 1 0 1
[ P@mw =54 B ;/0 o [Can [ dg s

x {expl—,*A2g%s1 (1 — 1) /2 — 1 Aoq’n (1 — 1) /2] — 1}

2 1 00
P 5o / ds, / dg = {expl—2 (2 +12)qPs:(1 = 51)/2] — 1)
. Jo 0 q

+

T

,3€2K 1 1 00 1
— S dsi | dn | dg—
Y2 S J0 0 0 q

x {exp[—k*Aq%s1(1 = 51)/2 — K*hoq’t (1 — 1) /2] — 1)

+ Be*k O ((k1)?). (A.10)

The integrals over ¢ in the second, third and fourth terms of (A.10) are computed, similarly
to that arising in (A.5), in terms of elementary functions which are afterwards expanded in
powers of kA. Contributions of second and fourth terms with order Be?k O (k) cancel out,
so it remains

_ Be’k VT 2
/D@)IR([,) == [1 W, Xy:m\ay + O((k ) )]. (A.11)

A.4 Truncated Integrals of Powers of V

Quantum virial functions Q(#x,, ) are defined [39] through a truncation similar to that
arising in (r|[exp(— ,BHay)]{,[ayeJr), where matrix elements of time-evolved operators V,,

and [V,, ]* are replaced by Beye, /r and B?e*/r? respectively, while [V, ]*-term is omitted.
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Within such truncation, convergence at large distances is ensured by taking the limit R — oo
of the corresponding spatial integral inside a sphere with radius R plus logarithmic counter
terms [39]. When partition functions Z.,.(1, 1), Z(2,0) and Z(0, 2) are expressed in terms
of the Q’s and E’s, the integrals arising from V,, — eqe, /r, Vazy —e*/r* and [V, ] are
computed within previous methods applied to similar integrals of powers of ¢. The sum of
contributions due to Vi, — eye, /r vanishes by virtue of identity A5, + 17, — 243, = 0. We
then find

3/2 3/2
l[Zm(l, 1)+ (2_m) Z(2,0)+ (2_m) Z(0, 2)]
8 m m,

1 2m\>"? 1
~grli2 {2Q(xpe) + <m_p> |:Q(_xm7) - EE(_XPP)]

2m\*"? 1
+ < > |:Q(_xee) - _E(_xee)]}
m, 2

L exp( ﬁE)+’32€4(2x e b (e

- 3 eX - AA~2 e ee NA A 9 27 e
2 SPTPEHIT Rps, e T 24Q2ra2 )2 T C

L e Cupphee/A2,) (A.12)
——— In ve ) )
1221)17213, pp pe

In the r.h.s of (A.12), the first additional term to the linear combination of the Q’s and E’s
merely arises from the substraction of groundstate contribution in Z,.(1, 1), while the last
one is due to the logarithmic counter terms introduced in the definitions of the Q’s.

A.5 Integral Mixing ¢, Ig and V

At lowest order, effects of atom polarization are entirely embedded in the integral

472 ;
mdedr/D(éa)D(é‘l)B (a, 1)
x [IR(LE) + Ir(LS) — B(P(LE, L) — V(LE, L]))] (A.13)

where we set R =R, and r = r,. Similarly to the case of bare integral (3.10), the pres-
ence of Boltzmann factor exp(—p V(LCE, L)) in B'(a,1) implies that leading contributions
in (A.13) arise from configurations where loop sizes are at most of order A, while relative
proton-electron distance |r — R| is of order the extension ap of the atom groundstate. The
Ig’s are then expanded with respect to small parameter x A as above, while a similar expan-
sion is derived for (¢ — V) by starting from a convolution relation analogous to (2.40) and
by noting that kap is also a small parameter. This provides

IR(LY) + Ir(LY) — B(O(LY, L) — V(LG L)

2,2 1 1
pex f ds/ 11200+ 31 (1) — R = 2p8, ()] — Ao |8, (1) — &, ()]
0 0

4
— Apl€, (1) — E,()I]+ Bek O((k1)?). (A.14)

In (A.14), terms proportional to Be?k cancel out, as well as terms proportional to Bei?|r —
R| which do not depend on loop shapes.
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Using (A.14) in (A.13), the functional integrations over loop shapes can be rewritten in
terms of matrix elements of Gibbs operators. For instance, the integral associated with the
first term exp(—BV (LL, L)) in truncated Mayer coefficient BT (a, 1) can be rewritten as

27%6%k?

BA

/ del’de dR2 dl’l dl'2

B 7]
xf drlf dty (Rr| expl—(8 — 1) Hy 1 1IR F1)
0 0

x (Ryri|exp[— (71 — 1) H1,1]|Ror2) (Ror | exp[—12 Hy 1 ]|Rr)

x [2lr; = Ry| = |rp — 11| — |Ry — R[] (A.15)

discarding terms of order Be’k O((kA)?). Next subtracted terms in B (a, 1) are rewritten
similarly to (A.15) where imaginary-time evolution operators are associated with purely
kinetic Hamiltonian H, o + Hp ;. At low temperatures, such terms become exponentially
smaller than (A.15), the behavior of which is controlled by atomic groundstate contributions.
That behavior is determined by starting with decomposition H; | = —h?Ag+/(2M) + H,,.
An eigenstate of H, ; reduces then to the product of a plane wave exp(iK - R*)/A'/? for
position R* = (m,R + m,r)/M of the atom mass center, times an internal wave function
¥, (r*) for relative position r* = r — R, while its energy reads K2/ (2M) + E;f). For bound
states, p — (n, [, m) where n is the usual quantum principal number (EZ’) =FEy/ n%,1<n),
[ is the orbital number (0 </ <n — 1) and m is the azimuthal number — <m <[ (0 —
(1, 0, 0) denotes the ground state); for diffusive states, p — (k, [, m) where k parametrizes
the positive energy E;f) = h%k*/(2m) while [ and m are again the orbital and azimuthal
numbers with 0 </ (the precise forms of the corresponding v,’s are given in Ref. [42]
for instance). After changing proton and electron positions in favor of their mass center
and relative particle counterparts in (A.15), the matrix elements are evaluated by suitable
insertions of closure relation for the basis made with previous eigenstates. The resulting
integrals over 7; and 1, are readily performed for each set of involved eigenstates. According
to the scaling prescriptions defined in Sect. 3, integral (A.13) is then rewritten as (3.19) plus
terms which decay exponentially faster than p* exp(8 E ), while screening function S3(1, 1)
reads

exp(—(K” + 0%)/2)

172 . .
S3(1,]):Mexp(_ﬂEH){4/ M

dKd
6473 Q K-Q

X f dXdrtdrs exp(—2iK - X) |10 (rH) 2o (r3)]?
[ | (2BIEuim\'"*  m. ., m,
X _2'<T X+ ﬁrl + ﬁprz

2B8|Eglm\'*_  m, m,
— || ——— X——ri+—r;
( M TR

1/2
_|(2BlEx|m X4 Mepr _ Me
M M M

}
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exp(—K?/2)
dKd
" Z/ Qﬁ(EZ’) —En) + 0*/2— K?/2

p#0

X /dXderrﬁ exp(i(K— Q) -X)
ok * N * 2IBIEH|m 12 Mme mp
< T 0,17, w0 |2 (LA ) x4

M
28|Exim\'*  m, m,
— || ———— X——rf+—r;
‘( M R

172
M M

i} (A16)

In (A.16), all integration variables are dimensionless, in particular r} is expressed in units of
ap. Moreover, the sum over diffusive states must be understood as an integral over k from 0
to oo and a discrete sum over / and m. When 8 — o0, S5(1, 1) behaves as

Car
83/ 2(B|E|)!/?

S3(1,1) ~ exp(—BLy) (A.17)

with pure numerical constant

Caqt = ;TL{E‘H /derldI’2%Tl/fo(rl)WO(rz)l/jp(rl)wp(rZ)

I m|Ey| o me . om,
X 2 T Y + —I'T + —I'§
L I\M(E})” — Ep) M M

m|Ey| 1/2 m, m,
N Y- —r+—r1;
M(E}Y — Ey) M M

E 1/2 .
_ (%) Y 4 Mg Me s
M(E}) — Eg) M M

]. (A.18)

Notice that only the second term () 220" -) in (A.16) contributes to asymptotic behavior
(A.17) (the first term provide contributions smaller by a factor In(8|Eg|)/(B|Ex]|) as a
consequence of the spherical symmetry of groundstate wavefunction 1 (r*) = ¥y(r*)). An
accurate simplified expression for c,, can be derived by setting m/M = m,/M = 0 and
m,/M =1 in agreement with numerical value of ratio m,/m, ~1/1850, i.e.

|Ex|
p20 B — En

/ drdes o () Yo (05) ¥, (k) ¥, (63) 1] — 13 (A.19)

which provides ¢,, >~ 10.1.
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Appendix B: Low-Temperature Behavior of Few-Body Partition Functions
B.1 Behaviorof Z(1,1)

Two-body proton-electron partition function Z(1, 1) reads

Z(1,1) = 4/ dx(xl[exp(—ﬁHpe)]{,IayeJx), (B.1)

where reduced Hamiltonian H,, describes a single particle with mass m submitted to attrac-
tive Coulomb potential V. (x) = —e? /|x|. Here, for the sake of notational convenience, we
set x =r*, while z will denote a complex number. The integral over x can be splitted into
two parts, |x| < Be? and x > Be?, the contributions of which are determined as follows.
For |x| < Be?, truncated Mayer operator [exp(—8H ,,e)]l\T,[ayer is replaced by its definition
(3.14) in (B.1). The contribution of second term in (3.14), as well as those of next terms
involving imaginary-time evolutions of V), with kinetic Hamiltonian K ,,, are readily com-
puted in terms of elementary functions by exploiting the Gaussian nature of matrix elements
of exp(—BK ,.). Such contributions are bounded by a power of 8. The contribution of first
term in (3.14) is analyzed by introducing the Green function G (X,y; z) defined as the ma-
trix elements of resolvent (z + H pg)*l. That function is the solution of partial differential
equation
h? e’ ~
(——AX——+Z>G(x,y; 7)) =0(x—-Y), (B.2)
2m x|

with suitable boundary conditions [36]. Its exact expression reads [36]
mI (1 —iv)
2 h2|x —y|
— W12 (—ikd ) Miy 1o (—ikd )], (B.3)

G(x,y;7) = (Wit o (—ikdy) M;, 1 o (—ikd )

with k = (—2mz/h*)'? (J(k) > 0), v = 1/(kag), dy = |X| + |y| + [x —y| and d_ =
x| + |y| — [x —y|, while I () is the familiar gamma-function and W;, 1,2 (u), M;, 1,2 (1)
are Whittaker functions [31] (Wi,.1/2(u) = dWiy 1/2(u)/du, My 12(u) = dM;, 12 () /du).
Green function G (X, y; z) is analytical in z in the whole complex plane, except on the nega-
tive real axis (M(z) <0, J(z) =0) whichis a cut line, and alsoat z =z, = —Ep/n*> (n > 1)
which are simple poles (of course, such singularities are controlled by the spectrum of H,,).
When x — vy, 6(){, y; z) diverges as m/(2wh?|x —y|), as shown by expanding Whittaker
functions for arguments close to —2ik|x|. That 1/|x — y|-behavior, is also displayed by free
Green function Go(x, y; z) = mexp(ik|x — y|) /(2w h*|x —y|), and it can be interpreted by
quoting that (B.2) reduces to Poisson equation for |x — y| small. It is convenient to define

H(x,y;2) = G(x,y;2) — Go(X, y; 2) + / drGo(x, 15 2) Ve (I¥)) Go(r, ¥; 2)
= f drydryGo(x, 115 2) Vo (1) Go(r1, 125 2) Vo (2D G (12, y; 2) - (B.4)

where the second equality follows from a standard identity for interacting and free Green
functions. That function H (X, y; z) has the same analytical properties as G (X, y; z). Using
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above expansions of Whittaker functions, we find that H (x, x; z) reads

~ —imkI'(1 —iv) [ _ . . ..
H(x,x;z) = s 2Wivi12Miv 12 — Wiv12Miy 12
r imk
— Wi, 1/2sz 12 |(—2ik|x]) — o

m?e? /drexp(2ik|x — r|)‘ B5)

42 pt r|x —r|?

Notice that, contrarily to G — G, which diverges as —2m2e* In(|k||x]) /(%) when x — 0,
H (X, Xx; z) remains finite at x = 0 thanks to the addition of the integral of GO Ve Go
in (B.4).

Since G (X, y; z) is nothing but the Laplace transform with respect to 8 of density matrix
(x| exp(—=BH,.)|y), the standard inversion formula provides

1 —
(Xl exp(~BHp 1Y) = 5. /D dzexp(B2)C(x, y: 2) (B.6)

where D, is any straight line parallel to imaginary axis and which cuts real axisato > —E .
Inserting decomposition of G in terms of 60, Ve and H into (B.6), we find that the contribu-
tion of terms involving Go give raise to free density matrix (X|exp(—BK ,.)|y) = exp(—|x —
y|2/(2kie))/(2nkie)3/2. The resulting expression of (x| exp(—BH,.)|y) can be specified to
diagonal elements x =y because H (x, x; z) is finite. The integral of H (x,x; 7)exp(Bz)
along D, is then transformed by applying Cauchy’s theorem with contour C, s shown in
Fig. 13 (—Ey/4 <8 < —Ey). Function ﬁ(x, X; ) exp(Bz) is analytical inside C, s ex-
cept at 7 = z; = — E which is a simple pole with residue |y (x)|> exp(—BEy). Moreover,
it satisfies Jordan’s lemma on the circular parts of C, s which connect D;s to D,, so the
corresponding parts of the contour integral vanish when the radius is sent to infinity. This
provides

(x| exp(=p Hpe)|x)

1 ~
= [YoX)|>exp(~BEn) — ﬂf dzexp(Bz)H (X, x; 2)

Ds

L1422 [ dsaxy(vas — s B.7
+W|: +H/o sO(|x|/(vV2s(1 =) pe))] (B.7)

where @ is the familiar Error function [31]. Last term in (B.7) is bounded by a power of 8.
Along Ds, index iv of Whittaker functions follows a closed curve in complex plane which
cuts real axis at non-strictly positive integers. At the same time, their argument u = —2ik|x|
remains inside sector —37/8 < arg(u) < 37 /8. Consequently, |ﬁ (x, X; z)| remains bounded
by a constant when z runs along D;s. The modulus of the corresponding integral in (B.7) is
then bounded by a power of 8 times exp(34). Taking into account above power-law bounds
for the contributions of truncated terms in [exp(—8H e)]Mayer, and noting that 1 (x) decays

exponentially fast for |x| > Be?, we eventually obtain

f Ax(x|[exp(=B Hpe) lyjayer %) = xp(—=BE 1), (B.8)
|x|<Be
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Fig. 13 Path in complex plane

0,0

AIm

» Re

discarding additional terms which are exponentially smaller than exp(—BEg) when
B — oo.

For |x| > Be?, it is convenient to use Feynman-Kac expression of (x|[exp(—p x
H pe)]{,layer|x). Within the variable change x = Be?v, the corresponding integral is rewritten
as

f | Ax(xI[exp(=B Hpe) Iypayer X)
|x|>pBe

1 Be\?
= @ (U) fv|>] dv/ b®

1 )\p -1 1 )\‘p —1
d c —1—-1 4 Zpe
X [exp(/o s|v+ ﬂezé(s) ) /0 s|v+ ’Bezg(s)
1 1 . -IN2 1 . —1\ 3
—5(/0 dsv+ﬂ—z2§(s) ) _8(/0 dsv+ﬂ—zzg(s) )] (B.9)

When B — o0, ratio A ,./Be* vanishes. Then, potential |v + gggg(s)rl can be merely re-
placed by |v| because the mean extension of &€ (s) is of order 1. The corresponding functional
integral over & (s) reduces to 1 by normalization of Wiener measure D(£), and the remaining
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integral over v is a pure number. Thus, the integral in the Lh.s. of (B.9) behaves as a power
of B, and it becomes exponentially smaller than (B.8) when 8 — oo. This implies

Z(1,1)=4exp(—BEg) (B.10)

discarding terms which are exponentially smaller when 8 — oo. Next corrections to that
leading behavior arising from excited atomic states, can be readily obtained within a similar
approach by adjusting the position § between two successive poles, i.e. 7,41 < § < z, with
n>1.

B.2 Behavior of Z(1, 2)

The low-temperature behavior of Z(1,2), which involves one proton and two electrons,
is determined by a straightforward extension of previous methods applied to Z(1, 1). If an
exact expression of three-body Green function is not available, its main properties of interest
can be guessed, under rather weak assumptions, by exploiting relations and analogies with
its free counterpart, as well as known results on the spectrum of H; ;. Such properties appear
to be quite natural extensions of the exact behaviors observed in the two-body case.

Let R = (m,R, +m.r| + m,r;)/Mpy- be the position of center of mass (My- =m, +
2m,), while x; = (r; — I'2)/«/§ and x, = (mp/MH—)l/z(rl +r, — 2Ra)/\/§ are the reduced
variables. After expressing H, , in terms of those variables, we find that three-body partition
function Z (1, 2) can be rewritten as

2(1,2) =2 f dx, 0% (2%, X exp(— B H? ) Ix1%2)

— (=xiXa|exp(=BH,)[x1X2) + - - -} (B.11)
with reduced Hamiltonian
h2 52 2 2 2
Hiy=—5—Ay —5—An+ = - V2 1/2
' zme 2me «/E|X1| |X1 +(MH_/mp) / X2|

V2e?
T %1 — (M- /m ) x| (B.12)

Off-diagonal matrix elements in the r.h.s. of (B.11) are associated with the exchange of
the electrons. First potential term in (B.12) describes Coulomb repulsion between those
electrons, while the second and third ones account for Coulomb attractions between the
proton and each electron. In the double integral involved in (B.11), we make a partition
of space integration into three domains 2% (i =0, 1,2), such that i, and only i, sides of
triangle (0, X, X,) are smaller than Be? in 2.

For x;, X, inside £2, we express matrix elements of exp(—BH;',) as inverse Laplace
transforms of Green function G (X1, X2; Y1, ¥2; 2) solution of

(H}', +2)G (X1, X2 y1. Y25 2) = 8(X; — y1)8 (X2 — y2) (B.13)

with suitable boundary conditions. That Green function is analytical in z in the whole com-
plex plane, except on a part of real axis with 0(z) < —Ep-, while z; = —E- is a simple
(isolated) pole with residue ¥ (X;, X2)¥ (Y1, Y¥2) (Yo is the groundstate wavefunction of
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H{, with energy Ey-). For a given z not close to its singularities, @(xl , X023 Y1, Y2; 2) dis-
plays a position-dependence analogous to that of free Green function @0 (X1,X2;¥1,¥2; 2)
solution of Helmholtz equation in six dimensions. In particular, for x; close to y;, potential
terms in (B.13) can be omitted and 6(x1, X7;¥1,Y2; z) also diverges as 1/[(x; — yl)2 + (x; —
y2)?1%, i.e. the Coulomb potential in six dimensions. In order to handle such divergences for
diagonal matrix elements, we consider identity

/G\(XI»X2;YI’Y2§Z)
= Go (X1, X ¥i,¥2:2)

_/drlerGO(Xl,Xﬂrl,rz;Z)ijz(rl,r2)/G\(r17r2§y1,Y2§Z) (B.14)

where V', is the potential part of H{,. Successive iterations of formula (B.14) gen-
erate the perturbative expansion of é(xl,xz;yl,yz;z) in powers of V[,. We define
ﬁ(xl,xz, Yi,¥2; 2) as 6(x1,x2, ¥i1,Y¥2; z) minus the first six terms (up to order (Vl*z)5 i
cluded) of that expansion. Similarly to (B.4), H has the same analytlcal properties as G
while H (Xl, X7; X1, Xp; ) 1S now finite. After inserting the expression of G in terms of Go,
Vi, and H into the inversion formula for diagonal matrix element of exp(—f Hf»), we
find that terms built with 50 and Vy', are bounded by powers of . For dealing with the
contribution of H, we introduce a closed contour C,.s in complex plane similar to that
shown in Fig. 13, with z; < § < z; and —z, the first singularity of H below z;. Along
that contour, z stays at a finite distance at any singularity of H. Also, for |z| large, in
the expression of H as a spatial integral of G, foz/G\o e Vl’fQ’G\ (similar to that involved
in (B.4)), G can be replaced by Go. Therefore, H goes to zero as a power of k, as shown
by variable changes r; — |k|r; (integrals over the r;’s do converge thanks to exponen-
tially decaying factors exp(ik|r; — r;|) arising from the Go’s). Hence, we conclude that
|ﬁ (X1, X2; X1, Xp; )| remains bounded along Dj;, while Jordan’s lemma applies to the inte-
gral of H (X1, X2; X1, X2; 2) exp(Bz) upon the circular parts of C, 5. This provides

2(x1Xa | exp(—BH; ) |X1X2) = 2|10 (X1, X2)|* exp(—BE y-) (B.15)

discarding terms which are exponentially smaller. Within similar methods, we can also es-
timate the off-diagonal matrix element (—x;X;|exp(—BH|",)|X;Xz). Contributions of terms
involving Go’s and Vi,’s are readily bounded by powers of 8 by rescaling positions in units
of A.. Contribution of H is treated as above since H (—X1, X2; X1, X2; z) 1s bounded along
Dj; and decays sufficiently fast for |z| large. After using Yo(—xX1, X2) = Yo(X1, X2) (Hf, is
invariant under transformation x; — —Xx; at fixed x,), we find

(—xiX2| exp(—BH} ) 1X1%2) = [Yo(X1, X) | exp(—BEx-), (B.16)
discarding terms which are exponentially smaller. Next terms --- in the r.h.s. of (B.11),

which arise from truncation in [exp(—/ H]‘z)]f,layer, can be also estimated by similar tech-
niques. For instance, term

B
f drexp[—(B — ) (H1,1 + Ho,1)]Var,e expl—7(Hi,1 + Hp,1)] (B.17)
0
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provides a contribution which can be rewritten as the inverse Laplace transform of

/dY1dY2(X1Xz|(Z + HY, )7 1Y) Vare (51, ¥2) (V1¥2l 2 + H, )7 xiX0) (B.18)

with
h? h? 2¢?
= Ay — Ay, — Ve _ (B.19)
’ 2me 2me |X1+(MH*/mp) / X2|
and
o2 V262
Va ,e(X ,Xp) = - . (B.20)
peith 2 V2Ix| X1 = (My-/mp)/2x,

Green function defined as matrix elements of (z + H ;‘e’e)_l, is analytical with respect to z
in the whole complex plane, except on part 9i(z) < —FEpy of the real axis. In the Laplace
inversion formula, we introduce a contour analogous to that of Fig. 13 with § > —Ey. We
also define a regular part of (x1x,|(z + H;je’e)_1 |y1y2) which remains finite at x; =y;. When
z follows Dj, JI(k) remains larger than a given positive constant, so previous regular part
is bounded by an exponentially decaying function of [(x; — y;)? + (x» — y2)?]'/? (for large
separations of the arguments, Coulomb potential terms vanish so Green functions behave
as their free counterparts which decay exponentially on a scale (J(k))~!). This implies that
(B.18) remains bounded by a constant along D;. Contribution of (B.17) is then found to be
bounded by a power of S times exp(84), with & arbitrarily close to —Ey. Since —Ey <
— E -, that contribution is exponentially smaller than (B.15) and (B.16). Contributions of
all the other truncated terms in [exp(—f HLZ)]I{/Iayer behave similarly because groundstate
energies of Hamiltonians (H, o + Hy) and (H, o + Ho1 + Hy,1) (which both vanish) are
strictly larger than E-. Since volume of £2® is bounded by a constant times (8e?)® on
one hand, while ¥ (x;, X;) decays exponentially fast for |x;| large on another hand, we

eventually obtain

/Q(z) dx;dxo {2(x1 X2 | exp(—B H|",) [X1X2) — (=X X2| exp(—=B H[ ) [X1X2) + - - -}
=exp(—BEn-) (B.21)

discarding terms which are exponentially smaller.

For x1, X inside 2V, two of three distances |x,|, [X; — X3, |X»| are larger than Be>. For
instance, we may have both |x;| and |x; — X,| larger than Be?, while |x,| is smaller than Se>.
For such configurations, both distances |x;| and |x; — (My-/m,)"/?x,| are larger than Be’.

In the Feynman-Kac formula for <X1x2|exp(—,3H1f2)|X1x2), potentials fol dsez/ﬁ|xl +
3§y ()] and — [ dsv/2e?/[x) + A& () — (M- /mp)"*(Xz + %.8,(s))| can then be re-
placed by their classical counterparts e?/ V2|x;| and —~/2¢2 /1xi — (My-/m p)‘/ 2x,| re-
spectively, because A./Be* goes to zero when B diverges. Thus, (x;x;|exp(—p H5)[x1xz)
behaves as

(x1X2|exp(—=BH,, ) IX1X2) eXp(—B Var,e (X1, X2)) (B.22)

at leading order, where H ;e,e and V,, . (X}, Xy) are given by (B.19) and (B.20) respectively.
A similar estimation holds for truncated terms in [exp(—p HI,Z)]I{/Iayer built with powers of
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Vat.e, so the corresponding full contribution integrated upon considered configurations be-
haves as

2 / 5, %, (X % | exp(— B, ) [x1%0)
x|, 1x] =% |>Be?,|x; | < Be?
1
X [exp(_ﬁvm,e(xl ) XZ)) + IBVat,e(Xl ) XZ) - 5 (IB Vat‘e(xl ) XZ))2

1
+ S (BVare(xi, xZ>>3]. (B.23)

According to above properties of Green functions, (X;X;|exp(—BH, )IXiX;) is bounded
by some power of § times exp(88) with —Ey < § < —Ey-. Therefore, integral (B.23) is
also bounded by a power of 8 times exp(8§), because purely classical integral

f , , dx;dx, [CXP(—ﬂVaz,e(Xl, X2)) + BVare (X1, X2)
[x1], X1 —=%X2|>Be=, |x2|<Be

1 1
— 7 (BVare(x1, x2))” + ¢ (BVare(1, Xz))ﬂ (B.24)

is proportional to (Be?)® as shown by rescaling x; in units of Be®. A similar analysis ap-
plies to the contributions of the other terms in [exp(—f Hl,z)]f,layer. When off-diagonal
matrix elements are involved, we use bounds inferred from properties of Green func-
tions, which decay exponentially fast with respect to relative distances between differ-
ent arguments. For instance, |(—XxXy|exp(—p H]f2)|xlxz)| is bounded by a constant times

exp(—BEy-)exp(—c|x;|/ap) with ¢ > 0, so
—/ dxdx, (—x Xz | exp(—=BH[ ,)[X1X2) (B.25)
Ix1 [, X —x2|>Be?, x| < Be?

decays exponentially faster than exp(—pBEg-). Previous analysis can be also repeated
for the other configurations belonging to 21, i.e. {|xz], |X; — Xz| > Be?, [x;| < Be*} and
{IX1], [x2| > Be?, |x; — x| < Be?}. We eventually find that

/ N dxdx> {2(x1 X | exp(—BH[ ) [X1X2) — (—XiXo| exp(—BH[,)[X1X2) + -}  (B.26)
2

decays exponentially faster than exp(—BEy-).

For X, X, inside £2©, all distances |x;|, |X; — X»|, and |x,| are larger than Be®. For
diagonal matrix elements, potential parts can be treated classically at leading order, as im-
mediately seen from Feynman-Kac formula by noting that A./Be? vanishes. Such matrix
elements then behave as their free counterparts times classical Boltzmann factors. The cor-
responding full contribution integrated upon £2© is shown to be proportional to (Be*/A.)°,
as shown by variable changes x; = Be?v;. The contribution of remaining terms with off-
diagonal matrix elements decays exponentially faster than exp(—g Ey-), thanks to the ex-
istence of bounds which are proportional to exp(—BEy-) and decay exponentially fast for
large separations (over a finite length scale proportional to ag). Thus, and like (B.26), con-
tribution of 2@ to Z(1, 2) also decays exponentially faster than exp(—BE-), so we even-

@ Springer
A-55



A. Alastuey et al.

tually obtain
Z(1,2) =2exp(—BEy-) (B.27)

discarding terms which are exponentially smaller when 8 — oo.
B.3 Behaviors of Z(2,1), Z(2,2), ...

The low-temperature behaviors of Z(2, 1) and Z(2, 2) can be also determined by previous
methods introduced for studying Z(1, 1) and Z(1,2). Again, analytic properties of Green
functions associated with resolvents (z + H; D and (z+ Hy 2)_1 play a crucial role in the
derivations. Such functions are analytical in the whole complex plane, except on a part of
real axis with N(z) < —EH2+ or N(z) < —Ey,, while z; = —Ey- or z; = —Ey, is a simple
(isolated) pole. Along integration contours analogous to that described in Fig. 13, they can
be bounded as above, within quite plausible arguments based on the properties of their free
counterparts, solutions of Helmholtz equation in six or nine dimensions. Integration space
upon reduced positions is splitted into several parts according to the values of relative dis-
tances compared to Be?. The parts inside which all relative distances are smaller than Se?,
provide the leading contributions, i.e.

Z(2,1) = 2exp(—,BEH2+) (B.28)

and
Z(2,2) =exp(—BEn,) (B.29)

discarding terms which are exponentially smaller when 8 — oo.

The analysis can be applied to any partition function Z(N,, N.). However, when the
infimum of reduced Hamiltonian H ,”\}[h v, 18 not separated from the rest of the spectrum (i.e. in
the corresponding groundstate, the N, protons and the N, electrons are not binded together),
the first singularity (with the largest real part) z; = —EI(\(,);, v, Of Green function associated

with (z 4+ Hy n,) ' is a branching point which is not isolated from other singularities.
Then, contour C, s cuts real axis at § > z;, so the previous methods show that |Z(N,, N,)|
is bounded by a power of g times exp(88). A more detailed analysis of the behavior of Green
function for z close to z; is then required for determining the precise leading behavior of
Z(Np, N.). Nevertheless, since previous bound is valid for § arbitrarily close to zy, it is quite

reasonable to assume that Z(N,, N,) then behaves as a power of 8 times exp(—p EJ(\(,); N,)
(such a behavior is indeed observed for Z(2, 0) with Eéo()) =0).

Appendix C: Leading Contributions of Interactions between Atoms and Ionized
Charges

C.1 Expression of W(1, 1|1, 1)

The low-temperature behavior of bare contributions of Figs. 8b and 8c, is determined along
similar lines as that of polarization contribution (A.13). The integrals of interest are again
expressed in terms of the atom mass centers and of the reduced variables. Matrix elements
are also evaluated via insertions of the closure relation for a suitable basis. Each eigenstate
in that basis, is the product of plane waves describing mass center motions, times atomic
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internal wavefunctions. The resulting integrals over times t; are readily performed for each
set of involved eigenstates. According to the scaling prescriptions defined in Sect. 3, full
bare contribution of Figs. 8b and 8c is then rewritten as (3.41) plus terms which decay expo-
nentially faster than p*exp(BEg). Like Z(1, 1) or S3(1, 1), function W(1, 1|1, 1) is deter-
mined by atomic groundstate contributions, and further contributions of excited states might
be bounded by methods similar to that exposed in Appendix B:. Similarly to expression
(A.16) for S5(1, 1), W(1, 1|1, 1) reduces to the product exp(—28 E ) of atomic groundstate
Boltzmann factors, times a function of 8|Eg| which remains bounded by a power law at
low temperatures. Its asymptotic form when 8 — oo is given by (3.42), where c,; 4, 1S the
pure numerical coefficient

(at,at)

2(M D K)|?
Catat = — — /dKl 00.00 ( )l
’ | m K°©

fy 2164

(p1.92)7(0.0) (EgV + Ey® —2Ey + B2K?/(Ma})) K*

= { (M) f dKdQ D' (K) Dyg'o” (Q — K) D o (—Q)

| D3y (K)F}

X_

7 |\m K*QK — QP
2|Eqh|
+ > / dKdQ
(P12, p3, Pa)#(0,0,0,0) (Ey" + Eyf? —2Ey + B2K?/(Ma3))

y 2|Ey|
(Ey? + Ey" —2Ey + 120/ (Ma3))

0p1.0py P1P3,P2P4 P30,p40

K*Q*|K - QJ?

D(at,at) K D(at’at) _K D(ul‘,at) _
§ (K) Q-K) ( Q)}' .

In (C.1), K and Q are dimensionless (units a;l) wavenumbers, while function D(()j;[,’%;z (K)
reduces to

(at,at) . m * . m %
Dy, 0y, (K) = (Yol exp| —i —K -1 ) [, ) (Yol exp| i —K -1 ) [1,,)

e e

+ (Vo exp(iﬁK : r*) W) (ol exp(—iﬁK : r*) V)
m m

p p

- (WoleXP<—iﬂK : I‘”‘)I%J(lﬂolexp(—iﬂK . 1‘*>|1ﬁp2)
m m

e p

—<wo|exp(iﬁ1<-r*>|w,,,><wo|exp<iﬁ1<-r*)lw,,2>. (C2)
m me

p

C.2 Expressions of W(1,1]1,0) and W(1, 1|0, 1)

A straightforward extension of previous methods provides the low-temperature behaviors
of bare contributions of Figs. 9a—f. Using again the scaling prescriptions defined in Sect. 3,
the corresponding full bare contribution is then rewritten as (3.45) plus terms which decay
exponentially faster than p* exp(8 E ). Functions W (1, 1|1, 0) and W (1, 1|0, 1) are also de-
termined by atomic groundstate contributions. They behave as exp(—fg Ey) times functions
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of B|Eg| which remain bounded by power laws. Their asymptotic forms when  — oo are
given by 3.46, where pure numerical constants reduce to

at,0 —

@ 2{ 2mgM dK|Dé§‘)”°‘)(K)|2
T

- m(mgy + M) Ko

e fa gy
0 (EXY — Ey + 2K2/(2Ma3) + 2 K?/2mgd3))  K*
G Z/MQQD$MWMKFWQ—Kn%”%4D
73 [\ m@my + M) K*0*K — QP2

2|E
+ Y dKdQ Ex]

(p1.p2)#(0,0) (EYV — Ey + W2K2/(2Ma3) + 2K?/(2m,a3))

) 2|En|
(E” — Eq +120%/(2Ma}) + 12 0%/ 2mya}))

(at,a) at,o (at,a)
. Dopy KDY (Q-K)D, " (-Q) ©3)
K20Q?|K - QJ? ’ '
with
D((Jc;tl,,ﬂ) (K) — _D(()z;)tl,e) (K)
. m * . m *
= (Yolexp| —i —K -1 )|¥,,) — (Yolexp| i —K-1* )[¢,). (C4)
m, my
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‘We compute thermodynamical properties of a low-density hydrogen gas within the physical picture, in which the
system is described as a quantum electron-proton plasma interacting via the Coulomb potential. Our calculations
are done using the exact scaled low-temperature (SLT) expansion, which provides a rigorous extension of the
well-known virial expansion—valid in the fully ionized phase—into the Saha regime where the system is partially
or fully recombined into hydrogen atoms. After recalling the SLT expansion of the pressure [A. Alastuey et al.,
J. Stat. Phys. 130, 1119 (2008)], we obtain the SLT expansions of the chemical potential and of the internal
energy, up to order exp(—|Ey|/kT) included (Ey ~ —13.6 eV). Those truncated expansions describe the first
five nonideal corrections to the ideal Saha law. They account exactly, up to the considered order, for all effects
of interactions and thermal excitations, including the formation of bound states (atom H, ions H™ and H, ™,
molecule Hy, ...) and atom-charge and atom-atom interactions. Among the five leading corrections, three are
easy to evaluate, while the remaining ones involve well-defined internal partition functions for the molecule
H, and ions H™ and H,*, for which no closed-form analytical formula exist currently. We provide accurate
low-temperature approximations for those partition functions by using known values of rotational and vibrational
energies. We compare then the predictions of the SLT expansion, for the pressure and the internal energy, with,
on the one hand, the equation-of-state tables obtained within the opacity program at Livermore (OPAL) and, on
the other hand, data of path integral quantum Monte Carlo (PIMC) simulations. In general, a good agreement
is found. At low densities, the simple analytical SLT formulas reproduce the values of the OPAL tables up to
the last digit in a large range of temperatures, while at higher densities (o ~ 1072 g/cm®), some discrepancies
among the SLT, OPAL, and PIMC results are observed.

DOI: 10.1103/PhysRevE.86.066402

I. INTRODUCTION

As the lightest and most simple element, hydrogen is
important both theoretically and for practical applications. It is
also the most abundant element in the universe, and a precise
knowledge of its thermodynamical properties is needed by as-
trophysicists over a wide range of pressures and temperatures.
In that context, the derivation of accurate tables for thermody-
namical functions is quite useful. This motivated the celebrated
opacity program at Livermore (OPAL), which, in addition,
provides tabulations of the opacity as a function of temperature
and density, a key ingredient for astrophysical diagnosis.

The OPAL equation-of-state tables [1] have been derived
from the activity expansion (ACTEX) method, first introduced
in Ref. [2] and implemented through successive papers [3].
That approach is built within the physical picture, where
hydrogen is described in terms of a quantum plasma made
with protons and electrons interacting via the 1/r Coulomb
potential. For a given set of thermodynamical parameters,
one proceeds to suitable estimations of the expected relevant
contributions in the activity expansions determined by simple
physical arguments. This allows one to account for complex
phenomena arising from the formation of chemical species and
their interactions. The resulting OPAL tables are very reason-
ably accurate over a wide range of temperatures and densities,
as checked through comparisons to quantum Monte Carlo
simulations [4] and to high-pressure shock experiments [5].

1539-3755/2012/86(6)/066402(20)
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Aside from the OPAL tables, exact asymptotic expansions
can be used to provide reliable numerical data. It turns out that
such an expansion, the so-called scaled low-temperature (SLT)
expansion, has been recently derived in the Saha regime [6],
where hydrogen reduces to a dilute partially ionized atomic
gas. That regime is of particular astrophysical interest since it
is observed, for instance, in the Sun interior. The main purpose
of that paper is to derive, from the SLT expansion, simple and
very precise estimations of the contributions of all the mech-
anisms at work in the Saha regime to any thermodynamical
function. Our calculations avoid approximations introduced
in the ACTEX approach, and they are written in terms of
tractable analytic formulas which are quite easy to handle
for determining the quantities of interest at any temperature
and any density. No interpolation has to be performed as in
other purely numerical tables like OPAL. The corresponding
high-accuracy and thermodynamically consistent calculations
should be quite useful for various applications, in particular
the interpretation of recent seismology measurements in the
Sun [7].

In the physical picture, the equation of state is studied by ap-
plying methods of quantum statistical mechanics to Coulombic
matter. Various analytical methods have been developed for
this purpose, such as effective potential methods [8-11],
many-body perturbation theory [12,13], and Mayer diagrams
in the polymer representation of the quantum system [14-16].
Numerical techniques have also been elaborated, in particular,

©2012 American Physical Society
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density functional theory molecular dynamics [17-19] and
path-integral Monte Carlo (PIMC) simulations [20]. In the
present work, we use a suitable extension [21]—needed for
dealing with a partially recombined phase—of the quantum
Mayer diagrams method introduced previously to derive in
particular the virial expansion of the equation of state up
to order p>/? in the density, both in the absence [14,22,23]
and presence [24] of a magnetic field. This framework avoids
the problems associated with the more widely used chemical
approach [25-29] in which bound states (atoms H, molecules
H,, ions H™, H,*, ...) are treated as preformed constituents
that are assumed to interact via some given effective potentials
[30,31] with the ionized charges and between themselves.
The SLT expansion [6] solves the difficult problem of dealing
consistently and exactly with screening and bound states in the
Saha regime within the physical picture. Effect of atom-atom
interactions and screened interactions between ionized charges
and atoms appear, for instance, in our calculations, without
introducing any intermediate modelization, as a consequence
of the basic Coulombic interactions between the electrons and
protons. They are embedded in functions h,(8) and h4(B)
defined in Sec. II D. In the SLT expansion, the internal partition
functions of all bound entities are finite thanks to a systematic
account of collective screening effects. That expansion exhibits
no missing term, nor double counting, for instance, between
contributions associated to a hydrogen molecule or to two
hydrogen atoms, despite the atoms may form a molecule at
short distances.

The Saha regime corresponds to low-temperature and
sufficiently low densities, so the most abundant chemical
species are ionized protons, ionized electrons, and hydrogen
atoms in their ground state. The corresponding thermal
ionization equilibrium H &= e + p is well described in first
approximation by the mass-action law for ideal mixtures [32]

id 201\ 3/2
Pat :<M> e*ﬂEH’ 1)

ool m

which relates the number density p;‘g of hydrogen atoms in
their ground state with energy Ey =‘—me4/(2h2) ~ —13.6eV
to the number densities pi¢ and p}' of ionized protons and

electrons with pi' = p¢ because of charge neutrality. In
ionization equation (1), B is the inverse temperature, while
m, and m, are the proton and electron masses, and m =
mpm,/(m, +m,) is the mass of the reduced particle. All
ideal densities can be computed in terms of the sole total
electron or proton density p = pid + pid = pli,d + pl and of
the temperature-dependent density

o RPED it = /) @)

2(2m22,)”

which naturally emerges in ionization equation (1). The
resulting Saha equation of state (EOS) follows from adding

the partial pressures of the three ideal gases in the mixture,
and it reads

BPsana = p + p [/ 1+2p/p* — 1. 3)

Temperature-dependent density p* controls the crossover
between full ionization and full recombination, as illustrated
by the respective behaviors B Ps;, ~ 2p for p < p* and
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B Psana ~ p for p > p*. As recalled in Sec. II, within the
physical picture, the Saha predictions have been proved
to be asymptotically valid in a suitable scaling limit in
the grand-canonical ensemble [33], where temperature T is
decreased while chemical potentials ., and . go to Ey with
alinear dependence in 7. The corresponding density decreases
exponentially fast with 7', in order to keep the same energy-
entropy balance and, hence, the same ionization degree. The
identification of that scaling limit opened up the possibility to
construct systematic expansions beyond Saha theory [6]. The
structure of the corresponding SLT expansion of the density
in terms of the chemical potential is described in Sec. II. The
successive terms depend on temperature-dependent functions
hy(B) which decay exponentially fast when T — 0 with
increasing decay rates. Their physical content is discussed
in relation with the formation of chemical species, interaction,
and screening effects.

In Sec. 111, starting from the SLT expansion of density and
using standard thermodynamical identities, we derive the SLT
expansions of chemical potential, pressure, and internal en-
ergy. By construction, all expressions are thermodynamically
consistent, and similar expressions for other thermodynamical
quantities can be easily derived along similar lines. In those
SLT expansions, beyond the leading terms given by Saha
theory, each correction reduces to an algebraic function of ratio
p/p* times a temperature-dependent function which decays
exponentially fast when 7 — 0. We give the expressions of all
corrections up to order exp(8 Ey) included. Such corrections
account for various phenomena such as plasma polarization,
thermal atomic excitations, shift of the atomic energy levels,
formation of hydrogen molecules H, and ions H™ and H,™,
and interactions between ionized charges and atoms.

As usual for asymptotic expansions, and aside from the
question of convergence in a strict mathematical sense, the
truncation of SLT expansions can be reasonably expected to
provide reliable quantitative informations on thermodynamics.
Here, since the characteristic energy scale |Ey| involved in
SLT expansions is rather large, the corresponding calculations
should be reliable up to temperatures of the order 10*
K for which the condition kT « |Ey| is indeed fulfilled.
Furthermore, we stress that, though the SLT expansion is built
by considering a low-density and low-temperature scaling,
it can provide actually accurate predictions in a rather large
range of densities and temperatures that cover the fully ionized,
partially ionized, and atomic phases of the hydrogen gas.
Indeed, the SLT expansion reduces by construction to the
standard virial expansion when p < p* at fixed T [6]. Thus,
the SLT formulas remain valid in the fully ionized regime
where one may have T > Trydvers = |Enl/k = 157801 K,
as long as the density is not too high, namely the coupling
parameter I' = Be?/a must remain small.

If we keep all corrections to Saha leading terms up to order
exp(BEn) included, as provided by the SLT formulas, the
knowledge of the first four functions h(B), h2(B), h3(B),
and h4(B) is required. If functions h;(B) and h3(B) are
explicitly known in closed elementary forms and can be
calculated exactly at any temperature, no similar formulas
for functions h,(8) and h4(B) are available since analytical
results on the three- and four-body quantum problem are
very scarce. In Sec. IV, we propose simple approximations of
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those functions which account for their exact low-temperature
forms, on the one hand, and incorporate the usual reliable
descriptions of the spectra of ions H~, H,™ and of molecule
H,, on the other hand. Those approximations are sufficient for
computing thermodynamical properties of a partially ionized
hydrogen gas for temperatures up to about 30 000 K. More
refined calculations of functions /,(8) and h4(8) would be
required at higher temperatures, in particular for state points
where recombination into hydrogen molecules or ions give a
significant contribution.

In Sec. V, within previous simple representations of the
hir(B)’s, we study the importance of the various nonideal
corrections to Saha pressure and internal energy along various
isotherms and isochores. The predictions of our analytical SLT
formulas are compared to the OPAL tables which, up to now,
are expected to provide the most reliable numerical data in the
considered regimes. A very good agreement is found at low
densities, for all temperatures, if one corrects the OPAL tables
by using the exact ground-state energy of the hydrogen atom
with the reduced mass m in place of m, [34]. When the density
is increased, our predictions differ somewhat from those of
the OPAL tables. We compare also our predictions to data
of quantum Monte Carlo simulations [4]. These comparisons,
together with a simple semiempirical criterion, allow us to
determine the validity domain of the SLT expansion in the
temperature-density plane (see Fig. 12). Final comments and
possible extensions are given in Sec. VL.

II. THE SCALED LOW-TEMPERATURE EXPANSION

A. The Saha regime in the grand-canonical ensemble

Within the physical picture, a hydrogen gas is viewed as a
system of quantum point particles which are either protons or
electrons, interacting via the instantaneous Coulomb potential
v(r) = 1/r. Protons and electrons have respective charges,
masses, and spins, e, = eande, = —e,m, andm,,0, = 0. =
1/2. In the present nonrelativistic limit, the corresponding
Hamiltonian for N = N, + N, particles reads

N

n? 1
M= D5 B S D eweav(IX = XD, (@)

Hy, N,
i=1 2me, i#j

where «; = p,e is the species of the ith particle and A; is
the Laplacian with respect to its position x;. The system
is enclosed in a box with volume A, in contact with a
thermostat at temperature 7 and a reservoir of particles
that fixes the chemical potentials equal to 1, and . for
protons and electrons, respectively. Because the infinite system
maintains local neutrality p, = p, in any fluid phase, the bulk
equilibrium quantities depend in fact solely on the mean,

= (pp + the)/2, (&)

while the difference v = (1, — u,)/2 is not relevant, as
rigorously proved in Ref. [35]. Consequently, the common
particle density p = p, = p. depends only on T and u.

In the present framework, the EOS (3) has been proved to
become exact in some limit introduced by Macris and Martin,
who extended Fefferman’s work on the atomic phase of the
hydrogen plasma [36] to a partially ionized phase [33]. In
that limit, the temperature 7' goes to zero while the average
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chemical potential u of protons and electrons approaches the
value Ey with a definite slope [33]. More precisely, let y be the
dimensionless parameter defined through the parametrization

p = Ey + kT{In(y) + In[(m/M)** /4]} (6)

with M = m,, + m,. The state of the system then is equiva-
lently defined by either the usual set (7', 1) of thermodynamical
parameters in the grand-canonical ensemble or the set (7',y),
since both sets are univocally related. As proved in Ref. [33],
inthe limit 7 — 0 at fixed y, density p and pressure P behave
as (¢ > 0)

p= (o + P+ O = (o + pl)l1 + O™ )]

@)
and
BP = (py + pi' + P )1 + O™, ®)
where ideal densities reduce to
oy =pi = p*y ©)
and
py = p*y;- (10)

Notice that ideal densities (9) and (10) do satisfy the Saha
ionization equation (1) for the total proton/electron density
p = p*y(1 +y/2). Moreover, the leading contribution to
pressure in formula (8) indeed describes an ideal mixture
of free protons, free electrons, and hydrogen atoms in their
ground state, which can be rewritten in the form Eq. (3).
Thus, discarding exponentially vanishing terms embedded in
O(e~P), Saha predictions are rigorously recovered in the
scaling limit of Macris and Martin 7 — 0 at fixed y. The
parameter y may be fixed at an arbitrary positive value;
it controls the density and also the ionization ratio since
py/p =1/(1 + y/2). Contrary to the zero-temperature limit
at fixed chemical potential used in the atomic and molecular
limit theorem [15,36,37] (see also Ref. [38] for further physical
considerations around that limit), we consider y fixed and a
chemical potential that varies as 7 — 0 according to Eq. (6) so
the e-p plasma tends in the limit 7 — O to a partially ionized
hydrogen gas with a well-defined ionization ratio.

The Saha regime corresponds to quite diluted conditions,
since the densities of ionized particles and of atoms vanish
exponentially fast when B — oo, with a rate determined by
the ground-state energy of the hydrogen atom Ey ~ —13.6eV.
The low-temperature condition, namely k7T < |Ey|, ensures
that atoms can form, while they maintain their individuality
thanks to a >> ap, where a = (3/(4mp))'/? is the mean
interparticle distance and ap = n? /(2me?) is the Bohr radius.
Because of the high dilution, the system is both weakly
coupled and weakly degenerate. In particular, the ionized
charges are almost classical, and the corresponding screening
length reduces to its Debye expression k! = [47!/3@2(,o;1 +

idy1—1/2
P

According to the above rigorous derivation, corrections to
Saha theory decay exponentially fast in the scaled limit 7 — 0
at fixed y. Nevertheless, they cannot be explicitly computed
within the corresponding mathematical techniques, so one has
to use different tools as described further.
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B. About the interplay between recombination and screening

In the Saha regime, in addition to atoms, recombination
processes lead to the formation of molecules H,, ions H™ and
H,*, and also more complex entities like H, ™, Hy3*, H3, and so
on. A controlled analysis of the corresponding contributions is
the central problem for deriving systematic corrections to Saha
theory. The well-known difficulty lies in a suitable account of
the individual contribution of a single chemical species at
finite temperature, which is free from the divergences arising
from Rydberg states. In the literature, in general, that problem
has been tackled within phenomenological prescriptions, in
particular those leading to the so-called Brillouin-Planck-
Larkin formula for atomic contributions [39,40]. The physical
idea underlying that phenomenological approach is that the
divergent contributions of Rydberg states are in fact screened
by the free charges present in the system. Accordingly, the
estimation of contributions from recombined entities cannot
be disentangled from that of screened interactions between
ionized charges.

A systematic procedure for dealing simultaneously with
recombination and screening has been constructed through
the combination of path integral and diagrammatical methods
[21]. This provided some kind of cluster representation for
equilibrium quantities in the grand-canonical ensemble. In the
quite diluted Saha regime, the statistical weight of a given
cluster made with N, protons and N, electrons involves the
cluster partition function

.1
Z(Np,Ne) =270, , lim —Trlexp(—=BHy, v hayer
(1n

which is a truncated trace of Gibbs operator exp(—BHy, v,)
built with bare Coulomb Hamiltonians, while Ay, n, =
(ﬂh2/[Npmp + N,m,])'/? is the thermal de Broglie wave-
length of the cluster. The trace in Eq. (11) converges despite
the long range of the Coulomb interaction, thanks to a sys-
tematic truncation procedure which accounts for the screening
by ionized charges [21]. Roughly speaking, that procedure
amounts to subtract and add counterterms to the genuine Gibbs
operators, which involve nontraceable operators built with the
Coulomb potential. The Gibbs operator and the subtracted
counterterms give rise to the finite partition function (11) which
depends only on 7 and no longer on y . The added counterterms
are recombined together with other divergent contributions
via chain resummations, which ultimately provide finite
contributions involving the screening length ! associated
with the ionized charges present in the medium.

Remarkably, the familiar chemical species naturally emerge
from cluster partition function Z(N,,N,), which is intrinsic
to the considered cluster in the vacuum. A given chemical
species made with N, protons and N, electrons is associated
with bound states of bare Hamiltonian Hy, v,. In the zero-
temperature limit, it provides the leading contribution to
Z(N,,N,) which behaves as

exp (~BE ) (12)

apart from possible integer degeneracy factors and where
E](\(,)l) v, is the groundstate energy of Hamiltonian Hy, y,. At
finite temperatures, Z(N,, N,) involves not only contributions
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from thermally excited bound states but also contributions
from diffusive states describing the dissociation of the consid-
ered chemical species.

Cluster partition functions Z(N,,N,.) can be viewed as
generalizations of Ebeling virial coefficients [9] introduced
for dealing with contributions from two-particle clusters. The
contributions of interactions between chemical species can
be expressed also in terms of cluster functions similar to
Z(Np,N,),so all contributions related to the formation of com-
plex entities are properly taken into account. We stress that, as
far as thermodynamical properties are concerned, only the full
contribution of Z(N,,, N,) and of its related screened countert-
erms makes an unambiguous sense. The considered formalism
[21] avoids both arbitrary and uncontrolled definitions of
internal partition functions for chemical species, which are
key ingredients in phenomenological chemical approaches.!

C. Systematic corrections to Saha theory

Within the combination of path integral and diagrammatical
methods evoked above [21], systematic corrections to Saha
theory have been explicitly computed in Ref. [6]. A pedagog-
ical summary of both rather long papers is given in Ref. [41].
Here, leaving aside the tedious technical details involved in
the derivation, we can guess and explain the mathematical
structure of the corresponding expansion through simple
arguments based on the considerations exposed just earlier.

In the so-called screened cluster representation of particle
density p [21], any contribution reduces to a graph made with
particle clusters connected by screened bonds. The statistical
weight of a cluster made with N, protons and N, electrons, re-
duces to, roughly speaking, the product exp[ (N, + N.)u] of
the particle fugacity factors times the cluster partition function
Z(Np,N,.) and times some dressing factor which accounts for
collective polarization effects. The integration over the relative
distances between particle clusters generate powers of the
Debye screening wave number «, while dressing factors can be
also expanded in powers of k. Since exp(B ) is proportional to
both y and exp(—pB|Ex|), while « is proportional to both y!/2
and exp(— 8| Eul/2), any contribution reduces to some integer
or half-integer power of y times a temperature-dependent
function. The low-temperature behavior of that function results
from the competition between factors varying exponentially
fast, namely positive powers of exp(—p|Ey|) arising from
fugacity factors, positive or negative powers of exp(— | Enl/2)
arising from screened interactions and polarization effects,
and exploding Boltzmann factors exp(—f Eﬁ\?;,ve) arising from
the contribution of bound entities with ground-state energy

'Of course, one might express the trace defining Z(N,,N,) over
the complete basis made with the eigenstates of Hy, y,. This would
provide a convergent infinite sum of bound-state contributions, which
might be identified as an internal partition function. Nevertheless,
extending the analysis carried out in Ref. [42], one can rewrite
Z(N,,N,) as a finite contribution plus another truncated partition
function, which would ultimately provide a different internal part.
For instance, various atomic partition functions can be extracted from
Ebeling virial coefficient [42], including the famous Planck-Larkin-
Brillouin expression.
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EE\(,); v, < 0 in cluster partition functions. In the Saha regime,
namely T — O with y fixed, the order of a given contribution
is determined by subtle inequalities involving E;f,)z v, and Eq.
The leading contributions to density p are easily identified
as arising from graphs made with single clusters carrying
either one particle (one proton or one electron) or two
particles (one proton and one electron), and they are of order
exp(—p|Enl). All the other contributions decay exponentially
faster, in agreement with the rigorous estimation of order
O(e~P) for the full deviation to Saha theory. Accordingly, the
corresponding SLT expansion for the dimensionless density
p/p* takes the following mathematical form Ref. [6]:

2 o0
plp* =7+ 3y (). (13)
k=1

In Eq. (13), the leading first two terms are the ideal
contributions predicted by Saha theory, while the sum accounts
for the corrections. In each correction with order k, power
ny is integer or half-integer while y"* may be multiplied
by logarithmic terms. Furthermore, function /;(8) decays
exponentially fast in the zero-temperature limit, hi(8) ~
exp(—pB4x) when  — oo, except for possible multiplicative
powers of . We stress that expansion (13) is not ordered
with respect to powers of y, i.e., the n;’s do not necessarily
increase with k, but it is ordered with respect to increasing
decay rates, 0 < 8; < & < ..., of functions /;(B). In other
words, instead of y, which is kept fixed here, the small
parameter is built with the temperature which is sent to zero.
That small parameter may be identified with exp(—p8|Eul),
so the leading low-temperature behavior of each correction of
order k reduces to some positive real power §;/|Ey| of that
parameter. Notice that each function /() does not reduce
to its leading low-temperature form in general, but it also
involves contributions which decay exponentially faster than
exp(—pdr).

The SLT expansion (13) provides an exact relationship be-
tween the density and the chemical potential [recall definition
(6) of y] that is very useful in the Saha regime because the
series converges then rapidly and can be safely truncated. We
comment on the mathematical form and the physical content
of the first four corrections s () in the next subsection. It will
then be shown in Sec. III how Eq. (13) can be used to compute
explicitly in the Saha regime any thermodynamical quantity
as a function of the natural physical variables p and T'.

D. First corrections and their physical content

The first four functions A (B) as well as the corresponding
ne’s, k = 1,2,3,4, are explicitly computed in Ref. [6], where
it is also shown that all other h;’s with k > 5 decay faster
than exp(B En), i.e., 8 > |Eg| for k > 5. Thus, if we truncate
expansion (13) up to order exp(p Ey) included, it is consistent
to only retain contributions which are at most of that order in
the first four /;’s. In the following, we recall the corresponding
expressions and we discuss their physical content.

1. Term k = 1: plasma polarization around ionized charges

That correction arises from a single cluster with one proton
(electron) where dressing many-body effects on its statistical
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weight are computed at leading order. This provides the
fugacity factor exp(8u) multiplied by the Debye screening
factor k. Accordingly, we findn; =14 1/2=3/2and §; =
—(Ey + Ey/2 — Ey) = |Egl|/2, once p has been expressed
in units of temperature-dependent density p* ~ exp(—fB|Enul).
The precise form of function 4(8) reads

(BIEu))**

h(B) = 37— exp(BEn/2), (14)
since Z(1,0) = Z(0,1)=2 for a single proton or
a single electron, for which no truncation occurs,
namely [exp(—B Hi1,0) |\ jayer = €XP(—BHi0) and

[eXP(—ﬁHo,l)]{/layer = exp(—BHo,1).

The present correction accounts for the familiar polarization
of the plasma surrounding an ionized charge. In the literature,
that mechanism was taken into account for the first time in
Ref. [43] through a suitable modification of Saha ionization
equilibrium (1). We have checked that the corresponding
correction to Saha theory can be exactly recovered by keeping
only the first term k = 1 in the SLT expansion (13).

2. Term k = 2: formation of molecules and atom-atom
interactions

That correction arises from a single cluster made with two
protons and two electrons and from two interacting neutral
clusters where each of them is made with one proton and
one electron. At leading order, dressing collective effects
in statistical weights can be neglected, while screening of
interactions between neutral clusters can be also omitted
since the corresponding bare interactions are integrable. Then,
power n, is merely determined by the product of four fugacity
factors exp(Bu), which provides n, = 4. Function h,(8)
reduces to

1 /2m\*?
ha(B) = a<ﬁ> Z(2,2)exp(3BEn)

+ W(1,1]1,1)exp(3BEn), (15)

where W(1,1]1,1) is a suitable trace analogous to expression
(11) which now involves two Gibbs operators exp(—B8H, 1)
associated with two proton-electron pairs, as well as their
bare Coulomb interactions. Factors exp(38 Ey) arise from the
product of the four fugacity factors exp(Su) and the rewriting
of p in units of p*. In the zero-temperature limit, the leading
contribution in expression (15) is that of the molecular ground
statein Z(2,2) withenergy Ey, = E ;0; Notice that, because of
inequality 3Ey < En, < 2Ejy, function hy(B) indeed decays
exponentially fast with the rate 8, = |3Ey — En,| = 9.1 eV.
That inequality ensures that molecules H, are very scarce in
the Saha regime compared to atoms H, despite that they are
more stable energetically, Moreover, §; is indeed larger than
8 = |Egl/2 >~ 6.8 eV.

Molecular contributions are embedded in Z(2,2), which
is indeed finite thanks to the truncation procedure inherited
from screening, as well as the short-range part of atom-atom
interactions. Long-range atom-atom interactions, including
familiar van der Waals interactions, appear in W(1,1|1,1).
Notice that the screened counterterms related to the truncations
involved here provide contributions to expansion (13) which
decay faster than exp(8Ey), and they arise in terms with

066402-5

A-65



A. ALASTUEY AND V. BALLENEGGER

k > 5. We stress that both molecular formation and atom-atom
interactions are properly taken into account, without any a
priori modelizations like in usual chemical approaches. Here
the corresponding contributions are expressed in terms of the
associated few-body Coulomb Hamiltonians, and they natu-
rally emerge through the fundamental quantum mechanisms
at work. In particular, the quantum mechanical operators
involved in both Z(2,2) and W(1,1|1,1) automatically and
correctly take care of the unavoidable mixing between the
contributions from two interacting atoms, on the one hand,
and from a single molecule, on the other hand.

3. Term k = 3: atomic excitations and charge-charge interactions

That correction arises from single clusters made with either
one or two particles. Contributions of two-particle clusters
are controlled by the product of two fugacity factors exp(8u)
and of two-body cluster partition functions Z(2,0), Z(0,2),
and Z(1,1), while contributions from the one-particle clusters
reduce to one fugacity factor exp(Su) multiplied by a factor
«? which accounts for polarization effects beyond the Debye
mean-field result of order k. This leadston; =1+1=1+
2x1/2=2and

1 1 4 Eyl)*?
ha(B) = =3 + [1 + 5 In (%‘)]%expwm

1 2m\?
+ 312 {2Q(Xpe) + (m7)

p

1 2m\*"?
X |:Q(_xpp) - EE(_xpp)] + <m7> [Q(_xee)]

e

1
- EE(_xee)]} exp(BEn), (16)

where the two-particle partition functions, Z(2,0), Z(0,2)
and Z(1,1) have been rewritten in terms of Ebeling’s func-
tions Q(x) and E(x) [9] with x,, = 2(B|Eu))"?, x,, =
@m,/m)" (| Exl)V/2, and x,, = (2m,/m)"/2(B| Eu])"/%. The
ground-state contribution has been extracted from Z(1,1) and
it provides the leading atomic contribution y2/2 in Eq. (13).
Consequently, the leading low-temperature behavior of /3(8)
arises from the contribution to Q(x,.) of the first excited
state of an atom H with energy Ey/4, so §3 reduces to
03 = —Ey/4 + Ey = —3FEy/4. That decay rate 63 >~ 10.2 eV
is indeed larger than 6, ~ 9.1 eV.

The present correction involves contributions of the atomic
excited states, as well as of interactions between two ionized
charges. The screened long-range part of such interactions are
precisely the counterterms related to the truncations ensuring
the finiteness of Z(2,0), Z(0,2), and Z(1,1) or, equivalently,
of the Ebeling function Q.

4. Term k = 4: formation of ions and atom-charge interactions

That correction arises from single three-particle clusters, a
two-particle cluster interacting with a one-particle cluster, and
a single two-particle cluster dressed by many-body effects. All
contributions provide the same power ny = 3 of y, as resulting
from either the product of three fugacity factors exp(8u) or

PHYSICAL REVIEW E 86, 066402 (2012)

the product of two fugacity factors exp(8u) times a factor «2
arising from polarization effects, namely ns =1+1+4+1=
141+ 2 x 1/2 = 3. The corresponding function /4(8) reads

3 ([meM 4 m )P (M +m, ]
ha(B) = a{[T] Z(2,1)+ [T]

x 2(1,2>} exp2BEw) + S3(1,1) exp2BEn)

3
~|—§[W(1,1|1,0)—|—W(l,l|0,1)]exp(2ﬂEH). a7

The leading low-temperature behavior of /4(8) arises from
the ground-state contribution of ion H,t in Z(2,1), so 84 =
Ey,~ —2Ey >~ 11.0 eV, which is indeed larger than §3 ~
10.2 eV.

Several phenomena contribute to the present correction.
First, formation of ions H, ™ and H™ are embedded in partition
functions Z(2,1) and Z(1,2), respectively. Second, contribu-
tions of bare interactions between an atom H and a single
ionized charge are described by the functions W(1,1|1,0)
and W(1,1]0,1). Third, the function S3(1,1) accounts for
modifications of the atomic ground state due to the polarization
of the surrounding plasma, beyond the familiar Debye shift.

III. THERMODYNAMICAL FUNCTIONS

A. Chemical potential as a function of density

In physical systems, the natural thermodynamical parame-
ters are the temperature and the density. Thus, it is quite useful
to invert the SLT expansion (13), namely to determine y (p,T).
Then, by using standard thermodynamical identities, we are
able to compute consistently all thermodynamical quantities
as functions of 7 and p. In the present low-temperature
limit, the inversion can be performed in a perturbative way
as follows. First, if we neglect all the exponentially small
corrections embedded in the 4;’s, the density reduces to its
Saha expression,

y2

p/p*=y+7- (18)
The inversion of that relation, which amounts here to solving
a simple second-order equation for y, gives

Ysana(0,T) = ys(§) = 1 +28 — 1 with § = p/p*, (19)

which is the leading form of y(p,T) in the Saha regime. The
inversion of the full relation (13) is then achieved by writing
y(p,T) = ysana(p,T) plus a small correction which is treated
perturbatively. This leads to

v(0.T) = 1+2p/p* =1+ Y a(p/p")gk(B). (20)

k=1

where a; depends only on £ = p/p*, while g; depends only
on temperature. The a;’s can be determined in terms of ys(§)
and of its derivatives with respect to £. Each g, reduces
to a polynomial in the h;’s with 1 </ < k. Thus, the g¢’s
decay exponentially fast when 8 — oo, and they are ordered
with respect to increasing decay rates. The first five terms in
Eq. (20) are
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3
W W R
a = — ;oay=— poas=-— ;
14+ ys 14+ ys 14+ ys @1
. vs _ v3Qys+3)
T 201+ ys)?
a=h; g=hy; g=hy gi=hy gs=hi
(22)

where ys is given by the simple algebraic function (19) of
p/p*. All g¢’s with k > 6 decay exponentially faster than
exp(BEp).

Similarly to SLT expansion (13), the small parameter in
series (20) is the temperature or, equivalently, the exponentially
small factor exp(— | Ey|). Now, the fixed parameter is the ratio
& = p/p* which can take arbitrary values. The corresponding
expansion of chemical potential p straightforwardly follows
by inserting series (20) into relation (6). Other thermodynam-
ical functions can be expanded in a similar way by using
thermodynamical identities, as explained further for pressure
and internal energy.

B. Pressure

We start from the standard relation in the grand-canonical
ensemble which expresses the density as the derivative of the
pressure with respect to the fugacity z = exp(Bu). According
to the variable change defined through relation (6), that identity
can be rewritten as

y 9BP
=30
where the partial derivative is taken at fixed 8. Replacing p
by its SLT expansion (13) into the right-hand side of identity
(23), we easily obtain

(23)

]/2 o 2)/""

BP/p" =2y + 4+ ) = —h(p). (24)
k=1 T

where we have that p* depends only on B, while P /p*

vanishes for infinite dilution, namely for y = 0. Replacing

each factor y by the SLT inverted series (20), we recast

expression (24) as the SLT expansion of the pressure at fixed

ratio p/p*, namely

BP/p* = BPsuma/p* + Y _ BPc/p". (25)

k=1

The leading term is nothing but the well-known Saha pressure
(3) in units of p*. The general structure of the k™ correction
reads

BPc/p* = bi(p/p")eu(B), (26)

where o is a polynomial in the 4;(8)’s with [ < k. Therefore,
for a fixed ratio p/p*, corrections B P/ p* decay exponentially
fast when B — oo, while the corresponding decay rates
increase with k. The functions [bi(p/p*),0r(B)] involved in
the first five corrections read

o s =D KOs R
31+ ys) 21+ ys) 1+ ys
R JRNR Vg 70 o
3A+ys) 0 20+ )P
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. _ . _ . _ . _ 12
ay=hy; oax=hy; az=h3; oas=hsy; as=hj,

(28)

while next correction 8 Ps/p* decays faster than exp(B Ey).

C. Internal energy

In the grand-canonical ensemble and for a finite volume
A, we set (N) = ((N ,) + (N,))/2 for the average common
number of protons and electrons. We then define, in the
thermodynamic limit, the internal energy per particles pairu =
limr, U/(N). Standard thermodynamical identities provide

the relation

0 BP

w=(2pu— —>, (29)
aB ( P

where the partial derivative with respect to g is taken at fixed
density p. Inserting into identity (29) the expression (6) of the
chemical potential in terms of y and 8, we find

,BP) 3P 0 p* 3 BP
u=(2—-—)Eg+—+2—Iny - —— , (30)
( p ) " 20 T B p 0B p*
where we have also used

d

= p* = (Eq — 3kT/2)p", 31)

ap

inferred from definition (2) of p*. The insertion of expansions
(20) and (25) of y and BP/p* into relation (30) provide the
corresponding SLT expansion of u. The partial derivatives with
respect to B give rise to functions h)(B8) = dhy/dpf, which
decay exponentially fast at low temperatures with the same
decay rates as the hi(B)’s. Moreover, since p* depends on 8,
coefficients ax(p/p*) and by(p/p*) also provide contributions
to the partial derivatives with respect to 8 at fixed p. After
straightforward algebraic calculations, we eventually obtain

o0
U= usaa + )k (32)
k=1

with
Usana = (1 + ysE N3kT/24+ (1 — ys& " DEn,  (33)

and
ur = =y (1 + y5) "' [ + ysE"HKT +2(1 — ys€ ") Enl
x hi(B), (34)
up = —ysE T MY(B)/ 2+ v (L + ys) 'L+ ysE71/2)
x (Enq — 3kT)ha(B). (35)
us = —yg& 'hy(B) + vg& (1 + ys) " (En — 2kT)h3(B),

uy = =203E 7 Hy(B)/3 4+ 2(1 + ysE Y1 + ys) !

x (Ew — 2kT)h4(B)/3, @37
us = (1+y5) > (36T + y2Bys + H2 + 5) ™! En)
x [h(B)1*. (38)

Expression (33) of Saha internal energy can be easily
interpreted as follows. Let xih = pil/p, i = pit/p,and x} =
p;? /p be the respective molar fractions of ionized protons,
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ionized electrons, and hydrogen atoms. We can rewrite formula
(33) as

Usana = (X} +x))3kT/2 + x{(En 4 3kT/2),  (39)

so each ionized charge does provide a classical kinetic
contribution 3k7T /2, while each atom does provide the kinetic
contribution 3k7 /2 associated with motion of its mass center
plus the ground-state energy Ey, as it should. Notice that the
low-temperature behavior of corrections (35) and (37) can be
similarly interpreted in terms of the contributions of molecules
H, and ions H™, H, ™ respectively.

Other equilibrium quantities can also be derived from
previous expansions via thermodynamical identities, like
the specific heats, or the isentropic compressibility which
determines the sound speed. Such derivations are, of course,
consistent within the general framework of thermodynamics:
A given quantity can be computed following different routes
which all lead to the same expression.

IV. REPRESENTATIONS OF
TEMPERATURE-DEPENDENT FUNCTIONS

For practical applications of SLT expansions, we need
simple representations of functions h;(B) at finite tem-
peratures. Though asymptotic low-temperature behaviors of
such functions are exactly known for k = 1,2,3,4, explicit
analytic expressions at finite temperature are available only
for hi(B) and h3(B), thanks to our exact knowledge of
the whole spectrum of two-body Coulomb Hamiltonians
(see Sec. IV A). For functions %,(8) and h4(8), we construct
simple approximations which are expected to be sufficiently
accurate for temperatures up to 30000 K (see Sec. IV B).
Eventually, we provide the corresponding numerical tables
and plots for all those functions.

A. Analytical expressions for one- and two-body functions

Function h;(p) is given by the simple formula (14) which
reduces to an elementary function of dimensionless parameter
BEy. Function h3(B) is given by expression (16) in terms
of Ebeling virial functions Q(x) and E(x), which have been
widely studied in the literature. In particular, entire series
expansions in powers of x have been derived [44,45],

__ L Jma 1(C ERAYEUIE < S
o) = 6x A 6<2+ln3 2)x +Z4q,,x,
"0

n 2”1—‘(%_1’_1)’

where C = 0.57721 ... is the Euler-Mascheroni constant and
¢(s) is Riemann’s function, while

]

fan 2 n?
+ —=x +Zenx",
4 72 -

_ 2—n ( _1)
T )

with  x replaced by x, =2(BlEuD)'?, —xp,
—Q2m,/m)'*(B1Eu))'/?, or —xee = —(21716/'71)”2(/-‘3IEHI)”2
Since x is proportional to 1/ VT, such series can be viewed

E(x) =

(41)

PHYSICAL REVIEW E 86, 066402 (2012)

as high-temperature expansions. A controversy has arisen
recently on Eq. (40), with Kraeft [46] and Kremp, Schlanges,
and Kraeft [13] maintaining that no linear term —x /6 should
be present. Starting from the definition of function Q(x)
see, for instance, Eq. (7.1) in Ref. [23], one can calculate
quite easily its high-temperature behavior by using the
Feynman-Kac representation [47] of the density matrix

<r|e ﬂh|r) /D(g)eﬂL f() ds U(\l’+)»§(_s)\) (42)

where / is the Hamiltonian of a particle of mass m in the
attractive Coulomb potential —e?/r and &(s) is a Brownian
bridge distributed according to the Wiener measure Dy (§).
At high temperatures, the exponential can be linearized, and a
straightforward calculation confirms that the leading behavior
is indeed given by Ebeling’s result, —x /6. Asymptotic large-x,
i.e., low-temperature, expansions read

> 2 xz/(4n2) x2 x2
Q) =2y |y n <e —1—@>—§

n=I

() voc4m3— ) F
A a3 My _x
e\ 6) 12

! (0] ! 43
—@4' (;) (43)

for x > O (attractive case) and

00 = (x| 420 +13— L) = X
=—"—(1In n3—— |- —
o 6 \ 6 12

1 1
—ont 0(73) (44)

for x < 0 (repulsive case). When x — —o0, a semiclassical
calculation [48] shows that exchange function E(x) decays
exponentially fast as

4 3 2x2 173
E(x) ~ —= — . 45
(x) mulexp 2(71 2) (45)

As far as numerical calculations are concerned, high-
temperature series (40) and (41) are quite useful because
their radius of convergence is infinite. When x becomes very
large, calculations using large-x expansions (43)—(45) are,
of course, faster. Those low-temperature expansions can be
used in fact to compute h3(7T") from formula (16), up to the
Rydberg temperature |Ey|/k ~ 157800 K since |x,|, for
ab = ep, pp, ee, remains larger than 1. Figure 1 shows a plot
of functions Q(x) and E(x).

Notice that the first sum in the right-hand side of expression
(43) is nothing but the so-called Brillouin-Planck-Larkin
partition function

= E
Zop(T) = ) _n* (e*ﬂEH/"Z — 14 ﬁn—z‘*) . o)

which was introduced in the 1930s on the basis of heuristic
arguments as discussed in Refs. [49,50]. It turns out that
O(xpe) = O(T) may be approximated by Zpp (T) if the
temperature is not too high [49,51]. Notice that the leading
asymptotic behavior of Q(T) and Zgp (T') are identical as
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FIG. 1. (Color online) Plot of Ebeling direct and exchange
functions Q(x) (solid line) and E(x) (dashed line).

T — 0, whereas one has Q(T) ~ 1/\/7 versus Zgp (T) ~
1/T? at high temperatures. The quality of that approximation,
and of two even simpler approximations, is shown in Fig. 2.
The relative error when approximating Q(7") by Zgpr(T) is
less than 3% for T < 25000 K, while it reaches 30% at
50 000 K. Truncating the sum in Zgp(7) at n = 1 provides
actually a better approximation that exhibits an accuracy of
8% at 50 000 K (see Fig. 2). The latter approximation is
quite successful because contributions from diffusive states
and from terms associated with screening effects in Q(7),
more or less cancel out the contributions from excited bound
states at the considered temperatures. We stress that our further
calculations do not use those approximations but rather the
exact expressions for Q(x) recalled earlier.
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FIG. 2. (Color online) Comparison of the Brillouin-Planck-
Larkin partition function (dashed line) to the exact virial function
Q(xp.(T)) (solid line) for temperatures up to 100 000 K. Truncating
the sum in Zgp|, after the first term yields a quite good approximation
(dot-dashed line). The dotted line (constant value 1) corresponds to

keeping only the ground-state contribution exp(—Ey/kT).
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B. Simple approximations for three- and four-body functions

Because of our rather poor knowledge of the whole spec-
trum of three- and four-body Coulomb Hamiltonians, closed
analytical expressions for /,(8) and h4(B) cannot be derived
at the moment. So here we proceed to simple estimations
of those functions, inspired by the above considerations on
Z(1,1), which should work reasonably well in the temperature
range considered here.

1. Case of hy(B)

The relative importance of the contributions of the various
operators involved in [exp(—p H212)]1€Iayer’ the trace of which
defines partition function Z(2,2), can be readily estimated by
using the ground-state energies of Hamiltonians H,», H, |,
H,», Hy1, Hip, and Hp,. Up to 30000 K, it is sufficient
to retain only contributions from exp(—pgH,,) and from
subtracted operators involving exp(—B H;,1) exp(—B H, 1). All
other combinations of Gibbs operators associated with prod-
ucts of molecular dissociation differing from two atoms,
like exp(—pBH,0)exp(—BH,,) associated with (p,H™) or
exp(—BHo,1)exp(—BH>, ) associated with (e,H,™"), can be
safely neglected. After adding to Z(2,2) the contribution
of W(1,1|1,1) in the expression (15) of hy(B8), we find
that terms which involve imaginary-time evolutions of Vi 4,
Vi . and Vi3 cancel out. This provides a simple estimation
of hy(B) as arising entirely from operator [exp(—BH> ) —
exp(—BH 1) exp(—BHi1)].

Similarly to the case of Z(1,1), in the considered tem-
perature range, the main contributions from [exp(—B8H32) —
exp(—BH; 1)exp(—BH, )] can be reasonably expected to
arise from the lowest-energy molecular bound states. In addi-
tion, we describe such states within the familiar picture where
the electrons are in their ground state, while global rotations
and vibrations of the molecule are taken into account within
a rigid-rotator model and a harmonic oscillator, respectively.
This leads to the approximation

32

2
ho(B) ~ %zﬂz exp(3BEn), 1)

where the molecular partition function Zy, factorizes into [52]
Zy, = exp (—PEn,) 2" 2" (48)

with the vibrational part

1

Zo
? 1 —exp (—,Bel(leb))

(49)
and the rotational part

o0
Zl(-;jt) = |:Z(4l + Dexp (2121 + 1)/361(_;?))
1=0

+ 3 2(41 + 3)exp (—(21 + D2l + 2)’361(;;)()):| .
=0

(50)

In formula (50), the first sum runs over rotational states of
parahydrogen and the second sum over rotational states of

(vib) __ (vib) (rot) __
orthohydrogen. The energy quanta ey, = kT, and €y =
kTIfIrzm) associated to proton vibrations and global rotations are
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TABLE I. Spectroscopic data of some hydrogen bound states: ground-state energy E® (in atomic units) and rotational and vibrational
temperatures (in K). The values include neither relativistic nor radiative corrections.

H H~- H, H," H,™ H;"
E© -0.5 —0.527733147 —1.164663172 —0.597139063 —1.048274 —1.323 £0.002
T (oY / / 85.26 41.87 50.42 (not used?)
T(ib) 5986.98 3150.78 2228.32
Ref. b c d e f

“For the rovibrational partition function of HJ, see L. Neale and J. Tennyson, Astrophys. J. 454, L169 (1995).
Handbook of Atomic, Molecular, and Optical Physics, edted by G. Drake (Springer, 2006).

‘L. Wolniewicz, J. Chem. Phys. 99, 1851 (1993).

4. Ph. Karr and L. Hilico, J. Phys. B: At. Mol. Opt. Phys. 39, 2095 (2006).
¢Calculated by V. Robert using a coupled cluster [CCSD(T)] approach including an extended basis set for hydrogen atoms (4s3p2d1 f).

P. C. Cosby and H. Helm, Chem. Phys. Lett. 152, 71 (1988).

listed in Table I. We recall that the rotational partition function
reduces to the classical result

2T
(ro)’
Ty,

(rot) ~
H,

(S

when T > Tg;"). Notice that more precise descriptions of
the lowest-energy excited states of H,, which do not neglect
rotation-vibration coupling as the rigid rotor approximation
(48), are available in the literature [53] but are not required for
our purpose.

Approximation (47) can be viewed as a suitable ex-
trapolation of the the exact low-temperature behavior of
hy(B), which includes both leading and sub-leading terms.
Up to 30000 K, contributions of electronic excitations can
be omitted because the corresponding energy gaps are of
order 10 eV at least. Moreover, and similarly to the case of
Z(1,1), either diffusive states like those associated with the
dissociation of the molecule into two atoms or substracted
terms involved in the truncated operator [exp(—f Hz-z)]l\r/layer
like exp(—BH; 1)exp(—pBH, ) provide contributions which
can be safely neglected in that relatively low-temperature
range. As detailed in Appendix, this has been checked within a
simplified model which is often used for describing the energy
levels of the molecule Hy.

2. Case of h4(B)

Function h4(B), defined by formula (17), can be approxi-
mated within a construction similar to the above derivation for
hy(B). This provides

LM+ m,)

3m,
64M3
3my>(M + me)*?
64M3

Cat

T 8B En)

ha(B) = Zy,+ exp(2BEn)

Zy- exp(2BEn)

exp(BEn), (52)
which is the analog of expression (47) for h,(8). Here, internal
partition functions for ions H," and H~, which arise from
Z(2,1)and Z(1,2), read

Ty = 2exp(—ﬁEH2+)zgj?zg;E) (53)

and
Zy- = 2exp(—BEy-),

where the required spectroscopic data are given in Table I,
while the contribution of S3(1,1) exp(28 Ey) has been replaced
by its low-temperature form with constant c,, >~ 10.065 [6].

Similarly to formula (47), approximate expression (52)
incorporates both leading and subleading contibutions to the
low-temperature representation of 44(8). A similar accuracy
for that approximation can be reasonable expected up to a
few thousands kelvins, where ionic ground-state contributions
dominate. However, when temperature is increased up to 30
000 K, approximation (52) becomes surely less accurate than
its counterpart (47) for h,(B). Indeed, the binding energies of
ions Hyt and H™ are of order 2.6 and 0.7 eV, respectively,
so contributions of all terms which arise from diffusive
states, truncations defining Z(2,1) and Z(1,2), or interactions
involved in W(1,1]1,0) and W(1,1]0,1) can no longer be
neglected for 7 > 10000 K. Nevertheless, the accuracy of
approximation (52) should be sufficient for our purpose,
because contributions to thermodynamics associated with
h4(B) remain quite small in the considered density-temperature
range.

(54)

C. Numerical values and plots

Using the exact representations for /(8) and /3(8), as well
as the approximate forms of /,(8) and h4(B), we can compute
those functions easily and quickly. The corresponding plots,
in logarithmic units, are shown in Fig. 3, while numerical
values at some specific temperatures are given in Table II.
Functions /,(8) and h4(B) are computed only up to 30 000 K,
because their approximate expressions introduced in Sec. [V B
are expected to become inaccurate at higher temperatures.

At low temperatures, all functions are positive and increase
monotonously with 7 up to 30 000 K. Function /3 changes
sign near 90 000 K, while a change of sign in functions /;
and A4 might also happen at temperatures above 30 000 K. In
function /4, the contributions arising from ions H,™ and H~
have the same order of magnitude and are much larger than the
third contribution in Eq. (52) which accounts for a shift in the
atomic ground state. For 7 < 30000 K, all functions remain
quite small in relation with their exponential decay in the zero-
temperature limit. The hierarchy /(8) > ho(B) > h3(B) >
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FIG. 3. (Color online) Plot of functions A4 (8) for k = 1,2,3,4.
Note that ,8|EH| = TRydberg/T~

h4(B) is satisfied at very low temperature, in agreement with
the ordering of the corresponding low-temperature decay rates
81 < &y < 83 < 84. When the temperature is increased, the
relative differences between those functions are reduced. In
particular, i3 overcomes /i, near 1000 K, and 74 overcomes
h, near 5900 K.

The ordering of the &, functions is connected to the relative
importance of the corresponding corrections to the ideal
Saha equation in the SLT limit 7 — 0. At finite temperature
and density, the ordering of the various corrections can
differ from the low-temperature ordering, not only due to
the temperature dependence of the h; functions but also
because those corrections involve also functions of ratio p/p*
which depends on both temperature and density as shown by
formula (26). For instance, the corrections associated with /1,
describing molecular formation and atom-atom interactions,
will dominate in a sufficiently dense atomic phase, despite the
fact that function 4, is much smaller than 4, (see Sec. V A).

V. COMPARISONS TO OPAL TABLES AND PIMC DATA

‘We compute numerically the various corrections to the ideal
Saha equation of state that appear in the SLT expansion of
the pressure [Eq. (25)] and of the internal energy [Eq. (32)]
and compare the predictions to the most accurate current
tabulations of those thermodynamical functions. The present

TABLE II. Numerical values of functions #;(8) (k = 1,2,3,4) at
different temperatures.
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calculations correct? and complement the initial results for the
pressure published in Ref. [54].

A. General properties of the isotherms

We start by studying general properties of isotherms that
follow from the structure of the terms in SLT expansion
(25). Along a given isotherm, the various corrections to Saha
pressure depend on the ratio p/p* where the crossover density
p* is kept fixed. Because of the nonlinear dependence in p/p*
of coefficients bi(p/p*), their relative importance changes
drastically from low densities p <« p* to high densities
p > p*. For p <« p*, each by(p/p*) can be expanded in
powers of p/p*, as well as Saha pressure (3) itself. This
leads to the well-known virial expansion of 8P in powers
of p at fixed T [9,23,44,55,56], as shown in Ref. [54]. The
corresponding leading term entirely arises from Saha pressure
and describes full ionization of the plasma. First correction of
order p3/2, entirely provided by B P, is the familiar Debye
contribution for a classical plasma of ionized protons and
electrons with density p. Saha pressure (3), 8 P3, and B Ps
contribute to a second correction of order p2, which accounts
for atomic recombination as well as two-body interactions
between ionized charges. Ionic contributions embedded in 8 P4
are of order p?, while molecular ones embedded in S P, are
of order p*, in agreement with the numbers of protons and
electrons involved in the ions H,™ and H™ and molecule H,.

For p of order p*, beyond the leading contribution of
Saha pressure (3), the ranking of the various corrections is
essentially that of temperature-dependent functions h;(8).
However, notice that the a priori first correction 8 P, vanishes
at p = 4p* and becomes positive for p > 4p*. Therefore,
B Py reduces to the familiar Debye contribution B Ppepye =
—«3/(247) only in the fully ionized region p < p*, while
its structure begins to differ in the atomic region p > p* as a
subtle consequence of recombination processes. In the region
close to p = 4p*, the first correction to Saha pressure is then
given by B P; as illustrated below.

For p > p*, Saha pressure reduces to the ideal pressure
of an atomic gas with density p since almost all charges are
recombined. According to the large-p/p* behavior of coeffi-
cients by(p/p*), the first correction to Saha pressure is now
given by B P, which describes both molecular recombination
and atom-atom interactions. Since it increases as p2, that
correction would overcome Saha pressure at sufficiently high
densities. In fact, and as discussed further, this provides an
upper density for the validity of the SLT expansion. Notice that
while B P, also increases faster than S Py, ~ p, i.e., as p>/2,
all other considered corrections increase more slowly than p.
This can be easily interpreted by noting that such corrections,
namely g Py, BPs;, and BPs, are related to the presence of
ionized protons and electrons which tend to disappear at high
densities.

T (K) h(B) ha(B) hs(B) ha(B) The previous analysis of the behavior of the pressure along a
given isotherm is summarized in Table III. Similar results hold
2000  1.46 x 107'% 2.89 x 1072 3.99 x 1072 1.00 x 1073
6000 1.70 x 1075 2.73 x 10712 6.08 x 107 3.01 x 10712
10 000 223 x 107°  7.40 x 107 2.11 x 107>  4.94 x 1078
20 000 6.84 x 102 5.12 % 10~% 8.09 x 10~ 9.26 x 10-3 2In Ref. [54], formula (9) contains a typo and the full SLT curve in
30 000 1.88 x 10~'  6.41 x 10=5 424 x 10~2  1.35 x 10-3 Fig. 2 of Ref. [54] is incorrect due to an ill-placed parenthesis when
computing the correction k = 3.
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TABLE III. First correction to ideal Saha pressure along a low-
temperature isotherm.

Density  First correction Physical origin

oL p* BP Debye plasma polarization

p =~ p* BP; e-p interactions and excited H atoms
P> p* BP, H, molecules and H-H interactions

for the behavior of the internal energy per particle given by its
SLT expansion (32) together with the expressions (33)—(38).
In particular, at low densities, we find that the first correction to
the classical thermal energy 3k T of the fully ionized plasma is
indeed the Debye contribution which arises entirely from u;.
For densities p > p*, u, becomes the leading correction to
Usaha, Since it increases as p while uy grows only as 2,
u3 tends to a constant, and both u#; and us vanish. If we
replace 15(8) by its low-temperature form (3Ey — En,)h2(B),
while we introduce the molar fraction of molecules H, defined
by xlifz = p}fz /p, then the sum of leading and subleading
contributions in Eq. (32) can be rewritten as
ia\ kT id

(Xm + tz)T + x Eyq + XH, Ey,, (55)
where the molar fraction x,, of atoms H accounts for the partial
recombination of protons and electrons into molecules Hy, i.e.,
Xat = x;‘tj — 2xi}f2. Expression (55) shows that, for kT < |Ey]|
and p > p*, the system reduces to an ideal mixture, made of
a small fraction of molecules H, diluted in a gas of atoms H,
in their molecular and atomic ground states, respectively.

B. Isotherms at a few thousands kelvins

Because of the relatively large value of temperature scale
|Eygl/k ~ 150000 K and of the occurrence of exponentially
decaying factors, crossover density p* is extremely small
below a few thousand kelvins. For instance, at 7 = 300 K,
we find p* ~ 3.4 x 1072%m~3, which corresponds to tremen-
dously diluted conditions that are not physically accessible.
This means that a stable partially ionized atomic phase, which
exists when p is of the order of p*, cannot be realized in
practice for hydrogen at such low temperatures. For instance,
under the standard conditions of the Earth’s atmosphere,
density p ~ 10*m™3 is so large with respect to p* that
SLT expansion breaks down, due to correction 8P, being
too large, in agreement with the emergence of molecules
H, as the most important species. Even at 7 = 2000 K,
p* = 6.1 x 10~°m~3 still corresponds to quite diluted condi-
tions. Interesting physical systems with similar temperatures
in the range 1000K < 7" < 2000K are the atmospheres of
brown dwarfs. The corresponding densities lie in the range
10®m™ < p < 10”’m~3, so they are too large compared to
the corresponding p*’s to use SLT expansions. In fact, as for
Earth’s atmosphere, hydrogen is essentially recombined into
molecules. Thus, we will not consider isotherms below 7' =
2000 K within SLT expansions, because the corresponding
density ranges of validity do not correspond to known physical
systems of interest. We note that the standard virial expansion
cannot provide as well any useful information on the hydrogen
gas when T < 2000 K, for the very same reason that the
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FIG. 4. (Color online) Logarithmic plot of deviations to Saha
pressure for pure hydrogen along isotherm 7 = 6000 K (p* =
2.12 x 10" m~3). Crosses correspond to tabulated points of the
OPAL equation of state [1] (with corrected ground-state energy [34]).

fully ionized phase is not thermodynamically stable at low
temperatures for physically accessible densities.

When T increases up to a few thousands kelvins, the
atomic crossover density p* reaches higher values which
are encountered in some systems. For fixing ideas, we
consider isotherm 7 = 6000 K, which is typical of the Sun’s
photosphere and for which p* ~ 2.12 x 10"m~3. In Fig. 4,
we plot deviation § P = P — Pg,p, along that isotherm in the
range 10°m~ < p < 10”’m=3, where § P does not exceed a
few percentages of Psua. When p/p* < 10°, the dominant
contribution is due to the polarization of the plasma around
ionized charges, embedded in correction P;. For p/p* < 1072,
that contribution is negative and reduces to the familiar Debye
expression —«>/(247) that appears in the virial expansion.
At p/p* = 4, correction P; changes sign, as seen on expres-
sion (27) for coefficient b1(p/p*). The plasma-polarization
correction thus is not given at high densities by the Debye
formula with a modified Debye length computed with the
density of ionized charges, as it could naively be expected
in a phenomenological approach. At densities p/p* > 10°,
molecular contributions embedded in term P, become the most
important correction, as expected at high densities. Since the
formation of molecules reduces the pressure, § P then becomes
negative again. When p/p* > 10", the SLT expansion fails
to converge because molecular recombination can no longer
be treated perturbatively.

Contributions of the first excited atomic state, embedded
in correction P3, and contributions of the ions H,™ and H™
embedded in Py, are essentially negligible along the whole
isotherm. For completeness, we mention that it is only near the
special density 4p* that Ps turns out to provide the dominant
correction, while Py is the dominant correction near the density
10° p* where corrections P; and P, compensate each other
and where P; is negligible since there are almost no ionized
charges. At these special densities, the deviation to the Saha
pressure is about 107°.

We can compare our results to those of the OPAL tables [1],
which are shown as crosses in Fig. 4. A very good agreement
is found for densities p/p* > 10*. At lower densities, the
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TABLE IV. Pressure at typical temperature and density of Sun
photosphere.

Pressure
B Psana/ p 14+ 1.70 x 107
BPi/p 1.04 x 1077
BPy/p —3.79 x 10~
BP;/p —1.03 x 10712
BPy/p —2.36 x 1078
BPs/p —2.44 x 10714

discrepancies are certainly due to the fact that extracting a
deviation to Saha pressure from the OPAL tables is a difficult
task when the deviation is of the order of 107°. Indeed, the
values in the OPAL tables are given with at most six digits, and
a slight difference in the values of the fundamental constants,
like in the ground-state energy Ey, can induce a small variation
of the Saha pressure Ps,p, that is comparable to the deviation
P =P — Psaha itself.

A change of sign of § P is observed in the OPAL EOS around
density p/p* >~ 10° at 6 000 K, in agreement with our SLT
EOS: This sign change is induced by negative contributions in
P, associated with molecular recombination overcoming the
plasma polarization correction P;. Notice that the nontrivial
variations of § P with two sign changes are brought to light
by simple physical interpretations within our approach. At
the point with density p ~ 1.47 x 10%m™3, typical of the
Sun’s photosphere shown in Fig. 4, electrons and protons are
almost fully recombined into hydrogen atoms since p > p*,
and the various corrections to Saha pressure, which is itself
close to P;{d), are given in Table IV. The full pressure is
below Pa(tid) because of molecular recombination. Moreover,
contributions of ions H,™ and H™ are still smaller than the
positive polarization contribution due to the ionized protons
and electrons despite the fact that their dilution is quite
large. Such subtle effects cannot be anticipated nor accurately
described with phenomenological approaches.

C. Isotherms between ten and thirty thousands kelvins

We consider various isotherms above T = 10000 K up
to T =30000 K. The corresponding §P’s are plotted in
Fig. 5, while the respective values of p* are given in Table V.
The OPAL values of § P are shown, moreover, on the plots
with symbols. As discovered in Ref. [34], the OPAL tables
were computed using the value Ey = 1Ry ~ —13.60569 eV,
corresponding to an infinitely heavy nucleus, instead of
the correct value, Ey = —me4/(2h2) ~ —13.59829 eV. That
inaccuracy in Ey induces variations of the Saha pressure that
can be larger by an order of magnitude than the deviation
8 P itself for state points in the crossover region between the
ionized and atomic phases. The OPAL deviations § P shown in
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FIG. 5. (Color online) Logarithmic plots of deviations to Saha
pressure along isotherms from 10000 K up to 30000 K according
to the SLT EOS (solid and dashed lines) and to the tabulated OPAL
EOS (symbols).

on each of these two curves. This discrepancy at high density
(massic density 0.1 g/cm?) and low temperatures is due to the
fact that the system is close to being in a molecular phase.

At low densities, p/p* < 1, the agreement between both
equations of state is also excellent, even at rather high
temperatures. We note that the deviation § P is dominated in
that region by the Debye plasma polarization correction P;.
Although that correction changes sign at p/p* = 4, deviation
8 P changes sign, for isotherms with 7 > 10 000 K, at a density
p/p* slightly higher than 4 because of negative contributions
arising from correction Ps, which describes excited atoms and
charge-charge interactions.

We observe, in Fig. 5, discrepancies in region p/p* =~
10? and T > 20000 K. Those discrepancies are due to the
negative corrections P, and P,, which shrink more strongly, in
our calculations, the region where deviation § P is positive
than in the OPAL EOS. We note that those corrections
may be somewhat overestimated since we computed in the
present work an approximation to functions A, and hy4 in
which only molecular and ionic bound-state contributions
are kept. The discarded truncation terms in s, can provide
positive contributions at high temperatures, which describe in
particular atom-atom interactions. An accurate calculation of
functions h, and A4 at temperatures higher than 20 000 K is
needed to provide fully reliable results at such temperatures
and densities. Tests have shown that the OPAL deviations § P
around p/p* ~ 10% are in fact fully explained by retaining
solely the Debye plasma polarization effect P;.

TABLE V. Atomic recombination density p* in m~> and in g/cm?
at various temperatures.

all figures of the present paper were determined by subtracting T (K) p*(m~?) p*(g/cm?)
fErom tl}eROyPAL values the ideal pressure Psan, computed with 10 000 1.69 x 102 283 % 10-10
H= i 15 000 5.98 x 102 1.00 x 1077
At the low temperatures 10 000 K and 15 000 K, we find 20 000 1.28 i 102 214 i 10-6
excellent agreement between our analytical SLT EOS and the 25 000 8.65 x 102 1.54 x 10-5
tabulated OPAL EOS in the considered density range. A small 30 000 326 x 10% 545 % 10-5
discrepancy is observed only for the last highest-density point
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FIG. 6. (Color online) Deviations to Saha internal energy for
isotherms between 10000 K and 30000 K according to the SLT
EOS (solid and dashed lines). Points of the (corrected) OPAL EOS
are shown by symbols (up to density 0.1 g/cm?).

Deviations §u = u — us,p, of the internal energy per proton
are shown along several isotherms in Fig. 6. The variations of
du at temperatures up to 10 000 K are fully controlled by the
two terms u; and u,. At low densities (p/p* < 1), the plasma
polarization term u, is dominant and negative. That correction
changes sign when the condition

0 1+e kT
= € =
2|Ey|

P e

is met, as can be seen from Eq. (34). At high densities (p/p* =~
10%), 8u becomes negative again because the term u, becomes
dominant and the formation of molecules indeed lowers the
energy. When 7' > 10000 K, term u3 comes into the game and
has the effect of enlarging the domain where the deviations du
are positive, similarly to the case of the pressure deviations
SP.

(56)

D. Low-density isochores

A plot of pressure deviations § P along two low-density
isochores is displayed in Fig. 7 for temperatures between
2000 K and 100000 K. The predictions of the OPAL
tables, which are available for many temperature points, are
also shown in those plots. At very low densities (isochore
1078 g/cm?), our calculations agree very well with the
OPAL tables. When the temperature is high, the system is
fully ionized and the dominant correction to Saha pressure
arises from the Debye plasma polarization correction P,
which behaves as —«3/(24m) o« T~3/? when T — co. On
decreasing the temperature, correction Pj, and, hence, also
8 P, changes sign when the condition p/p* = 4 is met. The
deviation § P displays a second change of sign at a lower
temperature, because the correction P, becomes dominant
due to the formation of hydrogen molecules in the system.
That correction P, grows quickly when the temperature is
further lowered, and a point is reached where P; is no longer a
small correction. This signals the formation of the molecular
phase, which is outside the scope of the present calculations.
Since the pressure of the ideal molecular gas is pk7 /2 and
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FIG. 7. (Color online) Deviations to Saha pressure along iso-
chores 10~% g/cm? (black line) and 10~3 g/cm? [red (light gray)
line] according to the SLT EOS. Crosses correspond to values of the
(corrected) OPAL EOS. The red (light gray) dashed line shows the
effect of neglecting term Py in the SLT EOS.

that of the ideal atomic gas is pkT, the pressure deviation
| P — Psanal/(pkT) should tend to 0.5 at low temperatures and
low densities, as is indeed observed for the OPAL deviations
in Fig. 7.

Along isochore 1073 g/cm? shown in Fig. 7, we can observe
some discrepancies between our predictions for the deviations
8 P and those of the OPAL tables. When 7' < 10000 K, the
differences are due to the formation of the molecular phase.
In region 20000K < T < 30000 K, deviation § P is positive
and is somewhat larger in the OPAL tables than predicted by
the SLT EOS. In that region, deviation § P is the result of
the sum of the first four SLT terms, with P, and Py partially
compensating P; and P;. While the latter two terms are known
exactly, the former two terms are currently estimated in our
calculations by keeping only molecular and ionic bound states
(see Sec. IV B). Not surprisingly, accurate calculations of the
corresponding functions %, and hy4 in the temperature range
20 000-70 000 K, are required for a fully reliable description.
When T > 80000 K, the SLT and OPAL predictions coincide.
At such high temperatures, the deviation § P is due to the sum
of the SLT terms P;, Ps,and Ps associated with ionized protons
and electrons, and it reduces to the predictions of the standard
virial expansion.

A low-density isochore of the internal energy is shown in
Fig. 8, where the SLT EOS is compared to other equations
of state. At high temperatures, the system is fully ionized and
the variations of the internal energy per proton are mainly
controlled by the average thermal kinetic energy 3k7 /2 of the
particles (dot-dashed line). When the temperature is reduced
to 10 000 K, a sharp drop of the internal energy is observed
due to the formation of the atomic phase. Reducing further the
temperature, a second drop in the potential energy occurs when
the molecular phase is formed. Since the SLT EOS accounts
perturbatively for all deviations to the ideal Saha equation
of state that describes the transition between the ionized
and the atomic phase, its validity domain is limited at low
temperature by the formation of the molecular phase, which is
a nonperturbative effect (see deviations at low temperatures in
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FIG. 8. (Color online) Internal energy per proton along isochore
10~% g/cm® according to the SLT EOS (black line), OPAL EOS
(crosses), and Saha EOS (dashed line). For the difference between
the two former and the latter curves, see Fig. 9. All energies are shifted
upwards by | Ey, |/2. The plot shows also curves |Ey,|/2 + 3kT (red
dot-dashed line) and 3kT (dotted line).

Fig. 8). On the scale of Fig. 8, the deviations du = u — ugsha
between the SLT EOS or the OPAL EOS, and the ideal Saha
values are almost indiscernible. Those deviations are shown in
Fig. 9 for two isochores, 1078 and 1073 g/cm?>. The agreement
on deviations Su between our analytical calculations and the
OPAL tables is impressively good. As in the case of the
pressure isotherms (see Fig. 5), Su changes sign twice: once
in the ionized-atomic transition, when condition (56) is met,
and once in the atomic-molecular crossover region. The only
significant disagreement between the SLT and OPAL EOS
along the very low density isochore (10~% g/cm?) occurs
at low temperatures due to the formation of the molecular
phase, where the OPAL deviation §u tends to the difference in
energy per proton between the atomic and the molecular phase
[log,o(En,/2 — En) >~ 0.35]. Along isochore 107% g/cm?,
rather small differences are observed only near the two sign
changes of du, similarly to the deviations § P along the same

log,(3ul) (with uin eV)

|
2000030000 50000 100000
T (K)

I
5000 10000 200000

FIG. 9. (Color online) Deviations to Saha internal energy for
isochores 107% g/cm? (black line) and 10~ g/cm? [red (light gray)
line] according to the SLT EOS. Crosses denote tabulated points of
the (corrected) OPAL EOS.
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isochore. Term us contributes sensitively to §u only when
T > 30000 K.

E. Comparison to PIMC data

Results of quantum path integral Monte Carlo (PIMC)
simulations of a dilute e-p gas are available at six densities
between 1073 g/cm? and 0.15 g/cm? and eight temperatures
between 5000 K and 250 000 K [4] (see state points in
Fig. 12). Very low densities, such as 107 g/cm? as in the
Sun photosphere, are not within reach of PIMC simulations
because sufficient statistics cannot be collected in very diluted
conditions. Fortunately, the SLT expansion converges quickly
at such low densities, and it has been shown in the previous
section that the predictions of the SLT EOS coincide in this
regime with those of the (corrected) OPAL tables, if we exclude
the molecular phase which is outside the validity domain of
the SLT expansion.

Comparison of our results with the PIMC data is instructive
along the moderate density isochore 1073 g/cm?; see Fig. 10.
The decrease of the pressure as the temperature is lowered
is shown in Fig. 10(a), with P varying from 2pkT at high
temperature (fully ionized gas) to pkT (atomic gas at around
15 000 K), and eventually down to pk7 /2 (molecular phase).
A small plateau corresponding to the atomic phase can also
be identified in Fig. 10(b) for the internal energy, though
it is much less visible than on isochore 107% g/cm? (see
Fig. 8). The deviations 6 P and éu from the ideal Saha
values are shown in Figs. 10(a") and 10(b’). The various sign
changes of these deviations predicted by the SLT formulas
can indeed be observed in the simulations. The uncertainties
of the simulation data at temperatures 7 < 15000 K are
quite large, especially in the case of the pressure. Notice that
8P /(pkT) tends trivially to —1/2 in a dilute molecular phase,
so the simulation data do not contain much information in that
regime. In the crossover region between the atomic phase and
the fully ionized phase, the agreement on § P and du between
the simulation data and the SLT and OPAL equations of state
is rather good. In the temperature range 10000—25 000 K,
the predictions of the SLT EOS are within the error bars of
the PIMC results. At very high temperatures, 7 > 100000 K,
the PIMC results for the energy deviation u do not agree
fully with the SLT nor the OPAL EOS. The uncertainties
in the simulation results are maybe underestimated. When
T = 62500 K, and to a lesser extent when 7" = 31250 K, the
OPAL EOS agrees slightly better with the PIMC data than the
SLT EOS. This might be due to our inaccurate description of
functions h; and &4 for such temperatures.

In Fig. 11, we compare our results along a denser isochore
at massic density 0.0125 g/cm® (for which r, = a/ap =
6), where significant differences between the predictions of
the three approaches (SLT EOS, OPAL EOS, and PIMC
simulations) can be observed, especially in the case of the
pressure deviations. Disregarding the molecular phase at low
temperatures, deviations § P and du remain small (less than
10%) along this isochore, so the SLT expansion should still
apply. Since the OPAL EOS agrees quite well with the PIMC
data for the energy deviations du and the OPAL EOS is
thermodynamically consistent, the disagreement on the OPAL
pressures with the PIMC data when 7' < 30000 K, i.e., in the

066402-15

A-T5



A. ALASTUEY AND V. BALLENEGGER

1.5

PI(pkT)
T

0.5~

100000
0.1

.
100000
T (K)

PHYSICAL REVIEW E 86, 066402 (2012)

80 ——— — ‘
(b) /]
60 -

u (V)

20 .

-
100000

L R
10000 100000
T (K)

FIG. 10. (Color online) Pressure (a) and internal energy (b) per electron-proton pair as a function of temperature along isochore 1073 g/cm?,
according to SLT EOS [red (light gray) line], OPAL EOS (dashed line), and ideal Saha EOS (dotted line). Points with error bars are simulation
results of Ref. [4]. Plots (a’) and (b’) show deviations to the ideal Saha values along the isochore.

crossover region between the atomic and the molecular phase,
indicates probably that the errors on the PIMC pressures are
underestimated. Some disagreement between the OPAL (and
SLT) equations of state and the PIMC results is also observed
at 31 250 K and at high temperatures for 7 > 100000 K.
As for the above lower-density isochore, some discrepancies
between the SLT EOS and the other data might be due to
inaccuracies in the calculation of functions h,(7") and h4(T)
for temperatures above 30000 K.

F. Validity domain

As exemplified in the previous sections, truncation of
the SLT expansion (25) at k =5 gives accurate results as
long as the corresponding deviations § P = Zi’:, Py or du =

22:1 uy remain small compared to their ideal Saha value.
The validity of the SLT expansion is limited at high densities
along an isotherm, respectively at low temperatures along an
isochore, by the formation of the molecular phase, where 8 P,
then becomes larger than Ps,p, itself. We can estimate the
borderline of the validity domain by introducing the empirical
criterion |6 P(Ty,p)| = Psana/10. At high densities, or low
temperatures, p >> p* so P, becomes the leading correction
in § P. Criterion | Py|/ Psana = 0.1 then gives

as a borderline for the validity domain in the (p,7) plane. If
the temperature is low, function /,(7T') behaves as

1 /2m\*?
ho(T) ~ 674<ﬁ> explBEn — En,)/(kT)],  (58)

and p.(T) reduces to a straight line in the (log p, 8) plane
(see Fig. 12). The curve p.(T) defines quite precisely the
borderline of the validity domain in a large part of the phase
diagram, as checked by the comparison with the data of the
PIMC simulations. In particular, this is illustrated by the plots
in Sec. IV E and the state points denoted by crosses in Fig. 12.
At a given density, the SLT expansion converges only for
temperatures that are sufficiently high to avoid the formation
of the molecular phase. Some of the lower-temperature state
points in the PIMC simulations are, for instance, outside of
the validity domain of the SLT expansion, while others, like
those to the left of line p.(7) in Fig. 12, are within the
validity domain. When the density increases, the minimum
temperature required for the SLT expansion to converge also
increases. At density 0.1 g/cm?, the temperature must be
higher than 30 000 K. Since the exact behavior of 4,(T") above
30 000 K is currently not available, the precise position of the
borderline of the validity domain in the region of high densities
and temperatures is yet not fully known.

The crossover density p*(T) [Eq. (2)] between the fully

0(T) = AR (57)  ionized and the atomic phase is also shown in Fig 12. That
201ho(T)| line gives essentially the borderline of the validity domain
066402-16
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FIG. 11. (Color online) Deviations (with respect to ideal Saha
values) of pressure (a) and internal energy per electron-proton pair (b)
as a function of temperature along isochore 0.0125 g/cm?, according
to the SLT EOS [red (light gray) line] and OPAL EOS (dashed line).
Points are simulation results of Ref. [4].

of the standard virial expansion, which holds only in the
weakly coupled (I' « 1) fully ionized phase. The dashed line
in Fig. 12 shows state points where the coupling parameter
I' = B2%/a is equal to 0.5. That line lies quite close to p*(T).
In the narrow strip at high densities and temperatures between
the lines I' = 0.5 and p*(T'), the SLT expansion is expected to
converge only slowly because I' is close to 1 (I' < 0.7 in that
region).

Figure 12 shows that the SLT expansion provides an
accurate analytical knowledge of the thermodynamics of the
quantum e-p gas in a rather large range of densities and
temperatures that includes the fully ionized phase (p < p*),
the partially ionized phase (p ~ p*), and the atomic phase
(p* K p < pe)

VI. CONCLUSIONS

In this work, we extend the exact analytical knowledge
on the thermodynamics of hydrogen at low densities by
deriving the first five terms in the SLT expansion of the
internal energy [Eq. (32)], a result that complements the
corresponding expansions for the pressure [Eq. (25)] and
the chemical potential [Eq. (20)]. Similar expansions for
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FIG. 12. (Color online) Phase diagram of a pure hydrogen gas
at low densities. The crosses denote state points where simulation
results are available [4]. The crossover density p*(7) between the
plasma and the atomic phase (dot-dashed line) gives essentially the
borderline of the validity domain of the standard virial expansion,
which applies only in the plasma phase. The dashed line corresponds
to a plasma coupling parameter I' = 0.5. The SLT expansion is valid
in both the plasma and atomic phases, up to the solid (blue) line p.(T)
[Eq. (57)], which locates the crossover to the molecular phase. The
state point of the Sun photosphere and the track of the Sun adiabat
(dotted line) are also shown.

any thermodynamical quantity can be easily derived without
any loss of thermodynamic consistency. We performed also
extensive numerical calculations of isotherms and isochores
and compared in detail the predictions of the SLT formulas
with the numerical OPAL EOS and data of PIMC simulations.
Our analytical SLT formulas for the deviations to the ideal
Saha law can be evaluated numerically very easily and
quickly. As applying the SLT EOS is straightforward, no
extensive tabulation, with the associated loss of accuracy due
to interpolation, is required. A plot and a tabulation of the
functions hi(B) (k = 1,2,3,4) have been provided as guide to
help the user in applying numerically our formulas.
We emphasize the following points:

(1) The exact SLT expansion overcomes the restriction
p K p*(T) of the standard virial expansion and has a validity
domain that extends up to the density p.(7') in the atomic phase
(see Fig. 12).

(2) Atlow densities (o < 107> g/cm?), excellent agreement
is found between the predictions of the SLT EOS for the
pressure and the internal energy and the values in the OPAL
tables for pure hydrogen. Notice that if the density is very
low, the OPAL tables need to be corrected as explained in
Ref. [50]. As several important ingredients in the OPAL EOS,
which is available only in the form of precomputed tables, are
unknown, attempts have been made to emulate this equation
of state [57]. It is very satisfactory to see that the OPAL EOS
for pure hydrogen can be fully reproduced at low densities
by our simple analytical formulas. Furthermore, the physical
content of the various corrections of interest is enlightening, as
well as the subtle cancellations between some contributions.
No PIMC simulation results are available at such low densities
because the statistics becomes poor.
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(3) At higher densities, some small discrepancies can
be observed among the SLT EOS, the OPAL EOS, and
the simulation results. We plotted the pressure deviations
8P = P — Ps,p, and the energy deviations Su = u — uggn,
to the ideal Saha law to extract the variations of those
thermodynamical quantities that are due to nonideality. Those
deviations § P and du show two sign changes, which are also
seen in the simulation data and which are fully explained by
our analytical formulas. For densities up to 10~ g/cm® and
temperatures up to 30 000 K, the SLT EOS and the OPAL EOS
are both within the error bars of the PIMC simulations.

(4) At densities around 10~2 g/cm® and above, and for
temperatures above 30000 K, there are some discrepancies
between the deviations, especially § P, calculated from the
PIMC data and those of the SLT and OPAL EOS. In that
range of temperatures, our present approximate expressions for
hy(B) and h4(B) are not reliable. Better estimations of those
functions, based on a numerical evaluation of path integral
formulas for the internal partition functions Z(2,2), Z(2,1),
and Z(1,2), would provide an interesting improvement of our
calculations, in particular in the region p > 10~ g/cm? and
T > 30000 K.

As shown in Ref. [34], expansion (13) of particle density
in terms of chemical potential should remain valid in the
molecular regime, i.e., for p > p., provided the density is
not too high. The accurate knowledge of Z(2,2), Z(2,1),
and Z(1,2) within numerical path integration, together with
a numerical inversion of Eq. (13), should, therefore, provide a
precise description of the crossover transition from the atomic
gas to the molecular gas, much beyond the level of accuracy
of current calculations, including PIMC simulations [34].
The accurate calculations of Z(2,2), Z(2,1), and Z(1,2) via
numerical path integrations would include in particular the
contributions of atom-atom interactions. Such contributions
are not easy to determine within simple modelizations because
of the difficulty, intrinsic to quantum mechanics, in separating
them from purely molecular contributions.> The accurate
knowledge of Z(2,2), Z(2,1), and Z(1,2) might also be useful
for improving chemical approaches, like the Saumon-Chabrier
theory [58], the MHD model [25], or the SAHA-S model [59].

The track of the Sun adiabat [60] stays well within the
validity domain of the SLT expansion. The presents results are,
therefore, of interest for astrophysics, where a very accurate
EOS is needed, for instance, to interpret recent seismology
measurements in the Sun [7,60]. The SLT expansion of other
thermodynamical properties, such the adiabatic exponent and
the sound speed, can be derived along similar lines. For real
applications to helioseismology, the present calculations must
be generalized to the case of a hydrogen-helium mixture within
similar tools, an a priori feasible task. The contributions of
other heavier elements might be determined within simple
ideal approximations since their dilution is very high. Notice
that relativistic effects associated with the electrons should be
also incorporated as discussed in Refs. [61,62].

*Notice that in Ref. [54], we proposed a simple approximation for
those contributions, which needs to be improved for tackling regimes
with 7' > 30000 K.
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FIG. 13. (Color online) The truncated trace Z.g=
Trlexp(—B He) — exp(—BHy)] for a quantum particle in the
effective proton-proton potential of the H, molecule (shown in the
inset), as obtained from a numerically exact path integral Monte
Carlo calculation (crosses), from the rigid rotor approximation
(A4) (solid line) and from Irwin’s partition function [53] (dashed
curve). The dissociation temperature of the H, molecule is
Taiss = Vo/k = 55459 K.

APPENDIX: A SIMPLIFIED MODEL

Let us consider a simple model which is often used for
describing the H, molecule [63]. In that model, the two protons
separated by a distance R interact via a potential Vegr(R) which
is inferred from the electronic ground-state wave function
for that fixed protonic configuration. The potential Veg(R) is
repulsive at short distances, attractive at large distances, and
minimum at R = Ry with V(Rg) < 0. A plot of that potential,
obtained by fitting the data of Ref. [63] to the formula

exp(—R/dy) _ 6.5

R d§ + RS
(AD)

Veir(R) = (1 + aR + bR* + cR?)

is shown in the inset of Fig. 13, while the values of the fitted
coefficients are given in Table VI. Equation (A1) is written
in atomic units: lengths are measured in units of the Bohr
radius and energies in units of the Hartree energy (1 E, =
2 Ry). The zero of energy corresponds here to the state with
two hydrogen atoms infinitely far apart. The minimum of the
potential is located at Ry = 1.3924 (in atomic units) with value

TABLE VI. Parameters of potential (A1) that best fit the data of
Ref. [63] for the hydrogen molecule.

Coefficient Value (in a.u.)
a —0.52906
b —0.60479
c —0.37294
da 0.64160
dp 2.64591
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V(Rog) = —Vp = —0.175629 hartree. The dissociation energy
of the hydrogen molecule is Ty = Vo/k = 55459 K.

For our purpose, it is sufficient to consider that the protons
are spinless. A proper account of the spins would lead to the
usual coupling between spin and position variables, which in
turn induce a different counting of ortho- and parahydrogen
contributions; see, for instance, formula (50).

The Hamiltonian of the relative particle with mass m* =
m;/2 submitted to Ve(R) reads

2
2m*

Within that simplified model, the analog of the contribution

of [exp(—=B Ha,2) — exp(—B H1,1) exp(—B Hy,1)] to ha(B) is the
truncated trace

Zetr = Tr[exp(—B Her) — exp(—B Hp)l,

where H is the kinetic part of Heg.

Let Ey = Ey, —2Ey >~ —0.94188 V; be the ground-state
energy of H.. Instead of determining exactly all bound-
state energies of H. by solving the corresponding radial
Schrodinger equation for various values of orbital number
[, we consider the usual rigid-rotor and harmonic well
approximations for describing global rotations and vibrations.
Then, on the one hand, the approximation analoguous to
Eq. (47) for h,(B) becomes

Hep = — AR + Ve (R). (A2)

(A3)

1
Zeir ~ exp(—BEp) - @ +1)
1— ( Be éfrb)) Z

x exp [—I(I + l)ﬁeg?[)],

(A4)
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where e(ml) = kTe(trtm) and egt'b) = kTe(tVt'b) are the rotational and

V1brat10nal quanta which can be determined respectively from
R and from the shape of V(R) around its minimum at R =
Ro: TS = 88.7 K and T'y® = 6524 K. On the other hand,
we have performed a numerical calculation of Z.g within path
integral Monte Carlo methods applied to its Feynman-Kac path
integral representation [47],

(271(,\*)2)’/2 / / Dwi®)

x [exp [—ﬂf dsVerr(R + K*E(S))} - 1] . (A5)
0

where &(s) is a Brownian bridge such that &(1) = &(0) =
0, Dw(&) is the normalized Wiener measure, and A* =
(Bh%/m*)'/2. At low temperatures (T < Tyiss), the truncated
trace Z. is dominated by the contributions arising from
bound states with negative energies since the corresponding
contributions grow exponentially fast when 8 — oo. Figure 13
shows that the approximation (A4) (which amounts to keeping
only bound-state contributions evaluated within the rigid rotor
model) represents quite well the Monte Carlo values for
Zet up to T ~ 30000K. Thus, we can reasonably expect a
similar accuracy for approximation (47). We note that Irwin’s
partition function [53], which accounts for rotational-vibration
coupling in molecule H, by summing explicitly on calculated
rovibrational energy levels, provides a better fit to the Monte
Carlo data for this simplified model, but Irwin’s partition
function is available only up to 16 000 K. At high temperatures
(30000 K and above), a precise evaluation of the contributions
besides those of the bound states, i.e., contributions arising
from diffusive states as well as those due to the truncation
terms in s,(B), becomes mandatory.
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We study a hydrogen gas at low densities within the physical picture. Recombination processes leading to the
formation of atoms and molecules are properly taken into account via the well-known Ebeling function and a
new four-body partition function. Our method provides a reliable equation of state which covers the plasma,
atomic and molecular phases.
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1 Introduction

We consider hydrogen in the low-density region of the phase diagram, where recombination processes lead to
the formation of atoms or/and molecules. Contrarily to familiar chemical approaches which assume that those
recombined entities are preformed objects with phenomenological internal partition functions and effective in-
teractions, we describe hydrogen within the so-called physical picture in terms of a quantum plasma of point
protons and electrons interacting via the Coulomb 1/ potential. Only the use of the physical picture can provide
reliable equations of state (EOS) that reach the accuracy of experimental observations. Recent advances in helio-
seismology allow one for instance to probe the equation of state (EOS) of the solar matter —composed mainly
of hydrogen — to an accuracy of better than 10~ [1].

Atomic recombination or ionization was first considered in the framework of the physical picture by Ebel-
ing [2]. More precisely, using Morita approach, Ebeling exactly computed the second virial coefficient (SVC) in
the low-activity expansion, where atomic contributions are properly taken into account. The key quantity is some
function ), which can be expressed as an infinite sum over both bound and scattering states of the two-body
Coulomb Hamiltonian. The finiteness of () is ensured by the substraction from the two-body Gibbs factor of
non-integrable powers of the Coulomb potential, while the a priori divergent contributions of those powers are
regularized thanks to screening by the ionized charges present in the medium. We stress that the screening mech-
anism that regularizes both the internal atomic partition function and the ionized charge-charge interactions in
the SVC is treated in an exact way. Bound and scattering contributions are intrinsically mixed in function ). The
tight interplay between recombination and screening is such that these two effects cannot be fully disentangled. !

If Ebeling function () controls atomic corrections in the almost fully ionized regime at low densities and rather
high temperatures, it was shown more recently that @ is still a central quantity for the ionization equilibrium
H 2 p + e in the partially ionized regime [3, 4] which can be attained by lowering the temperature along a
low-density isochore. If temperature is further decreased beyond full atomic recombination, molecules form and
become the most important chemical species. The main purpose of this paper is the description of that molecular
recombination process within the physical picture. We show that the central quantity is now a cluster particle
function Z(2,2) for two protons and two electrons, which can be viewed as a natural extension of Ebeling

* Corresponding author. E-mail: vincent.ballenegger@univ-fcomte.fr, Phone: +33 3 81 66 64 79, Fax: +333 81 66 6475
! Accordingly, the extraction from @ of an internal atomic partition function remains arbitrary. For instance the well-known Planck-

Larkin-Brillouin formula is a possible choice. Nevertheless, as far as thermodynamical properties are concerned, only the full contribution of
Q, including scattering states, plus the contributions from screening effects makes an unambiguous sense.
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function Q). Our method, briefly sketched in Sec. 2 is based on the so-called Screened Cluster Representation
for the density p in terms of the chemical potential x4 [5,7]. That formalism allows us to deal with the interplay
between screening and recombination into atoms, molecules, or any other species like ions H™, H;,..., in an
exact way. Cluster partition function Z(2, 2) involves not only contributions from bound states of the molecule,
but also from its dissociation products which can be associated with the various chemical equilibria H, = H+H,
Hy, = H;‘ +e,Ho=2H +p,Ho =@H+p+e and Hy 2 p+ p + e+ e. As exposed in Sec. 2, an adequate
choice of diagrams in the Screened Cluster Representation allows one to obtain an approximate function p(8, p)
which should be reliable in the considered low-density regime. Then, (S, p) is determined via a numerical
inversion, and we compute the pressure along a low-density isochore that covers the fully ionized regime at high
temperatures, the atomic phase at intermediate temperatures, and the molecular phase at lower temperatures (see
Sec. 3). Our predictions are compared to numerical results of quantum Monte Carlo simulations [6] and to the
tabulated OPAL EOS [8] derived using the ACTEX method [9]. In Sec. 4, we make some concluding comments.

2 Method

2.1 Recombination and screening

- ) = P o>
»= @@ @0 --®.r O —®, -
() (b) © P2/ ) ®

Fig. 1 A few SC diagrams in the Screened Cluster representation of the proton density. Bonds between particle clusters can
be @, L ®2 or L @3,

> 2! 3!

o

The Screened Cluster (SC) representation is a resummed activity series expressed in terms of Mayer-like
diagrams built with particle clusters and a screened effective potential ® [5]. In Fig. 1, we show a few diagrams
in the SC representation of the proton density p, = p. = p. The SC diagrams account, simultaneously and
consistently, for

e Recombination: The statistical weights of particle clusters Z(N,, N.) incorporate the contributions of
bound states, because both quantum mechanics and Coulomb interactions are treated non-perturbatively.

e Screening: All large-distance contributions of diffusive states are finite, because effective interactions be-

tween particle clusters are screened.

When the density tends to zero, bare Coulomb Hamiltonians Hy, n, = — Zfil %Ai + % > £ Tra%::l
(where «i; = p, e is the species of the ith particle, e, its charge and m,,, its mass) emerge at leading order in the
statistical weights of particle clusters. The corresponding cluster partition functions Z (N, Ne) reduce to finite
truncated traces Tr[exp(—S8Hy, n, —. . .)]. The counter-terms substracted from Gibbs operator exp(—SH N, )
cancel out long-range divergences in the trace, while their own a priori divergent contributions remain finite
thanks to the introduction of the screened potential ®. That exact construction, which gives rise in particular to
diagrams made up of two or more clusters connected by bonds P, %@2 or %@3, is systematically performed
through the whole activity series [5]. Chemical species naturally emerge in cluster partition function Z(Np,, Ne),
which involves contributions from both bound and diffusive states.

The individual contributions of an atom H arise in diagram (b) shown in Fig. 1, and they are embedded in
cluster partition function Z(1,1). The contributions of the counter-terms associated to the truncation in Z(1,1)
are embodied in diagrams p— %q)” —e with n = 1,2, 3 (for instance diagram (c) when n = 1). Cluster partition
function Z(1,1) is in fact merely related to Ebeling function Q(/3). Similarly, hydrogen molecules Hy emerge
in diagram (d), and their contributions are embedded in cluster partition function Z(2,2). All possible species
resulting from molecular dissociation, namely p, e, H, H;r and H™ arise in the truncation of exp(—SHz ). If
cluster partition function Z(2,2) contains contributions from all thermally excited states, the molecular ground-
state contribution prevails in the zero-temperature limit.

Diagrams with bonds between the clusters describe screened interactions between the involved entities. Graph
(f) accounts for instance for long-range van der Waals interactions between two H atoms, while graph (d) contains
contributions linked to their short-range interactions.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.cpp-journal.org
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2.2 Computation of the EOS at low densities

Along a low-density isochore, p < 1072 g/cc and for not too low temperatures 7' > 103 K, we have estimated
the SC diagrams that provide the most important contributions to the density p(3, z) where 8 = 1/(kT') and
z = exp(Bp) is the fugacity 2. It turns out that the relevant diagrams account for ideal contributions of ionized
charges, atoms H, molecules Ho, plasma polarization and interactions between ionized charges and atoms H.
All other diagrams, in particular those describing ions Hj and H™ or interactions between molecules can be
neglected. This provides a quite reasonable approximation for p(/3, z), which takes a polynomial form in /z
with temperature-dependent coefficients. Most coefficients can be calculated analytically, while we used a simple
approximation for Z(2, 2) introduced in Ref. [13].

The pressure P(f3, p) is then computed as function of temperature and density by eliminating numerically the
fugacity z between equations p = p(83,z) and BP = 29/9zp(8, z). Notice that, by construction, the present
calculation reproduces the first terms of the known exact asymptotic expansions, namely, on the one hand, the
virial expansion [10, 11] valid in the almost fully ionized regime p — 0 at 7" fixed, and, on the other hand, the
Scaled Low Temperature (SLT) expansion [4] valid in the Saha atomic regime 7" — 0 with p ~ e~ |Bal/(kT),

3 Numerical results

3.1 At very low densities

At very low densities, molecules are very scarce along the full isochore, except at very low temperatures. Then,
the pressure remains close to the predictions of Saha theory which describes an ideal mixture of ionized protons,
ionized electrons and atoms in their groundstate. We plot in Fig. 2 the deviation S(P — Psapa)/ p, on a logarithmic
scale, along a very-low density isochore p = 10710 g/cc. That deviation agrees with the first two simple terms
P, (plasma polarization) and P, (molecular recombination) of the fully analytical SLT expansion [4], apart at
very low temperatures where the pressure approaches pk7T'/2 as expected.

0% T — T T T —T T — 1 T (K)
& 4 5 6
\ 10 10 10
- 1_
—— present work
. 02 . — SLT EOS [4]
o o OPAL EOS [8]
{"Ié =31 X OPAL EOS (modified to use
EL exact ground state energy E,)
< -4
—
8
_5_
,6_
_7_

Fig. 2 Log plot of deviations to the ideal Saha pressure along isochore 10~ g/cc. Our predictions (solid line) are compared
to the analytical SLT expansion (dashed line) and to the tabulated OPAL equation of state (circles). The crosses correspond
to the OPAL EOS modified to account for the finite mass of the proton in the binding energy of the hydrogen atom, i.e. using
En = —me*/(2h?) ~ —13.5983 eV instead of Ey ~ 1 Ry = —mece?/(2h%) ~ —13.65057 eV. We corrected the OPAL
values only at the level of the ideal terms: PopaL, corr = PopaL + Psana[EH] — Psana[l Ry].

3.2 At low and moderate densities

Now we consider an isochore at moderate densities, typically p = 1072 g/cc as shown in Fig. 3. At high
temperatures, entropy wins and the gas is almost fully ionized, with pressure close to its ideal value 2pkT.
When temperature is lowered, energy enters into the game, so atomic recombination takes place and a first

2 As rigorously proved in Ref. [12], only the mean chemical potential © = (pp + pe)/2 of protons and electrons is relevant in the
thermodynamical limit, and it entirely determines the common particle density p = pp = pe.
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plateau appears with pressure close to the ideal expression pk’I" for a purely atomic gas. If we further lower the
temperature, energy favors molecules since they are more stable than atoms. Then a second plateau appears with
pressure close to the ideal value pkT'/2 for a purely molecular gas.

The cross-over between the plasma and atomic phases is well captured by the thermal effects contained in
function @) which suitably corrects the predictions of Saha theory. In that region, the agreement between our
calculations, the OPAL EOS [8] and Path Integral Monte Carlo (PIMC) simulations [6] is very good.

At temperatures lower than about 10* K, the cross-over between the atomic and molecular phases is crucially
controlled by function Z(2, 2). Our predictions deviate then somewhat from those of OPAL, while the numerical
results of PIMC simulations have rather large uncertainties.

29 RRRRREs- . e
P
pkT
1.5
—— present work
N S Ideal Saha EOS
[ X OPAL EOS (modified to use
i exact ground state energy E,)
{  PIMC data points
] / Fig. 3 Pressure along isochore 10™% g/cc.
K Crosses correspond to the OPAL EOS, as in
—— — —— T (K) P

4 5 6 Fig. 1. Numerical results of PIMC simula-
10 10 10 tions [6] are also shown with their error bars.

Along the two considered isochores, the ionized charges remain always weakly coupled. The order of magni-
tude of the coupling constant I' can be estimated within the reasonable ad-hoc definition of the density of ionized
charges as the sum of all SC diagrams (see Fig. 1) for which the root proton is the sole particle in the root cluster.
For isochore p = 103 g/cc, this provides ['ax = 0.24 which is reached when T' ~ 28 760 K.

Notice that the order of magnitude of the cross-over temperatures between the successive ionized, atomic
and molecular phases can be estimated from a simple criterion on the chemical potential, inspired by the atomic
and molecular limit theorems at zero temperature [14, 15], which amounts to compare ideal densities of the
corresponding chemical species in their groundstate. This provides T ~ 9000 K (isochore 107!° g/cc) and
T ~ 40000 K (isochore 102 g/cc) for atomic recombination, while 7' ~ 1700 K (isochore 1071° g/cc) and
T ~ 3200 K (isochore 10~2 g/cc) for molecular recombination. The comparison to our results displayed in Figs.
2 and 3 shows that the location of the cross-over between the plasma and the atomic gas is roughly recovered,
while the discrepancy is larger for the transition to the molecular gas. This is not unexpected, since hydrogen
molecules are obviously highly excited rotationally at the temperatures considered in Fig. 3.

4 Conclusions and perspectives

Within the physical picture, we have derived a reliable EOS which works rather well at low densities over a broad
range of temperatures. Its key ingredients are Ebeling function ) and cluster partition function Z(2, 2), which
only depend on temperature 7" and on the fundamental constants &, e, my, me. Those functions are essential for
describing properly the plasma-atomic and atomic-molecular cross-over regions.

Because of our poor knowledge of the exact spectrum of four-body Hamiltonian H» 2, we had to use an
approximate form for function Z(2,2). An obvious improvement would be to better estimate that function, for
instance through computationally exact numerical methods. Moreover, further studies of its analytical properties
would be helpful for deriving simple modelizations of Z(2,2). Such modelizations could then be used for
constructing suitable internal molecular partition functions involved in chemical approaches applied to higher-
density regimes.

© 2012 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.cpp-journal.org
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The strengths and shortcomings of the point dipole model for polar fluids of spherical
molecules are illustrated by considering the physically more relevant case of extended dipoles
formed by two opposite charges +¢ separated by a distance d (dipole moment u=gd).
Extensive molecular dynamics simulations on a high-density dipolar fluid are used to analyse
the dependence of the pair structure, dielectric constant € and dynamics as a function of the
ratio d/o (o is the molecular diameter), for a fixed dipole moment . The point dipole model
is found to agree well with the extended dipole model up to d/o >~ 0.3. Beyond that ratio,
€ shows a non-trivial variation with d/o. When d/o>0.6, a transition is observed towards
a hexagonal columnar phase; the corresponding value of the dipole moment is found to be
substantially lower than the value of the point dipole required to drive a similar transition.

1. Introduction

Highly polar fluids are particularly important in
many areas of physical chemistry, chemical engineering
and biology, because of their role as solvents leading
to electrolyte and polyelectrolyte dissociation. Water is
of course the most important among polar liquids,
but because of its complex behaviour, primarily linked
to the formation of hydrogen-bond networks, much
theoretical work has focused on simpler models invol-
ving spherical molecules with point dipoles. The best
known and most widely studied examples are dipolar
hard spheres (DHS), dipolar soft spheres (DSS), and
the Stockmayer model (dipolar + Lennard-Jones inter-
actions). A long-standing problem, going back to the
classic work of Onsager [1] and Kirkwood [2], is to
relate the dielectric response of a polar fluid to
molecular dipole fluctuations and correlations (for
reviews, see [3]). Subtle conceptual and numerical
problems arise in molecular dynamics or Monte Carlo
simulations of finite samples of polar fluids, which are
linked to the infinite range of the dipolar interactions,
so that boundary conditions must be treated adequately.
These issues were resolved in the early 1980s, for both
the reaction field and the Ewald summation imple-
mentations of boundary-conditions [4—6]. Despite this
theoretical progress, accurate estimates of the dielectric
permittivity of simple polar fluids by numerical simu-
lation remain a very challenging task, because large

*Author for correspondence. e-mail: veb25@cam.ac.uk

fluctuations of the total dipole moment of the sample
occur on a relatively long time scale (of the order of
10 ps), leading to a very slow convergence rate for the
dielectric constant [7, 8] (see also §3).

More recently, it was realized that simple dipolar
liquids can form a ferroelectric nematic phase for
sufficiently large dipole moments [9-11]. This transi-
tion is intimately related to the formation of chains of
dipoles aligned head-to-tail, which prevent the forma-
tion of a proper liquid phase in the Stockmayer model
if the dispersive energy is below a certain threshold [12].

However, point dipoles represent a limiting situation,
never achieved in real polar molecules, which are
characterized by extended charge distributions linked
to electronic charge transfer from electron donors to
electron acceptor atoms. In simple heteronuclear dia-
tomic molecules such as CO or HF, this situation can
be modelled by assigning fractional charges of opposite
sign to sites that are separated by a distance d, typically
of the order of 0.1 nm [13]. Such situations, or more
complicated ones involving more than two atoms, can
be mimicked by adding higher-order point multipoles
to a point dipole [14], but such an expansion will require
more and more high-order multipoles as two molecules
approach each other.

In this paper, we present a systematic investigation of
the structure, dielectric response and phase behaviour
of a simple model involving spherical molecules carrying
extended (rather than point) dipoles resulting from
opposite charges + ¢, each displaced symmetrically by
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Figure 1. A polar molecule with an extended dipole moment.

a distance d/2 from the centre of the molecule. We study
how the properties of the polar liquid change when d
is increased from zero, varying ¢ simultaneously so that
the dipole moment |u| = gd remains constant. Although
polar molecules are never spherical, the model investi-
gated in this paper, which focuses on the electrostatic
rather than steric interactions, is the simplest ‘natural’
extension of the dipolar sphere model towards a more
realistic representation of highly polar fluids. Some
studies on the structure of similar models with extended
dipoles have been published previously, but without an
investigation of their bulk dielectric properties [15, 16].

2. The model and simulation details

We consider a polar fluid made up of spherical
molecules with two embedded point charges 4 ¢ located
at +d/2 from the centre of the sphere (see figure 1).
The distance |d| is assumed fixed, so the molecule is
not polarizable and carries a permanent dipole moment
n=qd

Placing the origin at the centre of the sphere, the
multipole moments ¢, = [ Y},(0, p)r' p(x) d’r, where
o(r) = ¢d(d/2) — ¢d(—d/2) is the molecular charge
distribution [17], are

N\ pi+1 .
qdim = 2q<§> T if 1 odd and m=0 (1)

otherwise.

The next non-vanishing moment after the dipole is thus
the octopole, since the quadrupole moment vanishes by
symmetry for this choice of origin.

The interaction energy between two molecules is given
by the sum of a Lennard-Jones interaction

Vis(r) = 4u[(r)'2—(§)6} @)

and the four Coulombic energies due to the point
charges. On figure 2, the electrostatic energy at con-
tact is compared to a truncated multipolar expan-
sion containing the dipole—dipole and dipole—octopole
interactions. The configuration of lowest energy occurs
when the molecular dipoles are aligned head-to-tail
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-- dipolar + dipole-octopole int.
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L

Electrostatic interaction energy of two molecules
at contact (Jr| = o) for d = o/2.

Figure 2.

(6 = 6, = 0). This minimum energy is lower for extended
than for point dipoles.

A thermodynamic state of the fluid is specified by the
values of the dimensionless parameters:

o reduced density: o = po’,

» reduced temperature: T =kT/u,

o reduced dipole moment: w* =/ u?/odu,
» reduced dipole elongation: d*=dJo.

We studied the influence of dipole elongation on
properties of a dense highly polar fluid phase charac-
terized by p*=0.82, T*=1.15, w*=1.82.f The
reduced moment of inertia of our molecules was
I*=1I/mo> =0.117, but equilibrium quantities, such
as the dielectric constant and distribution functions, are
independent of 7*. We also performed simulations of a
dipolar soft sphere fluid at p*=0.8, T*=1.35 and
w* =2. This thermodynamic state point of the DSS fluid
has been extensively studied by Kusalik in the case of
point dipoles [7, 18].

In all calculations, we employed periodic boundary
conditions. We choose the spherical geometry, that is
the periodic replications of the basic cubic simulation
cell form an infinite sphere, which is itself embedded in
an infinite region of dielectric constant €. In this case,
the Hamiltonian of the system is

2nM?
Y Z it e D

A3)

N
H= Z (VLa(ryp) + qiq; ¥ (xy) —

i<j=1

TOur parameters in dimensioned units were 7 = 300K,
w=245D, 0=03668nm, m=10u, I=0.156unm?
u=2.1747kJmol ™"



Polar fluids with extended dipoles 601
Table 1. Influence of dipole elongation on some properties of a Stockmayer fluid at p* = 0.82, 7* = 1.15 and p* = 1.82.
djo € v (ps) 7, (ps) D (1075 cm?/s) p* U*
0.02 99.6( £ 1.4) 2.21 0.50 11.7 0.42 —10.1
0.3 98.4(£1.5) 2.64 0.54 11.6 0.45 —-10.2
0.4 94.0(£1.5) 2.88 0.63 11.5 0.45 —10.3
0.5 92.4(£1.7) 4.14 0.88 10.6 0.42 —10.6
0.6 102.3(£3.2) 11.44 2.01 8.7 0.26 —-11.7
0.61 104.7( £ 3.6) 13.97 2.36 8.5 0.23 —11.9
0.62 100.8(£3.5) 14.81 2.79 7.9 0.19 —12.1
where L is the side of the box, M =}, ¢1; is the total ! i \ \
dipole moment, and i o
erfe(k|r +nL 08 3 E
P = Z M | i Cul) ]
nez3 |l' + nL| Cu(n) r 7
06 001 = =
1 1 —m?n> 2mi i i
+— —2Xp< 55— t—n-r). (4 r H :
L n#£0 In| L L 0.4 - 00015 ‘2 4‘ (‘) E‘i
The last term in (3) accounts for the work done against I )
the depolarizing field created by surface charges induced 021 oo .
on the spherical boundary. This term vanishes only for | " |
metallic boundary conditions (¢' = 0o). The Ewald sums | | | ‘ ‘
in Y(r) were evaluated using the smooth particle mesh % 1 2 3 4 s 6 7 8 9 10
Ewald method [19] (Ewald coefficient x =3.4705nm™", . . Time (psf
grid size 32x32x 32, interpolation order 6). The Figure 3. Autocorrelation functions Cwm(#) and C,(?), for

interactions were truncated beyond 0.9 nm, both for the
real space Ewald sum and for the Lennard-Jones
interactions.

Molecular dynamics simulations were carried out
using the simulation package gromacs [20]. The
equations of motion were integrated using the so-called
leap-frog algorithm with a reduced time step of d¢*
dt/(mo?/u)'/*> = 0.0025. The temperature was kept
constant using a Berendsen thermostat. Equilibration
periods lasted at least 100 ps (50000 time steps), and
were followed by data-producing runs of 8ns or more.
The number of molecules was 512 in calculations of
the dielectric constant (§3), and 5555 in calculations of
correlation functions (§4).

3. Dipole fluctuations and dielectric constant
The dielectric constant of a homogeneous and isotropic
fluid can be calculated from the fluctuation formula
(see, for example, [21])

(e— D2 +1) _ 4n (M)
2¢ + ¢ T3V kT

)

which holds for a macroscopic spherical sample of
volume V' surrounded by a medium of dielectric
constant ¢. The results obtained for the dielectric
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the value d = 0/2. The inset shows a logarithmic plot,
confirming the exponential behaviour of Cy(?).

constant are independent of the choice of €, provided
the boundary term in equation (3) is properly taken
into account. We employed metallic boundary condi-
tions, because they are known to produce smaller
uncertainties in estimates of € than finite values of ¢
[5, 22] (see also below). The fluctuation formula reduces
in this case to

2
. ©)

7
where the dimensionless parameter y = 4nBou?/9 ~3.31
at the state point under consideration.

Table 1 shows the influence of the dipole elongation
on some properties of the Stockmayer fluid, namely
on the dielectric constant e, the diffusion constant D,
the dielectric relaxation times t); and t,, the reduced
configurational energy U* = U/(Nu), and the reduced
pressure p* = po>/u. The diffusion constant was calcu-
lated from Einstein’s relation

e=1+3y(g), g=

(Ir(0) = r(0)) = 6Dt, 1 — 0. (7)

The relaxation times 7,, and t,, were determined from
the autocorrelation functions Cp(f) = (M(1) - M(0))/
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Figure 4. Dielectric constant of a Stockmayer fluid (p* =
0.82, T*=1.15, u*=1.82, continuous line) and of a
dipolar soft sphere fluid p*=0.8, T*=1.35 u*=2,
dashed line) as a function of dipole extension.

(M?) and C,(1) (see figure 3). For 1>0.3ps, Cwm()
exhibits an exponential decay exp(—z/1y) typical of
a Debye dielectric. The relaxation of C,(#) is not well
fitted by a single exponential, and the corresponding
relaxation time was estimated from the integral of C,(7).
We show in figure 4 the variation of the dielectric
constant with dipole elongation for a Stockmayer fluid
and for a dipolar soft sphere fluid. For almost point
dipoles (d* =0.02), our result for the dielectric constant
of the DSS fluid is in good agreement with the value
98 + 2 reported by Kusalik er al. [23]. At the state point
under consideration, the Stockmayer fluid has almost
the same dielectric constant: €point = 99.6 £ 1.4. Our
data show that when d* increases, the dielectric constant
decreases and reaches a minimum about 6% lower than
€point at d* >~ 0.55. When d* is further increased, the
dielectric constant increases rapidly above €poini, Up to
the critical distance df >~ 0.63. At this critical distance,
a phase transition occurs from an isotropic fluid to an
orientationally ordered ‘liquid crystal’ phase (see § 5).
The simulations show that the point dipole model
gives a reliable estimate of the dielectric constant over a
very wide range of extensions d, namely up to the point
where the system undergoes a phase transition. The
weak sensitivity of the dielectric constant on the
extension of the dipole, which contrasts with the large
sensitivity observed in water models [24], may be due to
the absence of a quadrupole moment in our molecules.
It is clear from table 1 that the dynamics of the fluid
slows down when d is increased: the diffusion coefficient
D drops and the relaxation times increase. This slow-
down is due to the formation of head-to-tail dipolar
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Figure 5. Convergence of € with simulation time, for dipole
elongations d* =d/o =0, 0.3, 0.4, 0.5 and 0.6.

chains in the system. Their entanglement makes these
chains less mobile than individual molecules in the
present high-density regime.

Long runs were needed to obtain even moderate
accuracy (about 2%) in the estimated dielectric con-
stants. Figure 5 shows the running estimate of € as a
function of simulation time. The slow convergence,
especially for large elongations of the dipole, can be
traced back to the long relaxation times t,,, as shown
by the following error analysis.

By definition, the probability distribution of the
sample having a total dipole moment of magnitude M
and arbitrary orientation is given by

P(M) o 4nM>e PO, ®)

where F(M) is the free energy of the system. From
macroscopic electrostatics, the energy of a spherical
dielectric sample, of dielectric constant € and carrying
a uniform polarization M/V, is

2nM? 2¢ + €
V o (e—1DQRe+1)’

UM) = ©)

where € is the dielectric constant of the surrounding
medium. Following Kusalik [25], we combine equa-
tions (8) and (9) with the approximation F(M) ~
F(0)+ U(M). This leads to the following expression
for the probability distribution of fluctuations
g=M?/(Ni?):

9y 2¢ + €

P(o) = Ao!/? e "¢ =27 -
©) =Age™ K= T e+ 1)

(10)

where the normalization constant is 4 = 2(«*/m)'/?. The
mean of this distribution is (¢) = 3/(2«), in agreement
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with the fluctuation formula (5). Though the distribu-
tion (10) neglects changes in entropy and is valid only
in the linear regime, it gives a good description of
fluctuations of the total dipole moment observed in
simulations of highly polar fluids [23].

The dielectric relaxation time t,, gives a time scale
for two measurements of M? to be independent. In
a simulation of total duration ¢, the distribution (10) is
thus sampled n >~ t/t), times. After n such independent
measurements, the standard deviation in the average
>, gi/n of the g factor is oy, =o0g/n'/? where
o2 = ((g — (g)*) = 3/(2«?) is the variance of the dis-

g
tribution (10). The expected relative uncertainty in the g

factor,
O, 2 2'L'M
[, =len_ [2_ [2TM 1
() = T1g) ~V3an V3t (1

depends therefore on the boundary condition € only via
the relaxation time 7,,. Solving (5) for €, one has

B 3y(g> €+ 1)

By the rules of propagation of errors, the relative
uncertainty in the dielectric constant minus one is thus

2 4e 2ty
ler =21V (13)

The error bars in figure 4 were determined from this
formula, and are in agreement with the fluctuations
observed in figure 5. In a Debye dielectric, the relaxation
time 1, is related to the Debye relaxation time tp
(which is independent of boundary conditions) by [26]

2¢ + 1
2€ + €

M = p. (14)

Inserting (14) into (13), we see that larger values of
¢ will lead to smaller uncertainties in the dielectric
constant. This explains the faster convergence of €
observed when using metallic boundary conditions
[5, 22].

According to the present analysis, the slow conver-
gence of ¢, as determined from the fluctuation formula,
is due to the large value of the Debye dielectric
relaxation time [8] and the rather broad distribution
P(g). Moreover, the uncertainties in € are independent
of system size, as long as it is macroscopic. In large
systems, it may therefore be favourable to determine €
from correlation functions rather than from the
fluctuation formula.
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4. Structure
4.1. The pair distribution function
The pair distribution function A(1,2) = h(r, p;, p,) of
the infinite system can be expanded in rotational
invariants [27]:

h(l, 2) :/’IOOO(I‘)—F/’[“O(}’)@“O(L 2)+/’l1]2(}’)@112(1,2) 4o,
where

&1(1,2) = juy - o, (15)
¢'2(1.2) = 3Gy - D@ ) — - (16)

The functions @"*' form an orthogonal basis for the
angular dependence of %(1,2). The first projections are

W) = (n(1,2)), , =g —1, (17

W) = 3(h(1,2)0'°(1,2)), . (18)
3

W) = E(h(l, 2)d'?(1, 2)>M.”2, (19)

where  (---),= J---dQu/4n denotes an unweighted
angular average over the orientations of u.

Plots of h°°(r) and 4''’(r) are shown in figure 6 for
three elongations d of the dipole. As d is increased, the
stronger multipolar moments carried by the molecules
lead to a slight reduction of the fluid structure as
measured by the centre-to-centre distribution g(r), but
more orientational order, as measured by the projec-
tions A!'2(r) and h''%(r) (the latter projection, not shown
in the figure, closely resembles /''>(r)).

The projection A''’(r) is related to the dielectric
constant of the fluid by the formula

2
. e—1 1

lim Apy =€ 1 (20)
r—>00 € 4mnpy

)\ I I I

3 A —
S ) B
! - d*=0.62

251 i 1

o h
n €
L B s B B

lo 20 30 40 L2

Figure 6. Projections 41°°(r) and A''>(r) of the pair
correlation function for three values of d* = d/o.
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Figure 7. Convergence of r3h!12(r) at large distances towards
the limit (20). Data from a 6 ns long simulation of a system
of 5555 molecules (p*=0.82, T*=1.15u*=1.82,
d*=0.5).

P2(h110(r)=h110(c0))

02

0.1—
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Figure 8. The function r*(h''°(r) — h''%(c0)) and its integral
(dashed line). Same system as in figure 7.

first derived by Nienhuis and Deutch [28]. A 512-
molecule system with a half box size of L/20 =4.3 is
too small to reach the asymptotic limit (20). The results
for the correlation function shown in figures 7-10 were
hence obtained using a larger system (simulation of 5555
molecules during 6ns) under the same conditions
(p*=0.82, T*=1.15, pu*=1.82, d=0/2, €=00).
Now L/20 =9.55, and figure 7 shows that r3h''2(r)
does reach the asymptotic value (20) at a distance
r >~ 7o, as in the case of point dipoles [18]. In [18], it was
observed that r3h!'?(r) drops sharply for r greater than
L/2, even when the reduced size of the volume element is
properly taken into account in the normalization. In a
system with long range forces, care must be exercised in
the interpretation of correlation functions at distances
larger than half the box length (since the Ewald
potential differs strongly from the Coulomb potential
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Figure 9. Site-site distribution functions. Same system as in
figure 7.
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Figure 10. Integration of the second moment of Siyer(r).

at these distances). Caillol analysed this problem
carefully, and derived a formula for the asymptotic
behaviour of #'2(r) valid for distances up to ~/2L/2 [29].
Estimations of the dielectric constant from equation (20)
become more accurate when the size of the system is
increased, contrary to estimations based on the fluctua-
tion formula.

The projection /4''%(r) is also related to the dielectric
constant, since the fluctuation formula (5) can be written
in the Kirkwood formt

€=D@e+D _,, 1+@/ RO dr). @)
2¢ +¢€ 3 Jo

1 For a cubic simulation cell, the upper limit in the
integral becomes 3'/2L/2.
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Since the LHS of equation (21) depends on €, the
projection A''(¥) must also be sensitive to this boundary
condition, whence the introduction of a subscript €.
Figure 8 shows a plot of ?4!!%(r), and the integral of
this function, for the same system as in figure 7. The
correlations extend up to r >~ 7o, just as in the case of
h'2(r). This distance corresponds to the scale beyond
which the fluid behaves as a continuum dielectric and
obeys the equations of macroscopic electrostatics.

Though formula (21) is equivalent to (5), it is
worthwhile to discuss how the pair correlation function
depends on the dielectric constant of the external
medium. This problem has been addressed in [28] (see
also the perturbation theory presented in [5]); here, we
hope to give a clear and concise answer to the above
question, using simple physical arguments to justify the
formulas.

In a spherical sample, A!1°(r) is in fact the only
projection, among all the 412/, to be strongly affected
by the boundary condition €. This is due to the surface
term in the Hamiltonian (3), which corresponds to an
interaction energy between two molecules

g
, 22
2¢+1 ¥V (22)

which has the angular dependence of ®''°(1, 2).

As the interaction (22) is independent of the distance
between the molecules, 411%(r) does not decay in general
to zero at infinity, but rather to an ¢'-dependent
constant. We will prove below that this constant is

z(e—l)2 € —¢
V 3pye 2€ +€

lim A1) = (23)

in the spherical geometry [5, 28, 29]. The constant (23)
vanishes only when using the boundary condition € = ¢,
which mimics an infinite sample, or in the thermo-
dynamic limit ¥ — oo (which is never reached in
simulations). The limit (23) is achieved in practice at
distances large compared to the decay length of 4''%(r),
but small compared to the size of the system.

The fact that 4!!°(r) contains the O(1/V) constant
contribution (23) at large distances ensures that Kirkwood
formula (21) gives consistent results for different bound-
ary conditions. Indeed, when /h!!%(r) is integrated over
the volume V = 4nR3/3 of a large sample, as in the RHS
of equation (21), the constant (23) gives a finite contribu-
tion to the integral that is precisely what is required
to match the €’-dependence of the LHS of the equation.
In other words, equations (22) and (23) imply that

R R
4”/ ROy dr = 475/ R0y dr + VR (00),
0 0
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when the samples are large enough (i.e. in the limit
R — 00). When this identity is inserted into Kirkwood
formula (21), it is immediately clear that the predicted
dielectric constant is independent of €.

In order to prove equation (23) with simple physical
arguments, we need to recall two basic results from the
statistical mechanics of polar liquids. The first result
is the expression of the density p(r, u) of molecules at
r with orientation g in a polarized sample permeated by
a macroscopic field E(r): [30]

o) =L (1 + L E(r)) LOE)  4)

(y is defined after equation (6)). This formula is consis-
tent with the constitutive relation P(r) = (¢ — 1)/(4m)E(r)
of macroscopic electrostatics, since the average polari-
zation density in the fluid is by definition P(r) =
Jo(r, WpdQ,.

The second result we need is the expression of the
effective dipole moment " of a polar molecule held
fixed in a polar liquid (u is defined as u, the dipole
moment of the fixed molecule, plus the total dipole
moment of the screening cloud around u). One may first
think naively that u°T = p/e: the fluid would screen the
dipole according to its dielectric constant. But this
would be treating the polar fluid as a dielectric
continuum everywhere, including in the interior of the
fixed molecule, which is obviously wrong. An exact
statistical mechanical calculation shows that the right
answer is [31]

o _ €—1

= , 25
e (25)

(The expression (e — 1)/3ye can itself be interpreted
as being composed of a factor (e — 1)/3y arising from
local correlations around u, times the expected factor
1/€ due to screening by distant molecules). With these
two results in mind, we can now understand easily
formulas (20), (22) and (23).

The result (20) for the large-distance behaviour of
the pair correlation function /(1,2) can be seen as a
straightforward consequence of the screening effect (25).
By definition of the distribution functions, the density
of molecules at r, with orientation u,, when a molecule
is known to be located at 1 = (ry, ) is

P2, 1) p
o(l) — 4n

P21 = (I+n(1,2)). (26)

From (25), the electric field due to the fixed molecule
u; is equivalent, at large distances rj, =r, —ry, to that
of a renormalized dipole moment u¢. This dipolar field
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—Vo(u™ - Vy)[r12| 7! is locally uniform and weak, so we
can apply the linear response result (24). Using (24) and
(25), we find that

—1)?
oo, ~ (1= ma.0), e

Ir12]—>o00 470
where vgip(1,2) = (g - Vi)(py - V,)|rio|~!' is the dipolar
potential, and we assume an infinitely extended sample.

Comparing (26) and (27), we obtain the asymptotic
behaviour of the pair correlation function:

(-1’
Iri2 |—>oo 9)/

h(1,2) (=Braip(1, 2)). (28)
The result (20) follows then upon inserting (28) into (19).

Formula (23) can be interpreted in a similar way,
namely as arising from the interaction of a molecule
with the reaction field produced by the screened dipole
moment of another molecule. We recall from macro-
scopic electrostatics that a dipole u; at the centre of a
spherical sample of radius R and dielectric constant e,

surrounded by a dielectric medium ¢, produces a
uniform reaction field
—€
Ef () = " (29)

626 2¢ +eR?

inside the sample, because of the surface charge density
induced at the dielectric discontinuity [32]. In a finite
spherical sample, a molecule at a position r; far enough
from p;—so that it does not disturb the screening cloud
around it—will interact therefore not only with the
dipolar field of uS, as in (27), but also with the reaction
field Er(u™) produced by the screened dipole moment
of this molecule. From (24), a term

€ —

s Bl ), (30)
V

v
4

must hence be added to (27) in a finite spherical sample.
The pair correlation at large distances, equation (28),
includes then the additional contribution

4n2(e—1) € —¢

A 2o e P (31

where we used (29), (25) and V = 4nR?/3. Formula
(23) follows now from projecting (31) onto
@'"°(1,2) = fi; - 1, according to (18).

We conclude this discussion by noting that the
interaction energy (22) used in the simulations, or
equivalently the surface term in the Hamiltonian (3),
can also be interpreted in terms of a reaction field effect.
Indeed, each polar molecule in the sample will create a
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reaction field, acting on itself and on all other molecules,
that are given by equation (29) with € = 1. Since the
Ewald sums (4) give the electrostatic energy between the
molecules in the case of a sample surrounded by a metal
(¢/ =00), the correction to this energy to be used in the
Hamiltonian of a spherical system with boundary
condition € is

1 [1.€] gLl 2nM?
32 [ER )~ ™| = 5o, G2

in agreement with (3).

4.2 Sitesite correlations
Contrary to the point dipolar fluid model, the present
model with extended dipoles has well-defined site—site
distribution functions Ay (r) = h__(r) and hy_(r) [33].
From these we get the charge—charge correlation
function S(r) = Sintra(r) + Sinter(r), Where
z(h++(r ) —

Siner(r) = 2¢°p hy (1)) (33)

describes the intermolecular correlations, while

S(|r| —d)

i (34)

Sintra(r) = 247 pd(r) — 2¢° p———5—

is the intramolecular correlation function for a molecule
with a rigid dipole of extension d. The charge—charge
correlation is of special interest, because it satisfies the
two sum rules [34]:

neutrality : /S(r) d’r=0, (35

1 2
Stillinger—Lovett : — =1 + %ﬂfd% * S(r). (36)
€

The site-site correlation functions and S(r) are shown
on figure 9 for d = o/2. The charge neutrality sum rule
is found to be accurately satisfied:

P / Oo(h++(r) —he_(P)r*dr~88x 107>, (37)
0

The Stillinger—Lovett sum rule allows in principle the
determination of the dielectric constant from S(r), but
this route is not practicable in a computer simulation,
because of the unfavourable ratio (1 —e€)/e which
saturates for large ¢, and also because it is difficult to
determine the second moment of Sinr(r) accurately.
Figure 10 shows, however, that equation (36) is satisfied
within the uncertainties of our data.
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5. Orientational order

When the molecular dipole has an extension greater
than d >~ 0.640, the simulations show spontaneous
formation of orientationally ordered phases, starting
from random initial configurations. At the state point
under consideration (p* =0.82, T* =1.15), we observed
phase coexistence between a dense liquid crystal and
a very dilute gas. In order to deal with pure phases,
we performed simulations at constant pressure
(p* = po®/u=0.22), rather than constant volume, for
d > 0.620.

The occurrence of orientational order was monitored
by computing two order parameters. The rank-one
order parameter P; is defined as

P, = M) (38)
1 Ny

where M =M -1 is the projection of the total dipole
moment along the director n (P; = 1 for a completely
polarized system). The second-rank order parameter P,
is the largest eigenvalue of the matrix

1 = 1 o, B 2
Qotﬂ = N—M2<i21:§(3ﬂ[ Mni — K Saﬂ)>v (39)

where u¢ is the o component of the vector p;. The
corresponding eigenvector n is the director. P, = 1 when
all dipoles are oriented parallel to n or —n.

Table 2 lists our results for these order parameters,
as well as for the dielectric tensor € = (¢, €1 ). In a liquid
crystal with director n, the latter is determined by the

following generalization of equation (6):

(a5) — (b1,

T (40)

E||:1+y

and a similar equation for €, in terms of the
perpendicular fluctuations ((M7) — (M)?)/Nu?.

When d is increased above the critical distance
d. >~ 0.630, the order parameter P, jumps from essen-
tially zero to about almost one, indicating a first-order
transition to a highly orientationally ordered phase.
Figure 11 provides snapshots of the simulation cell
for d = 0.640. It is clear from the snapshots that the
molecules are associated into columns, composed of
chains of dipoles oriented head-to-tail. These columns
are all parallel to the director, and are arranged in a
hexagonal lattice in the perpendicular plane. The
simulations for d > 0.640 yielded similar liquid crystal
phases with columnar order, each with a different

Table 2. Constant pressure simulations of a Stockmayer
fluid at p* = 0.22, T* = 1.15 and pu* = 1.82. Data from
8ns long simulations of 512 molecules, collected after
an equilibration period that lasted up to 10ns. For
d = 0.640, the system is a ferro-electric liquid crystal
with columnar order. Uncertainties in ¢ and €, are about
+0.01 and +0.02 respectively.

djo (p*) Py P, € €1
0.62 0.80 0.08 0.07 € =103.8(x4)
0.63 0.80 0.09 0.08 e =112.6(£5)
0.64 0.95 0.97 091 1.16 1.46
0.65 0.98 0.66 0.91 1.28 1.56
0.66 1.03 0.98 0.94 1.02 1.43

Figure 11. Snapshots of the simulation cell of the Stockmayer fluid in the columnar phase. The hexagonal lattice in the plane
orthogonal to the director is apparent in the first snapshot. The dipoles are represented by a line joining the minus charge

(shown as a small bead) to the plus charge.
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orientation of the director. The system shows strong
spatial correlations in the direction of the director, but
it is still fluid in that direction, as indicated by the
mean-square displacement of the molecules. The latter
increases indeed linearly with time, with a diffusion
constant of about Dy ~ 0.09 x 10-5cm?s™".

In some runs (not listed in table 2), the system formed
two liquid crystal domains characterized by different
orientations of the director. As the transition to a single
domain is expected to occur on a time scale much larger
than our simulation time (8ns), since it requires the
collective motion of many molecules, we included in
table 2 only results from runs where a single domain
formed spontaneously in less than 10ns. Most runs
yielded fully polarized liquid crystals (P; close to 1).
It is likely that the lower value of P; measured in
the case d =0.65¢ is due to insufficient sampling of
phase space: the probability of a column inverting its
orientation during our simulation time is indeed very
small.

As the column configuration is energetically more
favourable for extended than for point dipoles (see
figure 2), it is not surprising that liquid crystal columnar
phases form at a much lower dipolar coupling constant
A = w*?/T* than previously reported for point dipolar
fluid models; here A ~ 2.9, while columnar phases were
observed in the dipolar soft sphere fluid at A =9, and
in the dipolar hard sphere fluid at A = 6.25 [9, 35].
A nematic ferroelectric liquid phase has been identified
in the Stockmayer model at A >~ 4 (a columnar phase
has not been seen previously in this model to our
knowledge) [36, 37]. The hexagonal lattice arrangement
found here is to be contrasted with the square lattice
reported in [35].

6. Conclusion

We have extended the considerable body of earlier
work on dipolar fluids by replacing the usual point
dipole on spherical molecules by physically more
relevant extended dipoles obtained by placing two
opposite charges symmetrically with respect to the
centre. The structural, dielectric and dynamical behav-
iour was monitored as the spacing d of the charges was
increased, keeping the total dipole moment p = gd fixed.
Periodic boundary conditions were used with proper
Ewald summations of the Coulombic interactions
within an infinitely large sphere bounded by a dielec-
tric medium of permittivity €. The key findings are the
following:

a) Runs of several nanoseconds, longer than in
most previous studies, were required to obtain
estimates of the dielectric constant € within about
2% using the standard fluctuation formula (5).
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b)

<)

d

Ny

e)

A careful error analysis shows that ‘metallic’
boundary conditions (where ¢ =oo at infinity)
yield optimal estimates of e.

The values of € deduced from the /4''? and A''0
correlation functions agree with the fluctuation
results within statistical errors, provided a suffi-
ciently large simulation cell is used to obtain
proper estimates of the asymptotic behaviour of
these correlation functions. The strong influence of
the boundary condition € on the projection 4''%(r)
arises from the interaction of the polar mol-
ecules with the reaction field to the dielectric
discontinuity between the fluid and the external
medium €. When € # ¢, h''%(r) does not decay
to zero at large distances, but rather to a finite
constant of order 1/V [5, 28, 29]. The value of
this constant (equation (23)) was derived using
simple physical arguments based on macroscopic
electrostatics and linear response theory.

€ has a non-trivial dependence on the ratio
d*=d/o. Up to d* ~0.25, ¢ agrees with the
point dipole result within statistical uncertainties,
thus illustrating the practical usefulness of the
point dipole limit. For d*>20.3, ¢ drops to a
minimum value roughly 6% below the point
dipole result when d* >~ 0.55. When d* is further
increased, € increases sharply and reaches a
maximum at d* =~ 0.6.

For still larger extensions d*, the system is seen
to undergo a transition, at constant pressure,
to an orientationally ordered state similar to a
columnar phase with a hexagonal ordering in the
plane orthogonal to the director. This phase is
characterized by large values of the usual
orientational order parameters P; and P,. At
the same time the dielectric tensor becomes
anisotropic, and the mean dielectric constant is
very low (e ~ 1.4), signalling the strong suppres-
sion of dipole moment fluctuations. The transi-
tion to the columnar phase occurs at a value of
the dipole moment well below that required to
observe the transition with point dipoles [9, 35].
The dynamics, characterized by the relaxation
times 7, and 7, of the total and individual dipole
moments, as well as by the self-diffusion constant
D, slows down very significantly as d* increases,
due to the enhanced tendency of the system
to form parallel strings, which eventually lead to
the columnar phase. In the latter, the diffusion
coefficient D parallel to the director is about
two orders of magnitude smaller than D in the
isotropic phase, but still substantial, showing
that the system behaves like a one-dimensional
fluid.
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The present results are for a single high-density
p*¥=0.82, and a single pressure in the anisotropic
phase (p*=0.22, corresponding to (p*) >~ 1). Clearly
more work is needed to be able to map out a complete
phase diagram of the Stockmayer fluid, in view of
the additional variable d*. The present work illustrates
the strengths and deficiencies of the point—dipole
model. Many simple molecular systems fall in the
region d* >~ 0.5, where the deviations from point dipole
behaviour begin to be substantial.

The authors thank Joachim Dzubiella, Reimar
Finken, Michael Klein and Mark Miller for fruitful
discussions. The financial support of the Swiss National
Science Foundation is also gratefully acknowledged.
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Dielectric permittivity profiles of confined polar fluids
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The dielectric response of a simple model of a polar fluid near neutral interfaces is examined by a
combination of linear response theory and extensive molecular dynamics simulations. Fluctuation
expressions for a local permittivity tensefr) are derived for planar and spherical geometries,
based on the assumption of a purely local relationship between polarization and electric field. While
the longitudinal component af exhibits strong oscillations on the molecular scale near interfaces,
the transverse component becomes ill defined and unphysical, indicating nonlocality in the dielectric
response. Both components go over to the correct bulk permittivity beyond a few molecular
diameters. Upon approaching interfaces from the bulk, the permittivity tends to increase, rather than
decrease as commonly assumed, and this behavior is confirmed for a simple model of water near a
hydrophobic surface. An unexpected finding of the present analysis is the formation of “electrostatic
double layers” signaled by a dramatic overscreening of an externally applied field inside the polar
fluid close to an interface. The local electric field is of opposite sign to the external field and of
significantly larger amplitude within the first layer of polar molecules2@5 American Institute

of Physics[DOI: 10.1063/1.1845431

I. INTRODUCTION In this paper we consider the case of polar fluids con-
fined by continuous dielectric media characterized by a per-
The dielectric permittivity of a medium is a macroscopic mittivity €’. We relate the local dielectric permittiviia(r) to
concept which is defined by the relationship between thehe dipolar fluctuations within the inhomogeneous fluid,
polarizationP and the electric fielE inside the mediun. along the lines of the classic Kirkwood—FrohligkF) linear
When the dielectric medium is inhomogeneous over disresponse treatment of the bulk permittivityMore specifi-
tances much larger than molecular scales, a space-dependeatly, we shall consider the cases of a simple polar fluid in an
(local permittivity e(r) may be defined when dealing with infinite slab confined by two semi-infinite dielectric media
mesoscopic electrostatic problems. The question of how fagind of a polar fluid confined to a spherical cavity inside a
towards molecular scales a local permittivity remains auniform, macroscopic dielectric continuum. Numerical re-
meaningful concept, and hoe(r) is related to dipolar fluc- sults based on long Molecular Dynami@éD) simulations
tuations is a long-standing problémvhich we have recently  will illustrate the limitations of the concept of a local permit-
addressed in the case of a polar fluid near a sharp inte3rfacqivity in the two geometries.
We showed that a necessary condition for the existence of a All considerations in this paper will be restricted to
meaningful, statistical definition of a local permittivity is that sharp interfaces. Like most previous theoretical and numeri-
the local electric field inside the medium does not vary apcal work in the field, the present coarse-grained treatment
preciably on the scale of the molecular correlation length, asuffers from the inconsistency of ignoring the molecular
already noted by Nienhuis and Deutch. graininess of the confining media, while using a fully mo-
The ability to give a clear-cut statistical definition of a |ecular description of the polar fluid.
local permittivity is crucial for any coarse-graining strategy,
whereby large parts of a complex multicomponent systenil. POLARIZATION IN LINEAR RESPONSE
are treated as continuous dielectric media, while the remain-
ing parts are described in molecular detail. An important ex
ample is provided by implicit solvent models of biomolecu-
lar assemblies, where water is considered as a continuo
dielectric medium, characterized by a local permittivity in
the immediate vicinity of biomolecules or membranes. A spa:
tially varying permittivity then determines the electrostatic
interactions between charged residues and fd@snversely
one may wish to describe a polar solvent trapped within
dielectric matrix, as in the case of water confined between N
membranes or clay platelets, or within narrow pores. In these m(r) = Z pid(r —ri), @)
circumstances it may be advantageous to describe the con- =t
fining matrix as a dielectric continuum, while the confined wherer; is the position of theth molecule inside the cavity.
polar liquid is modeled with molecular resolution. The corresponding total dipole moment is

Consider a classical fluid at temperatufe1/(kg),
‘made up ofN polar molecules carrying dipole moments,
confined to a cavity of arbitrary shape and voluxhecarved

Gt of a macroscopic dielectric medium of uniform permit-
tivity €. The molecules may be polarizable; their interac-
tions are arbitrary at short distances, but tend towards the
dipolar interaction at larger distances. The microscopic po-
allarization density is

0021-9606/2005/122(11)/114711/10/$22.50 122, 114711-1 © 2005 American Institute of Physics
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charges afr|—) E’. In an isotropic phaseRy(r)=0 for
M :f m(r)dr = 2 M. (2) points in the bulk of the fluid. Close to the confining bound-
Peaty ' aries,Pq(r) is nonzero in general, but may vanish for sym-
metry reasons, as in the case of linear polar molecules con-
Let Py(r)=(m(r)) be the average local polarization of the fined in a slab or a spherical cavitgee Sec. ). When a
fluid in the absence of an externally applied electric fig#gd  uniform external field is applied to the system, it induces a
definition,E’ is the field far away from the cavity, created by polarization density defined by

JIm(r) = (m(r))]exd- B(Ua(1,....N) =M - E)]d1 - -dN

AP(r) = P(r) = Po(r) = (m(r))e: — (1) = o AU M ETdE N 3)

where we have used the short-hand notatitor the degrees AP, =8 3 [(m,(r)M.) = (m,(r))}M )]E® 7
of freedom of theith molecule. For linear nonpolarizable “ vy T “ rer
molecules,i=(r;, u;) reduces to the position and orientation

of the permanent dipole moment, and integration with phas@here o, y=x, y, or z and the statistical averages are under-
space elementidd’r,dQ),, is performed over all possible stood to be taken at zero exterriahd hence cavityfield,
positions and orientations of the molecule inside the cavityj.e., with a Bolzmann weight expBU,,). As expected for
U, is the total interaction energy of tifépolar molecules of  the linear response to a uniform external field, Eg. in-
the fluid within the cavity in the absence Bf; it depends  volves the average correlation between a fluctuation in the
obviously on the permittivity’ of the surrounding dielectric. |ocal polarization densityn(r) and a fluctuation in the global
The instantaneous total dipole moméftcouples to the cav-  dipole momentM of the system, as has been recognized
ity field E, i.e., the electric field inside the cavity in the recently by Stern and FelléiNote that(M) will be zero by
absence of polar fluid, when the exterrtapplied field in  symmetry in all systems we shall consider.
the embedding dielectric i8’. The two fields are related by Comparison between Eq&) and(7) does not provide a
the usual boundary conditions of macroscopic electrostaticsjctuation formula fory(r) or &(r), since they involve the
Let AE(r)=E(r)-Eq(r) be the difference between the total and cavity fields, respectively. The relation between
mean local electric field inside the cavity, due to the externajhese two fields depends on the geometry of the cavity, and
field and all the dipoles, and the mean electric field when ngan pe established within macroscopic electrostatics. We

external field is appliednote thatEq(r)=0 if Po(r)=0 ev-  consider successively the case of slab and spherical geom-
erywherg. Then, within the linear regimgi.e., for not too  gtrjes.

strongAE(r)], the induced polarization density is related to
AE(r) via

A. Slab geometry

1
AP(f)=—f x(r,r') - AE(r")dr’, (4) We consider a cavity in the form of an infinite slab
47T Do, . _ . .
cavity where a fluid ofp=N/V polar molecules per unit volume is
confined in thez direction by two infinite dielectric walls of
where y is the dielectric susceptibility tensor. In the slow permittivity . The distance between the dielectric walls is
modulation limit, i.e., for slowly varying\E(r), the integral L. The confined fluid is inhomogeneous in thalirection
factorizes approximately, and E¢4) reduces to the local (orthogonal to the waljsonly. By symmetry, the permittivity

form tensor reduces to the diagonal form
1 z 0 0
AP(r) = —x(r) - AE(r), 5 i
4= ez=| O €(2) 0 , (8)
0 0 €, (2
where, formally,x(r,r’)=x(r)&(r—r’). The local permittiv-
ity tensor is defined by wheree ande, denote the components parallel and orthogo-
nal to the walls. Equation&®) and(6) then combine into two
x(r)=er)-1. (6) independent relations,
Linearization of Eq.(3) with respect ofE, leads to the fol- Pi(2) = €(2) - 1 @ (9a)
lowing relation between the componentsAd?(r) andE(r): ! A7 R
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The key finding is that a local expression of the permit-

tivity involves correlations of the local and total polarization

of the form (m,(2M,), and not of the local polarization

alone, as has sometimes been wrongly assumed in the litera-

AP (2)= #)-1

T

AE | (2). (9b)
We dropped the symbd in Eq. (9a) because isotropy in the
(x, y)-plane implies thaPy(r) (the average polarization in ture. This was already recognized by Stern and F&lter

the absence of external figlthas no parallel components. their expression for the permittivity tensefz) differs from
Using the standard boundary conditions on the normal anghe one derived here, because they did not consider a single

tangential components of the electric field, one finds the fols|ab, but a system which is periodically replicated in space to
lowing relations between the components of the uniform eXform an infinite spherical array of the original slab.

ternal fieldE’ and the cavity fielcE,,

Ef=E|, E{=¢E, (10)

where Ef and E| are two-dimensional vectors in tHe,y)
plane; the orthogonal components are alongzlugrection.
Maxwell’s equationV X E(z)=0 implies

JE(2) _ JE,(2)

=0, 11
Jz Jz @3

so thatE=(E,, E,) is independent of, i.e.,E\(2) =E, every-
where in space. In other words, E§a) leads to

7)-1
EH(4)7T B =

P2 = (12
Comparison of Eqs(7) and (12), together with isotropy in
the (x,y) plane then leads to the desired fluctuation formul
for €(2):

€(2) =1+ 2mBmy(2) - M) —(my(2)) - (M ]. (13

The orthogonal component may be determined from Max{e-1)(2¢' +1) _

well’'s equationV-D(z)=0, whereD=E+4#P is the dis-
placement vector, leading to

d
d—Z[EL(z)+47-rPL(z)]:O. (14)
Integration of Eq.(14) from —« to z yield
E,(2-E| =-47P (2) + 4wP (2=~ )
=—47P (20 +(¢' - DE'. (15

Substracting from Eq(15) the same equation without exter-
nal field and using Eq(9b) gives €, (2AE, (2=€'E' =ES,
where the second equality follows from Ed.0). Equation
(9b) may hence be rewritten as

iel(z)—l c

PO @ B

(16)

Comparison of Eq(16) with the transverséa= 1) version
of Eq. (7) leads to the desired fluctuation formula for(z),

€,(2-1
€,(2

Equations(13) and (17) are the appropriate fluctuation for-
mulas to compute the permittivity tensefz) of a system

=4mp(m (M ) = (m (XM )]. 17

We stress that formulad.3) and(17) were derived for a
uniform external field under the local assumpti@. If the
local assumption is not valid, definitior{8a) and (9b) be-
come purely formal, and the permittivig(z) may take val-
ues that are unphysical and specific to the case of a uniform
external field permeating a planar interface.

B. Spherical geometry

We now consider a system & polar molecules con-
fined to a spherical cavity of radiuR, surrounded by a di-
electric medium of permittivitye’. We first recall the fluc-
tuation formula for thebulk dielectric constant of this
system. The cavity field is now®=3€¢'E’/(2¢' +1). For a
macroscopic spherical sample of uniform permittivitythe
local field, far from the boundaries, is uniform and equal to

6HEzse’E’/(26’+e). Substitutinge® and E into Eg. (7) and

into the definition(5) of the polarization, one arrives, upon
identification and use of the isotropy of the system, at

4ire

—T[<m(r) M) =(m(r))-(M)]. (18

(2€' + €)
In this formular can be any point in the bulk of the sample,
so thatm(r) may be replaced bW /V if boundary effects are
negligible. This leads back to the well known KF formula for
the bulk dielectric constant in terms of fluctuatio12)
-(M)?)/V of the total dipole moment of the systénsince
boundary conditions in computer simulations are designed to
minimize finite size effects, the KF formula can be used, as
expected, to compute the dielectric constant in a simulation
performed with a reaction field or periodic boundary condi-
tions (if the Ewald sums are performed using the spherical
convention for the order of summatm?l For a confined
spherical system which isot periodically repeated, the di-
electric constant should be computed from E@) (see Sec.
1nB).

Attempts have been made to generalize the KF relation,
valid for a macroscopic spherical system, to mesoscopic
samples, wher(r), E(r), and the resulting(r) are nonuni-
form near the confining surfacé! Strictly speaking,e(r)
is, however, no longer a scalar near the sample boundary, but
a tensor with radial and tangential components.

We consider here the case where the external field is
radial, preserving thus the spherical symmetry of the prob-
lem. Such a radial field can arise from an external charge

inhomogeneous in one direction. Note that these formulaplaced at the center of the spherical cavity filled with polar
depend only implicitly, via the statistical averages weightedmolecules, or polar residues of a globular macromolecule
by the Bolzmann factor expBU..), on the permittivitye’ of  (e.g., a protei)y in that case the nonuniform external field is
the confining medium. This is to be contrasted with the reE'(r)=(q/r?f wheref=r/r. The dipoles of the confined
sults for spherical samples to be discussed below. fluid or macromolecule couple to this field with energy,

Downloaded 15 Jun 2005 to 194.57.89.1. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

A-99



114711-4 V. Ballenegger and J.-P. Hansen J. Chem. Phys. 122, 114711 (2005)

tended dipoleu made up of two opposite chargeg placed
Ueua=—2 i -E'(r) =~ J m(r)E’(r)dr, (190 at +d/2 from the center, such that=qd; the elongation was
' Peavity chosen to bel/o0=1/3, where o is the molecular diameter.

wherem(r)=m(r)-f is the radial component of the micro- The bulk dielectric behavior of fluids with such extended
scopic polarization densitl), andE’(r)=q/r. Substituting dipoles has been shown to be very similar to that of fluids
(19) into the Boltzmann factor in the definitiof8) of the  with point dipoles, as long ad/o<1/2. The short-range
polarization, and linearizingwhich is valid in the limit of ~ repulsion between the spherical molecules is chosen to be of
small g), one arrives at the following relation between thethe “soft sphere” form

radial component oP(r) and the radial component of the 12
external field: Ug(r) = 4u(—) (25)
P(r)=P(r) -f:<m(r)>+,8f dr'[{m(r)m(r")) with ¢=0.366 nm andu=1.85 kJ/mole[the charges &
Deavity carry a massn=5 amu; a molecule has hence a total mass of
—(m(r)Xm(r NIE' () (200 2mand a reduced moment of inertiaz=1/2mo?=1/9. The

simulations were performed with the simulation package
where the statistical averages are once more taken at zegromacs®® The equations of motion were integrated with a
external field. We consider the case of molecules carryingime stepdt=2 fs (reduced time stemit’ =dt/(mo?2/u)l/2
linear dipoles, so thatm(r))=0 by symmetry. We now as- =0.0024]. The walls exert a force on the center of mass of
sume a local relationship betwetr) and the radial local the molecules that derives from the potential,

field E(r) in the general form defined by Eqg&k) and (6), amul o 9
. . . . e s (o2 o
and |nvoIV|r;g)a Ilocal dielectric permittivity(r), Uyais(2 = 4—5[§ + - 2)9} . (26)
e(r) -
P(r) = T E(r). (21 This potential follows from integrating the soft-sphere repul-

sion potential25) over the regiong<<0 andz>L, for a wall
This relationship, together witlV-D(r)=4mqd(r), implies  of density p,,0°=1. The long range Coulomb interactions

that the fieldsE(r) andE’(r) are related by between the chargesgtand the infinite array of periodic
E'(r) images are computed by a slab-adapted version of the usual
E(r)=—7— (22) 3D Ewald summation, as explained in the Appendix.

e(r) The structure of the fluid inside the slab is best charac-
Combination of Egs(20), (21), and (22 then leads to the terized by the density-orientation profiéz, 6), where 6 is

following relation for &(r): the angle between a molecular dipole and thaxis. This
1en-1 may be expanded in Legendre polynomials according to
lr) -
am e EO=F f dr/(m(nm(r )E'(r)  (23) -
i Deay p(z,0)= 2 p(2)P(coso), (27)
€=0

or, substitutinge’ (r)=q/r?,
-1 2 where py(2)=1/2(2¢ +1)[T1p(z, §)P,(cos#)d(cosh). In the

= 4wﬁf dr'{m(r)m(r ’))(—,> . (24) case of uncharged walls, only even coefficients appear in the

D r

e(n cavity series(27) because of the symmetp(z, 6) =p(z, w=6). The

Note that, contrary to Eq18), this relation does not depend e_:o coeffigientpo(z_):p(z)lz s one half of the density pro-
explicitly on the permittivity ¢’ of the confining medium. 1€ P(2=Jgp(z,6)sin 6de. The ratio

The present space-dependent dielectric consent de- pe=2(2)

scribes the screening by the polar fluid of the external field a(2) = W (28)
created by the point chargg as is obvious from Eq22). It

reduces to the bulk dielectric constant wheis sufficiently ~ provides a measure of the mean alignment of the dipoles.
large, but still small compared to the radiRof the spheri- ~ Since P,(x)=(3x*-1)/2, a(2) is negative if the dipoles are

cal cavity. predominantly aligned parallel to the interfalp®(z)=-5/4
for complete alignment while a(z) is positive for predomi-
IIl. MOLECULAR DYNAMICS RESULTS nantly orthogonal alignmenita(z)=5/2 for full alignment

orthogonal to the interfade

We performed the simulations at a constant temperature

We have carried out a number of long MD simulations T=300 K (reduced temperaturd =kT/u=1.35, and for
(spanning tens of nanosecoids obtain estimates of(z) two values of the dipole momeniz=1.47 and 2.45 D, cor-
and e, () from the fluctuation formulagl3) and(17). Ina  responding to a reduced dipolé = u?/c3u=1.2 and 2, re-
slab of width L, 3500 dipolar soft sphere@SS were spectively. The width of the slab was adjusted ko
placed. The confining walls a=0 andz=L are assumed to =16.62r, so that the reduced density of the fluid far from the
be nonpolarizablée’ =1). The simulation cell is a cube with walls is p;u|k:pbu|k0'3:0.8. The bulk dielectric constant of
edges of lengtit, and periodic boundary conditions are im- this polar fluid is 98+2 atu'=2>'* and about 10 ap’
posed in the(x,y) directions. Each molecule carries an ex-=1.2.

A. Slab geometry
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FIG. 1. Density and orientational profile of a DSS fluid in a si@b

=1.35, p,,,,=0.8) for two values of the reduced dipole moment. z/o

FIG. 2. Parallel component of the permittivity tenggame system as in
. . ) ) . Fig. 1), from fluctuation formula13) and from the response to an external
The resulting density and orientation profile&) and  field E'=0.1 V/nm alongx axis.
a(z) in zero applied field are plotted in Fig. 1. Layering
along the walls occurs in an interfacial region of five to sixWaII with ¢
molecular diameters. The first layer of molecules is seen t%ralization

align its dipoles parallel to the interface, but orientational

ordering is rapidly lost further away from the dielectric Turning to the perpendicular permittiviey, (), we con-

yvalls. The ordering of molecular dipoles 'par.allel Fo the Wa”sider first the MD results obtained in the absence of external
in the first layer may be understood qualitatively in terms ofso 14 The structure of the fluctuation formula?) is very

electrostatic interactions of these dipoles with their images. unfavorable for the estimation of large values of the permit-
Strictly speaking, there are no images on the molecular scalg;ity since the ratio of the left-hand side is then close to 1,
since the walls are not polarizable, but image charge interagsy that statistical uncertainties on the fluctuation expression
tions arise on the mesoscopic scale because of the dielectrg, the right-hand side, which we shall henceforth denote by
discontinuity between the polar fluitk>1) and the walls  {(z), will be dramatically amplified on the quantity of interest
(¢'=1). The behavior of the density-orientation profile far €,(2=1/[1-f(2)]. This shortcoming is illustrated in Fig. 3
from a single dielectric wall has been studied by Badiali,for the caseu’ =1.2 (we did not succeed in extracting (2)
who showed thap(z) is given asymptotically by its bulk from dipolar fluctuations in the cage =2). The signalf(z)
value plus arA/Z tail arising from the dielectric discontinu- calculated by dividing the slab width into 300 “bins” is
ity betweene and e’ .*° seen to be rather noisy, despite the length of the simulation
Parallel and perpendicular permittivity profilegz) and (28 n9. The fluctuations are strongly enhanced near the
€,(2) were estimated from the simulations in zero external
field using the fluctuation formula@3) and(17), as wellas

=1. This is contrary to the prediction of a gen-
of the familiar Onsager cavity model to the case
of a dipolar fluid near a dielectric wall.

TTTT T T T T T T T T T T T T T T T T T T

from simulations in the presence of an external field, by
evaluation of the ratid®(z)/E(z) of the induced local polar-

ization and electric fieldcf. Egs.(9)]. 4+

Results for the parallel permittivity(z) obtained by
both routes are shown in Fig. &he simulation withE’=0

lasted 28 ns, while that witk’=0.1 V/nm along the< axis 3

was 3.5 ns long The agreement between the two indepen-

dent estimates is seen to be perfect. The pronounced oscille, |

tions of /(z) near the walls closely mirror the oscillations in
the density profile apparent in Fig. 1. In fact the ratio
€/(2)ppui/ p(2), also shown in Fig. 2, shows much less struc- 1
ture. Towards the middle of the slaéz) is seen to be con-
stant and to take a value=10 (for u*'=1.2 ande= 96 (for

€ (2)

30

25

20

P I I ST (N I A LA |

u'=2), in agreement with the bulk value derived from MD 0
simulations of a periodic nonconfined fluid at the same state
point. Note that on averagey(z) tends to increase above its

|
7
z/c

allel dipolar fluctuations tend to be enhanced near a dielectrie1.2, T'=1.35, p;,,,=0.8).

]
8 9

10 11 12 13 14 15 16
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FIG. 4. Continuous line: polarization charge density) [e/nn?] induced
inside a slab of polar fluidu'=1.2, py,,=0.8, T'=1.35 by an external

electric fieldE'=1 V/nm along thez direction. Dashed line: ten times the

integral [5c(z)dz’.
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walls, but these values lead to nonphysical, negative valugsg, 5. Electric fieldE(z) (thick line) and polarization densitp(z) com-
of €,(2), pointing to the inadequacy of the local assumptionputed using Eq(30) (thin line) and from the statistical average(z)) (dot-

(9). A smoothed curv&(z) is obtained by averaging the sig- ted line, for _the same system as in Eig. 4. Inset(z) from Eq.(31) and

nal f(2)/ p(z) over intervals of width &, and multiplying the ~ Tom fluctuation formula(17) (dashed ling

result by the local density(z). The resulting estimate of

€,(2) in the central region of the slab is shown in the inset of(=-2 V/nm), i.e., the external fiel&E’ is overscreenethy a

Fig. 3. factor of 2! We refer to this remarkable effect as the forma-
The statistical uncertainties are still large, but the avertion of an “electrostatic double layefEDL). Beyond the

age value is compatible with a bulk permittivity, =¢,  first layer, the oscillations ilE(z) are gradually damped, but

=10. Outside this central “bulk” intervale, (z7 becomes are still visible in the central part of the slab, where the

unphysical whenevef(z) exceeds 1. oscillations are around a mean value of about 0.1 V/nm. The
We have investigated the transverse dielectric responsgolarization P(z) oscillates out of phase witk(z) as ex-

by applying an external fiel#’ =1 V/nm along thez axis of
the moderately polar fluidu” =1.2, simulation time: 12 ns
This large value was chosen such that the ldsateenej
field near the center of the slaB(z)=E'/ e, (2), is still suf-

pected, and the two estimates, based on B§) and on
(M(2))g, are in excellent agreement. So are the estimates of
€, (2) based on Eqg17) and(31), despite the large statistical
uncertainties. As pointed out above, the relation between

ficiently strong to induce a sizeable polarization. The localP  (z) andE (2) is nonlocal[i.e., of the more general form
charge densitg(z) induced by the applied field is plotted in (4)] near the walls, where(z)=1+4=P(2)/E(z) can take
Fig. 4. As expected it is antisymmetric with respect to mid-negative values, and diverges whene\&z)=0. Hence
plane(z=L/2), and integration o€(z) over the left-hand and ¢, (z) is not a useful quantity near the walls. A more relevant
right-hand halves of the slab leads to induced surface chargguantity is the normalized EDL profil&(z)/E’. For weak

densitiescg= +0.05e/nnm?. The local electric fieldE(2) is
calculated from

4

E(z=E+ 477f c(z')dz (29

0

and the polarization density may then be deduced from

E'-E z
pR=E 2 f o(z)dZ (30
47T 0
while the permittivity profile follows from
€(2= (31)

EQ)’

Results obtained in this way fd€(z), P(z), and €, (2) are
plotted in Fig. 5. The polarization profilB(z) can also be
determined from the statistical avera@e(z)) of the micro-
scopic polarization density aloridotted line in Fig. 5. The

local electric fieldE(z) exhibits large oscillations close to the

walls. Inside the first layer,E(z) is strongly negative

fields, it is given by linear response theory, viz.,

E.(2

e T 4 p{m, (DM ) =(m ()M )]

=1-1(2). (32
Figure 6 illustrates the good agreement between the EDL
profiles computed from the fluctuation§(z) (properly
smoothed as in Fig.)3and directly from the ratide, (z)/E’.

The small discrepancies close to the walls are probably due
to the fact that the extended dipoles are treated as point di-
poles in the evaluation of(z). In order to investigate the
influence of the dipole extensiaV o on the striking over-
screening effect observed in the EDL profile near the walls,
we have also carried out simulations for an extensioor
=0.1 (compared to 0.3 in the previous simulatiprisseping

the dipole moment fixed agi"=1.2. An oscillatory profile of
E(z) similar to that in Fig. 5 is once more observed, but the
amplitude of the oscillation closest to the two walls increases
by =50% (from —2 to about—3 V/nm), thus pointing to an
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FIG. 8. Geometry for the Berendsen formula: a droplet of raéius sur-
rounded by a continuous medium of dielectric constnDipolar fluctua-
tions in the fluid are measured inside a concentric subsphere of radius
I T P AP N AP | while the remaining fluid in the outer shell is assumed to behave as a
9 10 11 12 13 14 15 16 dielectric continuum of permittivit{g.

|
8
z/c

1
i

FIG. 6. EDL ratioE, (2/E’ from Eq.(29) (continuous ling and from the  rounding medium of dielectric constant unity, the local dipo-

fluctuation formula(32) (dashed ling[same system as in Fig).3 lar fluctuations in the vicinity of the interface remain almost
bulklike, except in the very first layer. This behavior is in

limit is approached. illustrating the dominant influence of hydrogen bonding in

We also carried out one lon@0 ng MD run of 2076  the case of water.

SPC water molecule€ confined between the same hydro-

phobic walls(26). _Figure 7 shows_the r_esulting profiles for g spherical geometry

the Oxygen density, molecular orientation, and parallel per- ] ) )

mittivity (the orthogonal permittivity could not be obtained ~ The bulk dielectric constant of a spherical droplet of a

from the fluctuations The density profiles are not unlike Polar fluid (possibly surrounded by a continuous medium of

those observed in the simulations of Lee, McCammon, an@ermittivity €') is given in terms of dipolar fluctuations by

Rossky'® who used a different water model, different wall- Ed- (18). Previous workers have used another approach,
water interaction, and a narrower slit. The symmetryWhich is approximate: they get the dielectric constant of a

p(z,0)=p(z, 7= 6) no longer holds, and there is indeed g droplet from the mean square dipoﬁm@(r)) of an inner
nonzero average polarizati®(z) = p(z) u(cos6) close to the spherical region of radius, assuming that the remaining
walls, even with no applied external field. The permittivity surrounding fluida shell of thicknesR:r) can be treated as
profile €, (z) shows that the bulk permittivity of SPC water @ dielectric continuum of permittivitie (see Fig. 8 The
(e=65),”° is approximately reached after just one molecular'@tter approach yields the Berendsen fornfrd;

layer inside the fluid. It is a striking result that, despite the (2€' +9)(Ze+ 1) - 2(rIR3(€ =1 -9)

large dielectric discontinuity between the fluid and the sur{€—1 (26 +2)(Ze+ €) - 1R (e —D)(e-)

2
T T T T T T T T - 4Wﬁ<mB(r)> , (33)
- - 3V,
1 0 0@/ Py i whenV, =4m13/3. Equation(33) reduces to the KF formula
if 'e=¢’ orif r=R. When'e=g, it interpolates between the KF
0.8 = 1 formula for a sphere surrounded by a medium of permittivity
i T € (for r<R), and the KF formula for a sphere surrounded by
06— g,(z)/100 ] a mediume’ (for r=R).
i " i We compared the predictions of E@L8) with those of
04— 7] Eq. (33) [with 'e=¢], for a dipolar soft sphere fluid with pa-
i n rametersu*=2, T"'=1.35, andpy,,,=0.2. The fluid was con-
02— <cosd > D] fined to a spherical region by external forces deriving from
" | ¥ ,L 7 the potential,
o</ “r~ A
N - 1] V(r):4ua97r(i}[ 9R—r_9R+r}_i>
o2l .. R 360r | (R-1)° (R+1°]| 9R°/)’
e 4 :' i (34)
- — 1 —
0.4 i 'l ,i' '\.\ H which arise from integrating the soft-phere repulsion poten-
v . | . | i | ; L7 tial (25) over the regiom > R, assuming a confining medium
0 1 2 3 4 of densityp,,0°=1. The results of a 30 ns long MD simu-
z[nm] lation of a droplet oN=1000 molecules confined in a sphere

. — | -
FIG. 7. Density, orientation, and permittivity profiles of 2076 SPC water .Of rqd|usR—11.4f_surrounded by Vacuum.? =1) are thown
molecules confined in a slab of width 4.65 nm by hydrophobic walls N Fig. 9. Interactions were computed without the introduc-

(Pouk=33-6 Nm?3, T=300 K). tion of any cutoff. The estimate foe based on Eq(18)
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FIG. 10. Radial electric field, polarization density, molecular density, and

FIG. 9. Density profildthick curve: ten times(r)o°] and estimate of the permittivity profiles for a spherical droplet of polar fluig’ =2, T'=1.35,

bulk dielectric constant of a droplet of a polar fluid from E#8) with m(r) pouc=0.2) when an ion of unit electronic chargeeduced chargg’ =28.7) is

the total dipole moment of a concentric subsphere of radittbin curve, present at the origin. The dotted line indicates the bulk dielectric constant
and from the Berendsen formula3) (dashed ling The expected bulk value  .-g 3 (divided by 10.

is indicated by the dotted line.

The electric field oscillates strongly close to the central
agrees very well with the bulk dielectric consta@t jon. Overscreening of the ion’s charge occurs in the first
=6.3+0.2 obtained from a simulation performed under perimolecular layers, similarly to the behavior observed near a
odic boundary conditions using Ewald sums. The Berendsemanar interfacéFig. 5). At distances 3<r <R, the electric
approximation is seen to underestimate the dielectric confield and polarization density decay asrd,/as required by
stant by about 8%. It yields the most accurate estimate whefacroscopic electrostatics. The radial permittivity profile,
r is large enough to encompass the structural angular corrgsbtained from the ratid®(r)/E(r), shows qualitatively the
lations, but small compared ®so that the outer shell of the same behavior than the orthogonal permittivity close to a
fluid can screen effectively the dipolar fluctuations. This is inplanar interface: it reduces to the bulk dielectric constant far
contrast with Eq(18), which provides in principle an esti- from the interfaceghere e,,,=6.3), while it is ill defined
mate fore that is independent of the chosen radiusf the  close to the central ion and close to the surface of the droplet
inner subsphere, as long as it is small enough for boundargince it diverges whenevé(r) changes sign.
effects to be negligible. The variations of the estimate ob-
served in Fig. 9, especially at smallare to be attributed to
statistical uncertainties. Notice that wheh=1, Eq.(18) in- IV. CONCLUSION
volves the unfavorable ratige—1)/(e+2), so that uncertain-
ties are greatly enhanced in this case. Better estimates for the We have combined linear response theory with extensive
dielectric constant would be obtained by surrounding themolecular dynamics simulations of a simple model for dipo-
droplet with a medium of permittivitye’ =¢, or evene’ = lar molecules, in an attempt to validate the concept of a local
(metallic boundary conditionssimilarly to the case of peri- dielectric permittivity of a confinedinhomogeneouspolar
odically repeated systengsee discussion in Ref. 12 fluid. The geometries which were specifically investigated

We turn now to the radial dielectric permittivity profile correspond to a polar fluid confined between two parallel
e(r) of the spherical droplet, which is defined formally by walls (slit geometry, and in a spherical cavity surrounded by
Eq. (22). The profiles for the average electric field, polariza-a dielectric continuum. Rather large sampl(ésousands of
tion density, molecular density, and radial permittivity arepolar moleculeswere considered, with confinement lengths
shown in Fig. 10. These results were obtained from a 35 nen the scale of a few nanometers, while statistics were gath-
long MD simulation of the previous droplet, when an ion of ered over tens of nanoseconds. The key findings of our work
reduced charge =qu/c?u=28.7 is present at the origin. are the following.

The total charge enclosed in a sphere a radiasound the (&) There is excellent agreement between the results for
central ion isq(r)=q-4=r2P(r), since the induced charge the permittivity tensok(r) obtained from the zero field fluc-
density is -V -P(r). The polarization, and hence also the tuation formulas derived in Sec. Il, and from the explicit
electric field profileE(r)=q(r)/r? can be measured directly response of the system to an external field. Simulation results
in the simulation from the average radial polarization densitybased on the latter method converge generally faster if the
P(r)=(m(r)-f). A better method, however, is to compute the amplitude of the applied field is large enough. The efficiency
profiles from the measured chargé) enclosed in a sphere of both methods is comparable when we take into account
of radiusr, as this yields smoother profiles thanks to thethe computational cost of ensuring that the applied field re-
integration over the sphere. sults are not affected by nonlinearfty.
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(b) The purely local assumption is found, perhaps notsummations, leaving empty space in the simulation box out-
surprisingly, to break down in the vicinity of an interface. In side the slab, in an attempt to decouple the interactions be-
the case of the slit geometry, the parallel comporg(@ of  tween the original slab and its periodic images in the
the dielectric tensor is found to oscillate strongly, mirroring direction?® Adopting this approach, Yeh and Berkowitz
the oscillatory density profile. Contrary to a wide-spread besshowed that the interactions with the periodic imagesall
lief, the coarse-grained envelope gfz) tends, if anything, three dimensionsmust not be summed with the usual spheri-
to increase rather than to decrease near the dielectric intecal convention, but rather in a slabwise maniiefhe effect
faces. This trend is observed both for dipolar soft spheresf this change in summation order is simply to replace the
and for the SPC model of water. The tendency is opposite dfoundary term UgypedM)=27M 2/(1+2é)V by UgadM)
that recently observed in water close to mica surfatésit =27M? in the Coulomb energy, wheré is the dielectric
in those experiments, the mica surface is highly charged;onstant at infinitynot be be confused with theintroduced
leading to local electric fields on the order of 0.2 V/nm, ain Sec. lll B). This simple result can be seen as a particular
strength at which nonlinear effects cannot be neglected. Thease of the general formula
orthogonal componert, (2) is subject to very large statisti-
cal fluctuations. It tends to take unphysi¢akgative values _ B, ZWMi

H H : B : Uellipsoid(M) - E ~ ~ (Al)
close to the interfaces, illustrating the necessity of consider- wxyz €+ (1-6B, V
ing a nonlocal relation between the local polarization and the
local electric field. However botk, (z) and¢(z) go over to  for the boundary term when the Coulombic interactions are
the bulk values beyond a few molecular diameters from thesummed with ellipsoidal summation order. In E@1),
surfaces. Similar conclusions hold in spherical geometry. which is a generalization to arbitrary values of the dielectric

(c) The fluctuation formul&18), which is closely related constanfe at infinity of a result due to Smitft the dimen-
to the classic Kirkwood—Frohlich formula, is an exact resultsionless coefficient, are related to the semiaxag a,, a,
that can be used to compute the bulk dielectric constant of af the ellipsoid by
homogeneous spherical drop of a polar fluid. It yields an .
estimate ofe that is in better agreement with the results from B = aeya, f 1 1 dx
simulations performed under periodic boundary conditions, 2 Jo x+a[(x+a)(x+ad)(x+a)]M2
than the traditional route based on the approximate Ber- (A2)
endsen formula. For highly polar fluids, metallic boundary
con_dit_ions should be useql to minimize the_ propggation Offhese numbers satis§,+B,+B,=1. By symmetryB,=B,
statistical errors when solving E(L8) for the dielectric con- =B,=1/3 in thecase of a spheré,=B,=1/2,B,=0 in the
stant. o ) case of a cylindefa,—=); andB,=B,=0, B,=1 in the case

(d) If the local electric fieldE(r) varies on molecular a slab(a,, a,— ). Expression(Al) is simply the interac-
scales, a locak(r) may always be formally defined from the {jon energy of the charges with the depolarizing field pro-
ratio of P(r) overE(r), but the resulting«(r) then generally  qyced by the uniform polarization densiw/V of the infi-
depends on the particular i.nterface under .consideratio_n. nite ellipsoidal collection of cells, when the latter is

(€) In the case of a uniform external fieldl’, the ratio  gyrrounded by a medium of dielectric consfartsee Ref. 32
E(r)/E" is a more informative quantity, which can be com- for the formula of the depolarizing field in a uniformly po-
puted from dipolar fluctuationfsee Eq.(32)]. Our simula- |5rized ellipsoid. In the particular case of a slabwise sum-
tions point to a dramatic and unexpected “overscreening” ofnation order(B,=B,=0, B,=1), expression(A1) becomes
the applied field in the vicinity of the interfaces, which is independent of the permittivify at infinity, as had been sus-
reminiscent of overscreening of surface charges by e|eCt”Bected by J de Joannis, Arnold, and Hdiinin the latter
double layers in highly correlated ionic systeffis. reference, explicit formulas to correct for the unwanted in-

The main message is that the use of local permittivitieger|ayer interactions in the 3D Ewald sums have been ob-

in “implicit solvent” models of biomolecular aggregates is tained, making the present approach exact in principle, while
highly questionable on the nanometer scale. Future work wilhreserving itsO(N In N) complexity.

consider the dielectric response of polar fluids near charged o simulation cell contained an interlayer gap of width
(rather than hydrophobjisurfaces, and will examine the in- 5| sq that it was a parallelipiped of sidés<L X 3L. No
fluence of the molecular graniness and the polarizability otorection term for substracting interlayer interactions was
the interface on dielectric properties of the adjacent polag,seq, apart from the slabwise summation order. The Ewald

fluid. sums were computed using the smooth particle mesh Ewald
method (Ewald coefficient a=3.4705 nm?, grid size 13
APPENDIX: EWALD SUMS IN THE SLAB GEOMETRY X 13x 40 cells, interpolation order)8* The interactions

were truncatd beyond 0.9 mm, both in the real space Ewald
There exist several exact methods for computing electrosum and in the soft-sphere interactions. Assuming that the
static interactions in systems periodic in two dimensionsforces computed using a gap of widthlLl@re the exact
(2D), but most are only slowly convergent: 2D Ewald sumsanswers, a gap a widtH_deads to a relative rms error in the
and the Lekner method both have @tN?) scaling, while  forces of the order of I8 for the system simulated in Sec.
the MMM2D method scales a8(N°?3).>"?A faster method 11l A (polar fluid with =2, p;,,,=0.8, confined to a slit of
is to use an efficient implementation of the full 3D Ewald width 16.67).
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We introduce a regularization procedure to define electrostatic energies and forces in a slab system
of thickness & that is periodic in two dimensions and carries a net charge. The regularization
corresponds to a neutralization of the system by two charged walls and can be viewed as the
extension to the two-dimensional (2D)+h geometry of the neutralization by a homogeneous
background in the standard three-dimensional Ewald method. The energies and forces can be
computed efficiently by using advanced methods for systems with 2D periodicity, such as MMM2D
or P3M/ELC, or by introducing a simple background-charge correction to the Yeh—Berkowitz
approach of slab systems. The results are checked against direct lattice sum calculations on simple
systems. We show, in particular, that the Madelung energy of a 2D square charge lattice in a uniform
compensating background is correctly reproduced to high accuracy. A molecular dynamics
simulation of a sodium ion close to an air/water interface is performed to demonstrate that the
method does indeed provide consistent long-range electrostatics. The mean force on the ion reduces
at large distances to the image-charge interaction predicted by macroscopic electrostatics. This result
is used to determine precisely the position of the macroscopic dielectric interface with respect to the

true molecular surface. © 2009 American Institute of Physics. [doi:10.1063/1.3216473]

I. INTRODUCTION

The high interest in simulating surface and interfacial
problems has led to an active search for efficient methods to
compute long-range interactions in two-dimensional (2D)
periodic systems that have a finite thickness (2D+h geom-
etry). 2D Ewald-type formulas were derived by a number of
workers.'® As most of these methods scale quadratically
with the number N of particles, other faster methods were
proposed. The MMM2D method has an adjustable preset ac-
curacy and scales as N>/ 37 see also Ref. 8. An approach with
an almost linear scaling was proposed by Yeh and Berkow-
itz: It consists in introducing a gap in the simulation box
along the nonperiodic dimension and to use a standard Ewald
code for three-dimensional (3D) periodic systems with the
summation order changed to slabwise (EW3DC method).”
That method is accurate only when the gap in the simulation
box is large enough. The errors introduced by the unwanted
interactions with the layers artificially replicated in the non-
periodic direction can be exactly compensated for by adding
an electrostatic layer correction (ELC) term, whose compu-
tational cost is linear in the number of particles. When that
term is used in conjunction with a fast particle-mesh imple-
mentation of the Ewald sum, such as the P3M (Ref. 10) or
SPME (Ref. 11) algorithm, the resulting methods P3M/ELC
and SPME/ELC scale as N log(N). In the case of the P3M/
ELC method, an error estimate is moreover available;12 it
allows the method to be tuned automatically to its optimal

YElectronic mail: vincent.ballenegger @univ-fcomte. fr.

0021-9606/2009/131(9)/094107/10/$25.00

131, 094107-1

operation point, which minimizes the computational time at
the desired accuracy. Another slab method with a N log(N)
scaling was proposed recently by Ghasemi et al.”® The dis-
tribution of errors is uniform across the slab in that latter
method, contrary to P3M/ELC, but it has no a priori error
estimate.

In all the aforementioned works, the system is assumed
to be overall charge neutral. In some situations, for example,
when studying surfaces with charged defects or when com-
puting ionic solvation free energies near an interface, one
needs a method applicable to a slab system carrying a net
charge. The purpose of this paper is to define a regularization
of the (divergent) lattice sum for the energy and to have an
efficient way to compute the regularized energies and forces.
This allows, for example, Monte Carlo and molecular dy-
namics simulations of non-neutral slab systems to be per-
formed with long-range electrostatic interactions that are
fully consistent with the 2D periodic boundary conditions
(2D-PBC).

The regularization of the lattice sum via a suitable neu-
tralization of the simulation cell is presented in Sec. II. The
practical computation of these regularized sums is discussed
in Sec. III for three recent efficient algorithms: EW3DC,
P3M/ELC, and MMM2D. Numerical tests performed in
Sec. IV show that the three methods give consistent results
for energies and forces that agree as well with direct lattice
sum calculations. In Sec. V, a molecular dynamics simulation
of a sodium ion close to an air/water interface is performed
to demonstrate that the method does indeed provide consis-
tent long-range electrostatics.

© 2009 American Institute of Physics
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094107-2 Ballenegger, Arnold, and Cerda
Il. CHARGED SLAB IN 2D PERIODIC BOUNDARY
CONDITIONS

A. Definition of energy and forces

We consider a slab system composed of N particles with
charges ¢; and positions r;=(x;,y;,z;) (i=1,...,N) in a simu-
lation cell which is periodically replicated in the x and y
directions with period L, and L,, respectively. In the nonpe-
riodic z-direction, the system has a finite extent /4, which can
be arbitrarily large. Particle positions lie in the region delim-
ited by -L,/2<x=L,/2, =L,/2<y=L,/2, and -h/2=z
=h/2. The regions outside the slab, z>h/2 and z<-h/2,
are assumed to be void; their dielectric permittivity is that of
vacuum. The Coulomb energy in Gaussian units is given by
the sum over periodic images,

N

1 ' 414,
E=; 2 % |r-—r-+nL] +n,L| M)
i~ T xlex yley

neny €7 ij=1

where L,=L.é,, L,=L,é,, and the prime denotes the omis-
sion of the i=j term in the primary cell n,=n,=0. Notice that
interactions between charges in the primary cell are ac-
counted for with a factor 1, since they appear twice in the
sum (1), while interactions of charges in the primary cell
with charges in image cells (n,,n,) # (0,0) are accounted for
with a factor 1/2 since they appear only once in the sum.
That factor 1/2 is necessary to avoid double counting in the
energy of the simulated macroscopic sample, as explained in
Appendix A.

The sum (1) is only defined for a charge neutral system
(2,4,=0), and even then, the sum is only conditionally con-
vergent. This means that we need to specify the order in
which we perform the sum. We adopt here the cylindrical
limit, i.e.,

E=lim ER). )
R—x

with

1 N
44,
ER)=5 X > = . 3)
2 nx,nyEZ i,j=1 |ri - rj + nxLx + nyLy‘
(n,L)*+(n,L,)* <R

Notice that the energy does not depend in the limit R— % on
the dielectric constant €' of the external medium in region
x>+y>>R?, contrary to the usual Ewald method for 3D-
periodic systems, where the dielectric constant of the outer
spherical medium at x>+y?+z2> R? does intervene. The rea-
son for this can easily be understood on physical grounds.
Indeed, when the simulation cell is polarized, macroscopic
electrostatics tells us that surface charges appear at the di-
electric discontinuity between the external medium and the
macroscopic sample made up of copies of the central simu-
lation cell. The magnitude of these polarization surface
charges depend on €’ and may produce a depolarizing field
in the sample that contributes to the energy. In the case of a
slab system, the charges induced on the side surfaces at x?
+y*=R? are proportional to the area 27Rh, while the electric
field created by them in the sample decays as R72. In the
limit R — e, that field vanishes, so that the energy is indeed

J. Chem. Phys. 131, 094107 (2009)

independent of €. The energy of a slab system depends,
however, on the dielectric permittivities €, and €, of the two
regions above (z>h/2) and below (z<-h/2) the slab,
which are here assumed to be empty (€;=€,=1).

If some charges (electrons, counterions, etc.) are treated
implicitly in the system, the total charge

N
O = 2 qi 4)
i=1

of the simulation box can differ from zero. The energy (1)
remains finite only if the background charge provided by the
implicit particles is properly accounted for.

In systems with 3D periodicity where the implicit
charges are assumed to provide a homogeneous and isotropic
charge distribution, the background charge reduces to a uni-
form charge density p,=—0Q,,/V, where V is the volume of
the simulation box. The standard Ewald method can be used
to sum the Coulomb interactions in such systems, including
the interaction with the neutralizing background, see e.g.,
Refs. 14 and 15. The Ewald formula for the energy of the
3D-periodic system takes then the form E;p=E")+E®W
+E(d)+E(”), where the three first terms are the usual real-
space, reciprocal-space, and surface contributions, while the
last term is an electroneutrality contribution

2
_ 7O\t

EM =
2a%V

®)
that depends on the Ewald splitting parameter «. The energy
E;p is independent of the free Ewald parameter « only if the
contribution E® is included. As the neutralizing background
is homogeneous, the energy E" is independent of the par-
ticle positions and does thus not lead to any force.

For future reference, it is useful to recall the origin and
physical content of term E. It corresponds merely to the
sum of the direct-space interaction Eir)b of the charged par-
ticles with the neutralizing background, and to the direct-
space background-background interactions EE:)b on the other
hand. Thus E(”)=E£,f)b+E(r) where

b-b>
71'Q2
Ef:)b = E qi l//(r)Pbd3r == % (6)
i R? a’V
[see, e.g., Eq. (3.5) of Ref. 16] and
1
EZ’.)b=5f drf dr' ppllr=r'|)py
v R3
2
Py
= 3 dr—
v
2
TQiot
— _’ 7
2a°V @)

where (r)=erfc(ar)/r is the direct-space interaction. Notice
the factor 1/2 in the background-background energy that is
needed to avoid double counting (see Appendix A). The
reciprocal-space interaction of the particles with the back-
ground and the reciprocal-space background-background en-
ergy exactly cancel the corresponding singularity in the
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charge-charge interactions. In the Ewald formula for a non-
neutral system, they are included in the canceling of the (oth-
erwise divergent) k=0 term in the reciprocal sum.

In a system with 2D periodicity, the background charge
associated with the implicit particles can take different
forms. For example, if these particles are homogeneously
distributed in some confined region [z,,z,] along the nonpe-
riodic direction, they may be replaced by a uniform neutral-
izing slab in that region. That charged background slab will
clearly give rise an inhomogeneous electric potential V,(z)
and to forces on charged particles. If the implicit particles are
not confined to some particular region of space, it is appro-
priate to introduce a neutralization of the simulation cell that
does not introduce any background force on the particles.
Having a neutralization with this property is especially use-
ful because it is generic; it can be used to simulate systems
with any other neutralizing background by simply adding the
corresponding background electric potential Vj(z) as an ex-
ternal field in the simulation.

Unlike the 3D case, a neutralization that does not exert
forces cannot be realized in 2D-PBC by adding a uniform
charge distribution over all space; therefore a different route
is needed to deal with 2D systems with a net charge. We
propose to simply substract the singularity that arises due to
the excess charge, which can be calculated analytically as
follows. The asymptotically diverging behavior of E(R) as
R — o can be found by approximating the slab as a charged
sheet carrying a surface charge density Ogeei=Qior/ (LyiL,)
and by noting that the divergence arises from the large dis-
tance contributions to the interaction energy of the simula-
tion cell with this sheet. This divergence is

1 R w0
_thf 0'sheetzwrdr= QwLR, (8)
2 o T

Xy

where the factor 1/2 ensures, as in Eq. (1), that one measures
only half of the interaction energy of the simulation cell with
the periodic copies of the cell (see Appendix A). Subtracting
Eq. (8) from Eq. (3), we define the energy of a charged
system in 2D-PBC as

T 7TQt20t )
E—;TZC(E(R)— R, ©)

xy

Notice that Eq. (9) is the result of a formal regularization of
the divergent lattice sum (1). We will show in Sec. II B that
this formal regularization is equivalent to a neutralization of
the system by two charged walls.

Forces follow by differentiation of this potential energy
function with respect to particle positions. As the regulariz-
ing term in Eq. (9) is independent of particle positions, it
does not give rise to any contribution to the forces, as re-
quired. Notice that the lattice sum for the force, given by Eq.
(1) with an additional gradient operator -V, is conditionally
convergent from the start in systems with a net charge, and
hence well defined once the summation order is specified.

J. Chem. Phys. 131, 094107 (2009)

B. Interpretation of energies

The regularization (9) of the energy can be interpreted as
a neutralization of the system by two charged walls located
on each side of the slab, at z=*h/2, that carry a surface
charge density

_ Orot

: 10
2L.L, (10)

These walls can be thought of as arising from a uniform
neutralizing charge density created by the particles treated
implicitly in the regions above (z>h/2) and below (z<
—h/2) the slab. Since these walls exert (constant) equal and
opposite forces on charged particles located in between
them, they have no net physical effect, apart for a shift in the
energy. Let us show that the presence of the two walls regu-
larizes the energy (3) in accordance with the prescription (9)
and determine the shift in the energy that results from the
particle-wall and wall-wall interactions.

As interactions are summed in a cylindrical limit, we
treat the walls as large circular plates of radius R— . The
electrostatic potential created by a plate of radius R with
surface charge o reads

R 2w
o —
Dr(z) = f f ——=rdrd¢= 27o(VR? + 22 - |z])
o Jo Nr+z

(11)

at a distance z from the plate on its symmetry axis. When R
is large, ®x(z) behaves as

1
@R(z)zzwa(R—|z|)+O(E). (12)
Two large circular plates at =//2 create therefore a constant
electrostatic potential in between the plates given by
by =270(2R-h), R—> . (13)

The interaction energy of the charges in the simulation box
with the two neutralizing walls is therefore

2
TQ ot
LL

Xy

Ec»w(R) = Qtotq)slab == (2R-h). (14)

The mutual interaction energy of the walls is (per cell)

2
TQ ot

oLL, (R-h), (15)

Ey o (R) = Dp(h)oL,L, =

while the self-energies of the two walls read (per cell)

2
TQiot

R. (16
2LL, (16

1
By, (R) + By (R) =22 0L, L, P(0) =

W2>W2
Combining Egs. (14)—(16) with Eq. (3), the electrostatic en-
ergy of the system complemented with the two neutralizing
walls is

'”'Qtzoth

2
_ T
E=lim (E(R) - &R> oL

17
R—» LXLy ( )

The neutralization by two walls gives therefore energies that
agree with the regularized energies (9), apart for an
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h-dependent term that does not depend on the particle posi-
tions. That term is a constant shift in the energy that can be
dropped because it has no physical significance.

In summary, the energy of a system carrying a net charge
in 2D-PBC is defined by Eq. (9), which can be interpreted as
the energy of the system neutralized by two walls, with the
prescription that the constant #-dependent shift in the energy
is omitted. The present regularization procedure to simulate
slab systems with a net charge constitutes the first significant
result of this paper.

C. Systems with a changing net charge

The computation of the solvation free energy of ions at
infinite dilution is an example where a simulation box with a
net charge is used.'” When computing this free energy via
the thermodynamic integration method, the ion is progres-
sively charged, and the charging free energy can be deter-
mined from the measured fluctuations of the solute electro-
static energy.'* Let us show that charging free energies can
be correctly computed in 2D periodic systems using defini-
tion (9) of the energy, despite the fact that the net charge Q.
varies during the simulation.

As shown in Appendix B, the energy (9) can be written
using an effective kernel ¢ppc(r) which takes into account
the 2D-PBC:

| N
= 5 2 qiqj¢PBC(ri_rj)- (18)

ij=1

We assume now that a charge ¢ is added at position r. The
energy of this new system is

R
E,=E+ 5(22 qiqbonc(ri—r) + ¢ dppc(0) |, (19)
i=1

where ¢ppc(0) is the regularized interaction energy of a
single unit charge with its own periodic images [the value of
dpc(0) is computed in Sec. IV A]. One can rewrite Eq. (19)
as

Eq=E+fq<1)q,(r)dq’, (20)
0
where
dE
cbl](r)=d_qq=2‘Zi¢PBC(ri_r)+Q¢PBC(0)' (21)

<I)qr(r) is nothing but the electrostatic potential at r created
by all other charges in the system and by the periodic images
of the charge ¢’ already present at r. Equation (20) gives the
change in energy when the charge ¢ is added progressively in
the system. From Eq. (21), we see that this change in energy
is given by the correct expression associated with the 2D-
PBC. In particular, the last term in ®,(r) gives rise to the
charge self-energy %qzd)PBC(O) which is a known contribu-
tion to the energy in PBC.'*!® The fact that the regularized
energy (9) can be written in the form (18) is therefore suffi-
cient to conclude that the energy difference between two
systems characterized by a different net charge takes a mean-
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ingful value (which includes variations in the self-energies of
the charges). Equations (18)—(21) are the counterparts of for-
mally identical formulas that hold in the standard Ewald
method for neutral and non-neutral systems in 3D-PBC. As
shown in Ref. 14, the charging free energies computed using
the Ewald method converge very quickly to their thermody-
namical values once a simple correction for finite-size effects
is included in the calculations (see also the detailed analysis
of finite-size effects of Ref. 18).

The results of this section, together with Eq. (9), show
that the thermodynamic integration method can be used to
compute charging free energies in inhomogeneous systems
with slab geometry. In the present approach, the long-range
electrostatic interactions are treated in a manner fully consis-
tent with the 2D periodicity.

lll. FAST COMPUTATIONS OF ENERGIES
AND FORCES

The regularized energy (9), and the forces on particles
derived from it, can be computed quickly in simulations,
thanks to advanced algorithms, as detailed in the next sec-
tions.

A. MMM2D method

In the MMM2D method,” a convergence factor
exp(-pBr;i—r;+n,L,+n,L ) is introduced in the energy (1),
and the sum is computed in the limit 8— 0 using an O(N>")
algorithm.

When the system is non-neutral, the large distance
charge-charge interactions generate a divergent contribution
as 83— 0. By the same reasoning as that which leads to
Eq. (8), the diverging behavior is given by

1 * 70> 1
Eth f Osheet = S
0

LL,B

The convergence factor approach is thus equivalent to the
cylindrical limit approach with the role of variable R played
by 1/. The MMM2D method can therefore be used to com-
pute the regularized energy (9) and forces by simply drop-
ping the divergent contribution (22) in the MMM2D formu-
lae for the energy. As contribution (22) vanishes in a charge
neutral system, it is already omitted in the MMM2D method,
which can hence be used without any modification to simu-
late non-neutral slab systems, with energies and forces de-
fined according to Sec. II.

exp(- Br),,

Trdr (22)

B. The Yeh-Berkowitz approach: EW3DC method

In the EW3DC method of Yeh and Berkowitz,” a gap is
introduced in the simulation box along the nonperiodic
z-direction and a standard Ewald code for 3D-periodic sys-
tems is used, typically in a fast O(N log N) particle-mesh
implementation such as P3M'? or SPME."" The interactions
must be summed in a slabwise order. The surface term (also
known as the dipole term) in the Ewald formula for the en-
ergy takes then the form
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21
EW = 7M§, (23)

where M, =2,q,z; is the total dipole moment of the simula-
tion box along the direction normal to the slab and V
=L,L,L, is the volume of the box. The dipole term contrib-
utes not only to the energy but also to forces via the expres-
sion F f.d)z—V,«E(d), i.e., it leads to a normal force

F9=—

&'qiéz (24)

on particle i. Since M, depends on the choice of the origin in
systems with a net charge, the EW3DC method obviously
cannot be applied to such systems without modification.

When using the Ewald method for a system with a net
charge in 3D-PBC, it is assumed implicitly that there
are particles distributed uniformly in the simulation box so
that they create a constant background charge density p,
=—Q,/ V, which neutralizes the system. This neutralization
obviously differs from the two walls neutralization defined in
Sec. II. Results of the EW3DC approach applied to a system
with a net charge will hence need to be corrected [see Eq.
(28)] to avoid spurious effects arising from unwanted inter-
actions of the particles with the background charge p, (in
particular, the background charge located in region —L,/2
=z=L,/ 2).

The background charge p, contributes to the Ewald en-
ergy not only via Eq. (5) (together with the cancellation of
the k=0 term in the reciprocal Ewald sum), but also via the
dipole term (23), because the background charge has to be
accounted for when computing the total dipole moment M,
of the simulation box. Let us fix the origin of our Cartesian
coordinate system at the center of the box. The contribution
of the background charge to the total dipole moment van-
ishes then by symmetry, allowing expression (23) to be used
without modification.

We assume that the gap in the simulation box is large
enough so that interactions between the slab and the un-
wanted replicas of the slab in the z-direction are entirely
negligible (see Sec. IV). The simulated system can then be
viewed as a charged slab, of width /, embedded into another
slab of width L, carrying a neutralizing charge density pj.
This charge density does not contribute to the dipole term, as
with our choice of the coordinate system, its dipole moment
is zero. Moreover, the Yeh—Berkowitz approach relies on the
fact that for a sufficiently large L,, the interaction of the
charges in the primary slab with the image charges in the
z-direction can be approximated by a homogeneous charge
distributions. Under this assumption, the interactions with
the charges and the background p, in the image slabs cancel,
and we are left with the contribution of the background only
in the primary slab itself. The electrostatic energy of the
system clearly depends on the position of the particles within
the larger neutralizing slab, because the latter slab produces a
parabolic electrostatic potential

J. Chem. Phys. 131, 094107 (2009)

L2 L\2
VO(Z)Z_Z"Tphf IZ—Z’IdZ’=—27pr(zz+<j> )

-LJ2
(25)

The fact that the energy depends on the position of the
charged slab system along the z-axis can also be seen on the
level of the Ewald formula: The total dipole moment M, in
the surface term (23) clearly depends on the position of the
slab in the simulation box. Note that we use here again Eq.
(12) but leaving out the R-dependent term, which leads to the
divergent contribution (8) already accounted for in the 3D
Ewald method with slabwise summation order. To recover
the energy of the system defined by the regularization proce-
dure of Sec. II, we only have to subtract the interaction en-
ergy of the primary charges with the neutralizing slab,
namely,

2

L
E. = E q:iVolz) == 27pr<2 qizi + erj) , (26)

and the self-interaction of the background slab, i.e.,

L2

1 L’
Ey,= ELxLyf ppVo(2)dz= 27TPwatZ~ (27)

-L,2
We find thus that the contribution

L
Epet=—(E.p+Eyp) = 277017(2 qiz; + QtotE) . (28)

which we call the background charge correction (bcc) term,
must be added to the Ewald energies when applying the
EW3DC approach to a system with a net charge.

In summary, to simulate a charged slab system using the
EW3DC approach, one uses a standard 3D-Ewald code with
slabwise summation order, i.e., with surface term (23), in a
simulation box with a large enough gap. The interaction en-
ergy (5) with the neutralizing background must be included
(since the EW3DC approach computes the 3D Ewald energy
E;p=EW+EWLED L EM) and the correction term (28)
must be added to remove the effect of the parabolic potential
created by the neutralizing background slab. Combining Eq.
(28) with Eq. (23) yields a corrected surface term given by
expression

2ar Lg
Eg‘tl:)c = E9+ Eyee = 7<M§ - Qtotz iniz - Q%otE) .
1

(29)
Notice that Eii)c is independent of the z-position of the slab in
the simulation box, i.e., it is invariant under translations z
—z+a for any value of a, as it should for a system in the
2D+h geometry. There is thus no specific condition on the
origin of the coordinate system when using Eq. (29). Forces
follow by differentiation of the energy. Taking the negative
gradient of Eq. (29) with respect to z;, one obtains the ex-
pression
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V(D) =~ T M~ 0 )a. (30)
for the contribution to the force on the ith particle arising
from the surface term and from the bcc. The corrected sur-
face terms (29) and (30) are needed to extend the widely
used EW3DC method to non-neutral systems, in accordance
with the regularization scheme introduced in Sec. II. This
constitutes the second important point of this paper. It is
interesting to note that the final result (30) for the force
agrees with a new interpretation of the surface term of the
Ewald method proposed in Ref. 19. In that reference, the
authors derive Eq. (30) from an analysis of the surface term
in the 3D-Ewald method for different summation orders (in
particular, slabwise), considering also non-neutral systems
but without referring to any neutralizing background. We
stress, however, that, whatever the summation order, the real-
space interaction energy (5) with the neutralizing back-
ground charge must be included when computing Ewald en-
ergies to avoid results that depend on the free Ewald
parameter a.

C. The electrostatic layer correction:
P3M/ELC method

The P3M/ELC method'? uses the same Yeh-Berkowitz
approach based on a gap, but it is much more efficient than
the EW3DC method because it includes an ELC term that
subtracts the interactions of the slab with the unwanted rep-
licas of the slab in the nonperiodic direction. The ELC term
allows to reduce significantly the size of the gap needed in
the simulation box, and hence the computation effort. Error
estimates exist moreover for the ELC term.'? Since the
EW3DC method is a particular case of the PAM/ELC method
where the ELC is entirely neglected, the error estimate of the
latter method can actually be used to control the accuracy of
the EW3DC method as well. As shown by Eq. (18) of Ref.
12, the accuracy of these gap methods is essentially propor-
tional to exp(-27Kg), where K is the ELC cutoff and g the
width of the gap. The EW3DC method does not involve any
ELC terms; therefore the cutoff is essentially K
=rnin(L;l ,L;l), and consequently the error is controlled by
the ratio g/max(L,,L,) and not by the ratio h/L, as claimed
in the original EW3DC paper9 and still commonly believed.

Not surprisingly, for non-neutral systems, one has to use
in PAM/ELC exactly the same bee (29) as in the EW3DC
method. This correction is included in the formula for the
ELC term derived recently in the most general case of a
(possibly non-neutral) slab system in-between dielectric
walls.” The algorithm described in Ref. 20 can thus be used
without modification®" to compute energies and forces in
charged slab systems, in agreement with the regularization
procedure of Sec. II.

IV. NUMERICAL TESTS

In this section the correctness and accuracy of the results
stated in Sec. II are tested numerically by computing ener-
gies and forces in simple systems, using Eq. (9) with direct
summation on one hand and the methods MMM2D,

J. Chem. Phys. 131, 094107 (2009)

EW3DC, and P3M/ELC on the other hand. To specify what
electrostatic method is used in the EW3DC approach, we add
a suffix “slab” to the method, which yields denominations
such as Ewald/slab, P3M/slab, or SPME/slab for the various
incarnations. When the ELC term is employed in these meth-
ods to substract the unwanted interlayer interactions, we de-
note the methods by Ewald/ELC, P3M/ELC, and SPME/
ELC.

A. Madelung energy of a 2D square charge lattice

We consider a square simulation box (L,=L,=L) con-
taining a single charge ¢ under 2D-PBC. The regularized
electrostatic energy (9) of this system is equal to the sum of
the Coulomb interactions of the charge with all its periodic
images and with a neutralizing sheet in the plane of the 2D
charge lattice (because the two neutralizing walls coalesce
into a single sheet since £=0). The energy of this system
takes the form

2 2

F
E==L dunc0)=- T

2L’ 3D

where F is a dimensionless constant. Using the regularized
direct-space sum (9) to compute this Madelung energy, we
obtain F=3.9. A high accuracy is difficult to attain with
formula (9) because it expresses the energy as a difference
between two large numbers and also because the conver-
gence with R is slow. Nijboer and Ruijgrok found F
=3.900 26 by using another formula better suited for this
purpose.”

Using the MMM?2D method implemented in the simula-
tion package ESPRESSO (Ref. 23) and tuning the algorithm to
accuracy 107!, we obtain

F=3.900 264 920 0, (32)

where the precision is mainly limited by the employed
implementation of the Bessel functions. The MMM2D
method clearly works for non-neutral systems and is able to
compute quickly 2D Madelung energies to a very high accu-
racy.

We computed also the energy of this Madelung system
by using the P3M/ELC method also implemented in
ESPRESSO. We used an accuracy goal of 107#, which resulted
in the following values for the various parameters: Ewald
splitting coefficient a=7.251 84L7!, real-space cutoff 7y
=0.45L, mesh with 32 points in each direction, charge as-
signment order=6, gap size=0.1L, and ELC far cutoff
=26/L. This calculation reproduced the first five digits of F,
thus validating the bee (29) for the EW3DC and P3M/ELC
methods.

B. Forces between two particles

In molecular dynamics simulations, one is mainly inter-
ested in the accuracy of the force computation, since the
forces govern the dynamics of the system. Figure 1 shows
the pair force between two like charged unit point charges at
(0,0,0) and (1,1,z) in a unit cell of dimensions L,=L,=L,
=L=10 under 2D-PBC; z changes from 0 to L. This system
is characterized by a net charge Q=2 and a varying dipole
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FIG. 1. The force F, between two unit charges at a relative position of
(1,1,z), as a function of z for various algorithms. P3M/slab stands for the
EW3DC approach using P3M as the underlying electrostatic method, while
P3M/slab+bcc is the same method with the addition of the bee (30).

moment M,=gqz; therefore it is well suited to demonstrate the
effect of the net charge in the various electrostatic methods
that we tested:

* Well-converged direct summation taking into account
1002 images,

¢ MMM2D method of Ref. 7,

e P3M with metallic boundary conditions, i.e., without
surface term,

* P3M with the slab-corrected surface term following
Ref. 9,

* P3M with the slab-corrected surface term and bce (30),
e P3M with the ELC extension following Ref. 20.

MMM2D and the direct summation agree in at least two
digits; therefore only the results for MMM2D are shown.
MMM2D was again tuned for a precision of at least 10719,
and P3M and ELC for a precision better than 10, When z
>L/2, the force computed with direct summation and
MMM2D takes its asymptotic value 27r/(L,L,), which cor-
responds to the force exerted on a unit charge by a charged
sheet with surface charge density 1/(L,L,).

P3M with slabwise summation order and bece (30) agrees
well with the direct summation in the expected range of va-
lidity, namely, for z<<L/3. Correspondingly, P3M with the
ELC extension, which was tuned to agree with high preci-
sion for z<<L,/2, agrees well up to z=9. In contrast to this,
applying only the slab correction of Ref. 9 actually increases
the error of the plain P3M method with metallic boundary
conditions.

Would the two unit charges be oppositely charged and
hence the system neutral, the force between the charges
would simply be the opposite of those presented in Fig. 1.
This is indeed the case for all methods, again with the ex-
ception of P3M/slab, which gives correct forces only in sys-
tems with no net charge.

J. Chem. Phys. 131, 094107 (2009)

V. EXAMPLE: MEAN FORCE ON AN ION NEAR
AN INTERFACE

A precise understanding of the adsorption, or depletion,
of ions near an interface is important in several fields, for
example, in biophysics, where the hydrophobic solid/water
interface governs the aggregation and folding of apolar mol-
ecules, and in atmospheric chemistry, where physicochemi-
cal processes occur at the air/water and ice/water interfaces.
Potentials of mean force for ions at infinite dilution have
been obtained recently at such interfaces.”*™® In these
works, the simulated systems had a net charge and the long-
range nature of the Coulomb force was taken into account by
using 3D Ewald summations with a gap in the simulation
box (EW3DC method if the summation order was changed to
slabwise). As shown in Sec. 1V, it is essential to include the
newly derived bee (30) for the electrostatic forces to be cor-
rect in such non-neutral simulations.

According to macroscopic electrostatics, an ion close to
a dielectric interface sees an electrostatic potential that cor-
responds to a (fictitious) image charge located symmetrically
on the opposite side of the interface.”” In the case of an ion
close to an air/water interface, the dielectric contrast is about
80, and this image-charge effect is expected to contribute to
the mean force on the ion as it approaches the surface. We
performed a molecular dynamics simulation of this non-
neutral system to show that the EW3DC method, when
complemented with the bee (30), does lead to results that
agree with the prediction of macroscopic electrostatics.

The simulation box was setup similarly as in Refs. 24
and 26: A sodium ion carrying charge g=+e is at a distance
z from the surface of a water slab of width £=2.483 nm
made up of 2048 water molecules. The dimensions of the
simulation box are L,=L,=2h and L,=5h, ie., a gap of
width 44 is introduced in the nonperiodic direction normal to
the slab. Water molecules are described according to the
SPC/E model”® and the Lennard-Jones parameters for the
sodium-water interaction are taken from Ref. 29 in their non-
polarizable form. The simulations were performed using a
modified version of the GROMACS simulation package,30 in
which we implemented the bcc. The equations of motion
were integrated using the leap-frog algorithm with a time
step of 2 ps, and the temperature was kept constant at 300 K
using the Berendsen method. The Coulomb interactions were
computed using the SPME method'! with a slabwise summa-
tion order and bce (SPME/slab+bcec). The cutoff for the
van der Waals and real-space Coulomb forces are both set to
I nm.

The sodium ion is free to move in the x-y directions, but
its distance to the water surface is kept fixed during each
simulation (a rigid constraint prevents the z coordinate of the
ion to change). The position of the surface is defined by the
criterion that the density of water at the surface is half that of
the bulk. For each considered distance of the ion, we per-
formed a 5 ns long simulation to determine the mean force
F, acting on the ion. We simulated also the case of a water
surface confined by a (hydrophobic) hard wall located
0.1 nm above the water surface. In the latter case, the water
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FIG. 2. Mean force on a sodium ion at a distance z from a water surface,
which is either free (black circles) or confined by a hydrophobic hard wall
located 0.1 nm above the surface (white squares). The image-charge force
predicted by macroscopic electrostatics for a dielectric interface located at
2=-0.22 A is shown for two different choices of boundary conditions: zero
field at infinity (dotted line) and 2D-PBC (dashed line).

molecules whose oxygen atom hit the hard wall were re-
flected back into the liquid by inverting the z-component of
their velocity.

When the water molecules are prevented by the hard
wall to partially solvate the ion, the measured force on the
ion is well predicted by the image-charge interaction of mac-
roscopic electrostatics (see Fig. 2). According to this theory,
an ion of charge ¢ in a medium of permittivity €, =1 (air)
and at a distance z from a slab of width 4 and permittivity
€,=80 (water) sees an electrostatic potential®'

€ -6 1
CD(z)=i S17% -
€| e+e2z

4€|€2 ” (61—62)2n_1 1

(e+e)’ 2 \e+6 2z+2nh

(33)

The first term in (33) is an image-charge due to the first
interface, while the infinite sum corresponds to additional
image charges that are due to the presence of the second
interface at the other side of the water film. The force on the
ion derives from its electrostatic potential energy [{P(z)dq
=3q®(z) and is plotted as a dotted line in Fig. 2. The poten-
tial (33) corresponds to the interaction of an ion with a di-
electric slab under the boundary condition of zero field at
infinity, while the electrostatic potential is computed in the
simulations under 2D-PBC. To account for this periodicity in
the x-y directions, one has to sum up over the periodic im-
ages of the image charges. This was done by setting up a cell
containing the ion and the infinite set of image charges32 that
appear in Eq. (33) and by computing the force on the ion
using the MMM?2D method. The result, assuming the con-
tinuous dielectric interface to be placed at a distance d’
=0.22 A below the molecular water surface, is shown as a
dashed line in Fig. 2. That prediction of macroscopic elec-
trostatics agrees very well with the simulation results. The
agreement holds at all distances in the case of the confined
water surface, while it holds only at large distances in the

J. Chem. Phys. 131, 094107 (2009)

case of the free water surface. The simulations show that the
ion is indeed partially solvated even when quite far away
from the water surface (up to z=1.45 nm).

The fact that the dielectric interface is located very close
to the molecular water surface agrees with the very sharp
dielectric permittivity profile of a water slab determined in
Ref. 33. A more detailed analysis of the relative position
between the molecular water surface and the position of the
dielectric interface (in the case of a confinement more real-
istic than a hard wall) will be performed in a future work.

We note that finite-size effects are quite pronounced with
the size of the simulation box used in this example. The
prediction of macroscopic electrostatics changes indeed sub-
stantially once the periodicity in the x-y directions is intro-
duced (compare dotted and dashed lines in Fig. 2). This is
not unexpected since Coulomb interactions with image
charges in the neighboring cells are negligible only if L, and
L, are sufficiently large. To determine a force profile that is
free from finite-size effects, a larger simulation box should
clearly be used.

Because of the use of the slab geometry, the ion sees two
dielectric interfaces instead of a single one. This unwanted
feature can be avoided by introducing a hard wall with the
same dielectric permittivity as water at the other side of the
slab. This will remove almost entirely the unwanted effects
of the second dielectric interface. The latest versions of the
MMM2D and P3M/ELC methods that include image charges
can be used to simulate such a slab system with different
continuous dielectric media of permittivities €, and €, at the
two sides of the slab.***

VI. CONCLUSIONS

A regularization of the electrostatic energy of 2D peri-
odic slab systems bearing a net charge has been proposed.
That regularization is the analog in 2D-PBC of the usual
regularization of Ewald sums in three dimensions by a ho-
mogeneous neutralizing background charge density. The
regularized energies, given by Eq. (9), can be interpreted as
resulting from a neutralization of the system by two charged
walls on each side of the slab, with the prescription that the
constant shift in the energy proportional to the wall-wall
separation is omitted. We proved that energy differences be-
tween two systems characterized by a different net charge
take meaningful values, which include variations in the self-
energies of the charges in 2D-PBC. The method can thus be
used to simulate systems with a varying net charge, for ex-
ample, to determine charging free energies in inhomoge-
neous systems with slab geometry.

The regularized energies, and the forces that derive from
them, can be computed efficiently by using advanced elec-
trostatic algorithms for 2D periodic systems, such as
MMM2D, EW3DC, and P3M/ELC. We proved that the
MMM2D method can be applied without any modification to
non-neutral systems, while methods based on the EW3DC
approach necessitate the use of a bec, given by Eq. (28),
which affects both energies and forces. The bce removes the
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effect of the parabolic electrostatic potential inherited from
the neutralization of the cell implicit in the 3D-Ewald
method applied to a charged slab system.

Numerical tests have been done to demonstrate the cor-
rectness and the accuracy of the results. When the bcc is
added to the EW3DC results, the three methods (MMM2D,
EW3DC+bcc, and P3BM/ELC) give consistent results for the
energies and forces, that agree also with well converged
direct-sum calculations. As shown in Fig. 1, the application
to non-neutral systems of the uncorrected EW3DC approach
leads to incorrect forces which are even further away from
the reference direct-sum result than the plain 3D-Ewald
method with metallic boundary conditions. We stress that the
surface terms with bees (29) and (30) are easy to evaluate
and have no computational cost in a simulation.

The three methods reproduce the known value of the
Madelung self-energy on an ion in 2D-PBC, which can be
computed quickly to very high accuracy using the MMM?2D
method. That energy, given by E=-¢>F/(2L) with F
=3.900 264 920 0 in a square simulation box (L,=L,=L),
plays an important role in the stability of 2D Wigner crystals,
in charging free energy calculations under PBC and in the
study of finite-size effects.'®*%

A further demonstration that our method provides cor-
rect long-range electrostatic forces is provided in the form of
a calculation via molecular dynamics simulations of the
mean force on a sodium ion close to an air/water interface. A
nice agreement with the image-charge prediction of macro-
scopic electrostatics is observed within the limits of validity
of the theory. The dielectric discontinuity at the air/water
interface in the macroscopic model is found to be situated at
the very surface of the water slab (at a distance of 0.22 A
under the molecular water surface defined by the criterion
used in Sec. V).

We expect the results of the present work to be of wide
applicability to simulations of slab systems whenever an im-
plicit uniform background of charges can be assumed. Re-
search works related to the calculation of ionic solvation free
energies, study of surfaces with charged defects, bilayers of
charged particles, etc., can substantially benefit from the
derivations made in the present study.
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APPENDIX A: ENERGY DENSITY AND FACTORS
1/2

This appendix explains the origin of factor 1/2 in some
formulas, for example Eq. (1) when (n,,n,) # (0,0) and Egs.
(7) and (8), but not in others such as Eqé. (6) and (14). We
first note that, as a rule of thumb, interaction energy E,,
between two identical objects (a=b) gets a factor 1/2, while
no such factor must be included when a # b.

J. Chem. Phys. 131, 094107 (2009)

The factor 1/2 is a consequence of the fact that, when
using PBC, the energy that one computes is not the total
energy of the simulation box itself, but the energy per box of
the macroscopic sample made up of many copies of the pri-
mary cell. Indeed, dividing the macroscopic sample in B
boxes, its energy can be written as

B | B
Esample = 2 Ey+ - E Eyy,
b=1 bb'=1
b'#b

(A1)

where E, is the energy of box b and E,_, is the interaction
energy between particles in box b and particles in box b'.
Since the macroscopic sample is large, the number of boxes
near the surface of the sample is negligible in front of the
number of boxes in the volume of the sample. We can there-
fore write, assuming a homogeneous sample divided in B
identical boxes of volume V/,

B B
1 1
5 2 Bw=B; X Epy (A2)
b.b'=1 b'=1
b'#b b’ #primary box b
We conclude that the energy per box is
B
Esam le 1
E:= —Bp—th+5 E Eb»b" (A3)

b'=1
b’ #primary box b

All interactions between the simulation box and the periodic
images of the simulation box must therefore be accounted for
with a factor 1/2 to avoid double counting in the energy of
the macroscopic sample. Notice that the ratio of the energy
per box divided by the volume of the simulation box,
e:=E/V,=Egnp./ (V,B), does measure correctly the energy
density of the macroscopic sample since VB is the volume
of that sample. This explains the factor 1/2 in Eq. (1) when
(n,n,) #(0,0).

When the system contains a neutralizing background, the
interaction of the primary box b, with an image box b, is the
sum of four interactions energies (which must all be ac-
counted for with a factor 1/2) between four different entities:

Epby=Ecicy* Ecip,+ Eppc, * Eppp,»

(Ad)

where ¢; (p;) stands for the charges (neutralizing background
charge density) in box b;, i=1,2. The absence of factor 1/2 in
Eq. (6) results therefore from the fact that this energy is
actually the sum of the two energies E. , and E, . which
lead to the same value after summation over all boxes. The
energies E. ., and E, ,, appear only once in Eq. (A4), so
there is indeed a factor 1/2 in equations such as Eq. (8) or
Eq. (7) when r’ & Vy,- When r’ €V, , the factor 1/2 in Eq.
(7) simply prevents double counting within the box, accord-
ing to the usual relation

1
> E_j= 52 E;.
ij

ioj>i

(A5)

i#j
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APPENDIX B: EFFECTIVE KERNEL FORMULATION

In this appendix, we demonstrate that the energy given
by Eq. (9) of a charged system under 2D-PBC can be written
as a sum over an effective kernel ¢ppc(r) as in (18), similar
to the Ewald sum in 3D-PBC.**¥ To this aim, we reformu-
late Eq. (3) as

1< 1<
E(R)=_Z CIiCIjV("i—"j)"'_z 44 2
2im 200 (nn,) e D(R)
N
1 1
X+ E qi4; E
|nxLx + nyLy| 2 ij=1 J(nx,ny) eD(R)
1 1
x( - ) (B1)
Iri—rj+nL,+nL| |nL,+n]L)|
where
V) 0 if r=0 (B2)
D= it r o,

and D(R) denotes all (n,,n,) € 72 with O<(nXLX)2+(nyLy)2
=R?. The first term is already of the desired form; by ap-
proximation of the sum by an integral, one can see that the
second term is of the form
I > ;=W—R+S+ OR™), (B3)
2 (nx,ny) eD(R) |nxLx + nyLy| LxLy

where the first term added up over all particles gives the
singularity (wQZ,/ L,L,)R that is subtracted in Eq. (9), and
the constant term S is the self-energy of a unit charge, which
is given by S=—F/(2L) with F=3.900 26 in the case of a
square lattice L,=L,=L [see Eq. (31)]. Regarding the third
term in Eq. (B1), we note that for two vectors r and a,

1 1 2

+ - ==0(a|?), (B4)
Ir—a| la|

[r +a

which means that the last sum over (n,,n,) in the third term
is in fact absolutely convergent provided the summands for
(ny,ny) and (-n,,—n,) are added in pairs, i.e., as in Eq. (B4)
with a=n,L,+n,L, (note that in 3D-PBC, the analogous sum
would be only conditionally convergent). Therefore, Eq.
(B1) can be written as

. 7TQt20t I o
lim | E(R) = =R | =5 3 gig;denclri=r),  (BS)

R—o0 L.L, ij=1
where
Gppe(r) == V() + S+ lim >,

R‘”O(nx,ny) eD(R)

1 1 1
><—< - ) (B6)
2\|r+nL, + nyL, |n.L,+ nyLy|
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We derive an analytic formula for subtracting the spurious self-forces in particle-mesh methods that use
the analytical differentiation scheme, such as the Smooth Particle Mesh Ewald (SPME) method and the
Particle-Particle Particle-Mesh (P3M) method with analytical differentiation. The impact of the self-forces
on the accuracy of the particle-mesh methods is investigated, and it is shown that subtracting them can
improve the accuracy of the calculation for some choices of the method’s parameters. It is also suggested
to subtract exactly the approximate, mesh-computed, self-energy of each particle, replacing them by the
exact value. Subtracting in this way the self-energy and self-force of each particle not only improves the
accuracy, but also reduces the violation of momentum and energy conservation in particle-mesh methods
SPME with analytical differentiation.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The computation of long-range forces in a many-particle system
is a demanding task that scales a priori as O(N?) with the num-
ber N of particles. Particle-mesh methods reduce the complexity
of this problem to O(NlogN) by discretizing the system onto a
mesh and by taking advantage of the Fast Fourier Transform (FFT)
algorithm to solve the Poisson equation in Fourier space, where
it reduces to a simple multiplication by the Green function. For
higher efficiency, the pair interaction is moreover decomposed into
a short-range and a long-range parts, with the short-range inter-
actions computed in real-space, as in the Ewald method [1]. The
Particle-Particle Particle-Mesh (P3M) method [2] and the Smooth
Particle Mesh Ewald (SPME) method [3] are two such particle-
mesh methods that are widely used to compute Coulomb or grav-
itational forces in computer simulations.

In particle-mesh methods, various routes have been proposed
to compute forces from the mesh-based potential:

o differentiation in real space by finite differences,

o differentiation in real space using the exact gradient of the
assignment function used to interpolate the charge density
onto/from the mesh,

o differentiation in Fourier space by multiplying the potential
by ik.

The second route is referred to as the analytical differentiation
(AD) scheme, and it is used in the optimal energy-conserving

* Corresponding author. Tel.: +33 3 81 66 64 79.
E-mail address: vincent.ballenegger@univ-fcomte.fr (V. Ballenegger).

0010-4655/$ - see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cpc.2011.01.026

scheme discussed in Hockney and Eastwood’s book [2]. The third
route, called the ik-differentiation or force-interpolation scheme,
corresponds to calculate the electric (or gravitational) field at each
mesh point, and to interpolate this vectorial “force” field back to
the particle positions. The finite-differences scheme was favored
by Hockney and Eastwood in their implementation of the P3M
method, but the other schemes, implemented first in the PME
method [4] (for ik-differentiation) and in the SPME method [3]
(for AD differentiation), proved to be efficient and were later also
implemented in the P3M method [5,6].

Each scheme has its own merits and drawbacks. The ik-
differentiation scheme is the most accurate one but also the most
computationally expensive one, as it requires 3 inverse FFTs to
transform the vectorial electric field mesh back to real space (com-
pared to only one inverse FFT of the potential mesh in the other
schemes). The higher accuracy of this scheme permits however the
use of a coarser mesh, and accepting the two additional Fourier
transforms can be competitive on desktop computers (this route
becomes however less attractive in parallel distributed-memory
computers because of the global communications required by the
FFT’s) [7]. As shown by the thorough analysis of particle-mesh
methods in Hockney and Eastwood’s book, the ik-differentiation
and finite-differences schemes conserve momentum but not en-
ergy, while analytical differentiation conserves energy (in the limit
of small time steps) but not momentum [2, §5.3.3, §5.5 and §7.6].
In the AD scheme, a correction to all forces must be applied to
conserve at least the center-of-mass momentum [3]. This correc-
tion has unfortunately the collateral effect of breaking the exact
conservation of energy (a mass-weighted correction reduces this
drawback but does not remove it entirely) [8].
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When a local violation of momentum conservation can be ac-
cepted, for example when the system is coupled to a thermostat,
analytical differentiation can be the most efficient route since it
requires less operations than the other schemes (especially when
compared to a finite difference operator of high order). The AD
scheme is commonly used in constant-temperature simulations
of condensed matter, plasmas and soft matter systems, including
large-scale biophysical simulations.

The main drawback of analytical differentiation is of course
its violation of momentum conservation, which arises both be-
cause the pair force (computed via the mesh) does not obey the
action-reaction principle, and because each particle is subjected to
a self-force that depends on its position relative to the mesh. It
has been proposed recently to subtract the self-forces by using a
tabulation of the self-force determined at the beginning of a simu-
lation [9,10]. After a brief reminder of the AD scheme (Section 2),
we derive in Section 3 analytical formulae for the self-force and
self-energy, for any position of a particle within a mesh cell. These
formulae provide a better understanding of the self-interactions,
and can be used to subtract them directly without having to first
tabulate them. The accuracy gain obtained by subtracting self-
forces in the analytically differentiated P3M method and the SPME
method is discussed in Section 4.

2. The analytical differentiation scheme

We consider a system made up of N charges g; at positions r;
in a periodic box of dimensions Ly, Ly, L3. The box is assumed to
be orthorhombic, and its volume is V = L1L,L3. The particle-mesh
methods use a mesh M of dimensions N1, N, N3. The lattice spac-
ings are hy = L1/Ny, hp = Ly/N>, h3 = L3/N3 and the grid nodes
are r, = (hiny, hyny, hsns), nj = 0...N;. Formally, the energy of
the system is approximated on the mesh by

1
E=> D rary G —Tw) (1)

In,ryeM

where G(rp) is the lattice Green function in real space for pe-
riodic boundary conditions. The charges at each mesh point are
computed via an assignment function W (r),

N
Qry = Y _qiW (ri —n), (2)
i=1
where W (r) is the Hockney-Eastwood charge assignment func-
tion [11,2], equal to a product of three one-dimensional centered
B-splines of order P [12]. In the P3M method, the lattice Green
function is adjusted so that Eq. (1) gives the best possible discrete
approximation to the energy of the original system in continuous
space, while the lattice Green function in the SPME method differs
from the optimal one [12]. In the analytical differentiation scheme,
the forces are obtained by differentiating analytically the approxi-
mate energy (1):

FM = —V;Epy
=— Y (Vidr,)4r, G(rn —Tw)
T, 1y €M
=—qi y_ O, ViW(ri—rn) (3)
rpeM

where we used the fact that G(ry,) is even and introduced the
mesh-based potential

Pr,= Y Gr, Glrn —Tw). (4)

ry €M

The particle-mesh force (3) is hence obtained by interpolating the
mesh-based potential back to the particle position using the gra-
dient of the charge assignment function. The convolution (4) for
the potential mesh is computed in practice as a multiplication in
Fourier space by the reciprocal lattice Green function G (ky), the
result of which is transformed back to real space to compute the
forces via (3). The expression of the optimal ﬁ(k,.) for the analyt-
ically differentiated P3M method can be found in Ref. [6], while
the corresponding expression for the SPME method is derived in
Ref. [13]:

b (kn)
(Cmezs Ullninm))?

where N = diag(N1, N3, N3) is a diagonal matrix made with the
mesh dimensions and @(k) is the pair interaction between the
particles in Fourier space. When the pair interaction is decom-
posed according to the Ewald method [1,14], ¢ (r) corresponds to
the Coulomb interaction of a point charge interacting with a Gaus-
sian charge distribution of width o~ ': ¢(k) = ‘,1{—’2’ exp(—k?/(4a?)).
The complementary interaction ¢ (r) =1/r — ¢ (r) = (1 —erf(ar))/r
is short-ranged and computed in real space by direct pair-wise
summation. The Ewald screening length o~! is a free parameter
that impacts, with an exponential dependence, the accuracy of the
method, but not its computational cost; it has to be fine-tuned for
getting the best accuracy (see Section 4). The wavevector k, be-
longs to the finite reciprocal mesh M = {k, = n ZL—Tél + 1y 2,_—72’@2 +
n3#Lés} where ng = —Ng/2+1,-Ng/2+2,...,Ng/2, B=1,2,3.
The function lfl(k) = W(k)/(h1h2h3) is equal to the Fourier trans-
form of the B-spline assignment function W (r) of order P divided
by the volume of a mesh cell:

(5)

Gspme (kn) =

sin(;tny/Ny) sin(rny/N2) sin(nng/Ng))P 6)

mny /Ny iy /Ny mn3/N3

0("11) = (

3. Expressions for the self-force and self-energy

The self-force is an artefact caused by the analytical differentia-
tion scheme which breaks a symmetry: the forward and backward
mapping of the charges onto/from the mesh is not performed us-
ing the same charge assignment function, since its gradient is used
in the force interpolation (3) [2, p. 151]. Cerutti et al. [9] measured
the self-force at various points in a mesh cell, and showed that the
self-force, along direction 8 =1, 2, 3, on a charge q located at r is
well described by a Fourier sine series

[o¢]
r
F/Sflf(r) ~ ¢? Zag’) sin(n2wsg), Sp= h_ﬁ (7)
n=1 B
Note that the self-force is periodic over distances hg, as expected.
More generally, the self-force can be expanded as

F;flf(r) =q* Z bfg"') sin(27 (mys1 + mys; 4+ m3s3)). (8)

meZ3

We prove in Appendix A that, for an orthorhombic simulation cell,
the Fourier coefficients b/(g"') are given by

2rmg 1

b(m) —
p hg 2V

Z 5("n) Z 0(kn+u~m’)U("n+ﬂ»(m’+m))-
kn#0 m'eZ3

(9)

We note that these coefficients are odd in m: bfg—m) = fb(ﬁ"'). The

()

coefficients ag in expansion (7) are therefore given by afgn) =
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2b/(3mr"ﬁ ). or, fully explicitly,

2mmg 1 ~ N A
ag’ = ==L 3 Glk) Y O kom0 e )
p kn#0 m'eZ3

(10)

where m is fixed to m = nég with ég the unit vector in direc-

tion B. The general formula (9) for the coefficient b™ can be used
to compute terms beyond the decoupled approximation (7), for
example terms varying like sin(2w (s + s2)), sin(2mw(s1 + s3)) or
sin(27 (s3 + 53)).

The self-interaction energy Eys(r) of a charged particle located
at r can also be expressed as a Fourier series. As shown in Ap-
pendix A, we have

Ems(r) = ¢° Z ¢™ cos (27 (m1s1 + masy +ms3s3)) (11)

meZ3

with coefficients given by

1 ~ . .
cm =—zv > Gkn) > Ukninm)UKninmrm).  (12)
kn#0 m'eZ3

Ems(r) is the approximate (mesh-computed) “Madelung self-
energy” of a particle (see [15]), defined as the sum of the in-
teraction energy of the particle with itself (“Ewald” self-energy)
and with its own periodic images (Madelung energy). Note that
Fseif (1) = —V Eps(r). The self-force is therefore a consequence of
the approximate space-dependent self-energy and of the analytical
differentiation scheme.

4. Numerical results and discussion

Our test system is made up of N =800 charged particles (400
carry a positive and 400 a negative unit charge) distributed at ran-
dom in a cubic simulation box of length L =20 units. Forces are
measured in units of C2/£? where the unit of charge C and the
unit of length £ are arbitrary (C and £ could be for example
the electronic charge and one Angstrém, or a solar mass and a
parsec in a cosmological simulation). If the unit of length is mul-
tiplied by a scale factor s > 0 (£’ = sL), forces are multiplied by
a factor s=2 and the density of the system is multiplied by fac-
tor s—3 (i.e. it is reduced if s > 1). By applying such a scaling to
our results, the density of our test system (0.1 particle/£3) can
easily be converted into any other value. The results obtained for
our test system are therefore representative for charged systems
characterized by a uniform random charge distribution of arbitrary
density. We chose the same reference density 0.1 particle/£3 as
in Ref. [12] but work with a system size twice larger for bet-
ter statistics and for allowing larger real-space cutoffs (note that
results for L = 10, N = 100, mesh size M = N;N;N3 = 323 and
real-space cutoff r. =4 are equivalent by extensivity to results for
L =20, N =800, mesh size M = 643 and the same cutoff r, = 4).
We varied the mesh size from M = 163 to 643, the real-space cut-
off from r. =2 to 9 and the spline interpolation order P from
3to7

Fig. 1 shows the accuracy gain brought by subtracting the self-
forces in the P3M algorithm with analytical differentiation, as a
function of the Ewald splitting parameter «, for various choices
of the mesh size and of the real-space cutoff distance r.. The
spline interpolation order is fixed to P =5, but similar curves are
found for other values of P. Analogous results are obtained for the
SPME method (data not shown). When r. =9, the optimal accu-
racy of the P3M method is obtained when o ~ 0.3 for M = 163
and o ~ 0.4 for M = 643. The optimal value of « shifts to larger
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Fig. 1. The root-mean-square accuracy AF = ,/% > i (Fi — F$¥)2 of the P3M forces

(computed with analytical differentiation) is shown for our uniform test system
(see text) as a function of the Ewald parameter « for different mesh sizes (from
16% to 643) and different real-space cutoff distances r. (from 2 to 9). The spline
interpolation order is set to P = 5. The accuracies of the particle-particle part of
the force calculation for cutoffs r. = 2,3 and 4 are shown as dotted lines. Solid
lines represent the accuracy of the particle-mesh forces obtained when self-forces
are subtracted, while dashed lines correspond to the accuracy with self-forces in-
cluded.

Table 1

Fourier coefficients b;,"') for the self-force along direction § =1 computed using
Eq. (9) for a cubic box of side L =20, mesh size M = 323, Ewald parameter o =
0.83 and spline interpolation order P =5. The self-force Fge:‘f] (r1,12,13) does not
depend solely on particle coordinate ry; its dependence on coordinates r and r3
is described by Fourier coefficients with vector m = (mq, my, m3) not purely along
direction 1.

my my ms Fourier
coefficient (£~2)

1 0 0 1.706 x 1073
2 0 0 1528 x 1074
3 0 0 4.198 x 107>
4 0 0 1.722x1073
1 +1 0 1.960 x 1076
1 0 +1 1.960 x 106
2 +1 0 1.682x 1077

values when the real-space cutoff is reduced. For r. = 3, the opti-
mal value of « is for example oopr 2 0.83 for M = 323 and P =5.
With parameters in this range, the accuracy of the forces is im-
proved by about 30% when the self-forces are subtracted.

When using a large cutoff r. 2 9 (and hence a small «), no gain
in accuracy is obtained by subtracting the self-forces: the dom-
inant source of error is then not the self-forces, but errors in the
interparticle forces. It is therefore worthy to subtract the self-forces
only when one uses a relatively small cutoff in the simulation. The
choice of the cut-off is dictated in part by the particular system
under study (i.e. whether there are other short-range interactions
to be computed in the pair-wise summation in real space) and by
the respective timings, for various combination of parameters re,
M and P, of the particle-particle part and of the particle-mesh
part of the P3M (or SPME) method. Decreasing the cut-off makes
indeed the particle-particle part of the algorithm faster, but the
particle-mesh calculation has to be able to deliver the required
accuracy sufficiently quickly. At the end, the cutoff is determined
from the optimal set of parameters {r., M, P} that provides the
prescribed accuracy with the shortest possible computational time.
Small cut-offs are usually present in simulations of dense (charged)
systems.
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We list in Table 1 the first few Fourier coefficients b™ for the
self-force in direction 8 =1, calculated with Eq. (9) for parameter
values in the region where the subtraction of the self-force brings
a substantial increase in accuracy. Thanks to the rapid decay of the
coefficients, the Fourier series of the self-force can be truncated es-
sentially after the first two terms, in agreement with the findings
of Ref. [9]. The self-force F;ilfl (r1,12,13) does not depend solely on
particle coordinate ry. Its dependence on the other coordinates is
described by Fourier coefficients with vector m = (imq, my, m3) not
purely along direction 1. As these terms are found to be smaller
than the uncoupled terms afsn) for n < 4, they can safely be ne-
glected, unless one wants to calculate the self-force to a very high
precision.

Though particle-mesh algorithms with analytical differentiation
don’t conserve momentum, they do conserve energy in the limit
of small time steps. The subsequent correction of forces to enforce
conservation of the center-of-mass momentum breaks down how-
ever this exact conservation. To preserve it as well as possible, one
has to subtract not only the self-forces, but also the interaction
energy Enms(r) of each particle with itself and with its periodic
images, which is given by formula (11). The exact Madelung self-
energy of a particle (which is a constant) can then be added back
so that particles have the right self-energy associated to the pe-
riodic boundary conditions. In this way, the energy (1) of the
discretized system is modified in a way consistent with the sub-
traction of the self-forces to maintain the equality F; = —V;Epy. A
correction of this kind has been introduced in Ref. [16] to remove,
on average, the bias of the P3M energies that is caused by the
approximate (mesh computed) self-interactions. Correcting exactly
these self-interactions at the level of each particle will improve the
accuracy of the computed energies beyond the average correction
of Ref. [16].

In summary, we have shown that the accuracy of particle-
mesh calculations can be enhanced, especially for small cut-offs,
by removing (or correcting in the case of the energy) the self-
interaction of each particle. Our analytic expressions for the self-
interactions, namely the self-force associated to the analytical dif-
ferentiation scheme and the self-energy, can be evaluated during
a simulation at virtually no computational cost. A further benefit
of subtracting the self-interactions is that it reduces the amount
of non-conservation of momentum (and energy) in particle-mesh
methods with analytical differentiation.

Appendix A. Proof of formulae (8)-(9) for the self-force

Let F(ry,ry) be the particle-mesh force felt by a test particle
with unit charge at r; due to a particle with unit charge at r;
when analytical differentiation is used. That function can be ex-
pressed as a Fourier series in both variables

1 N .
Frir) =5 3 Fllk ket (A1)
k],kz

where the Fourier coefficients are given by [10]

F(ki, k) = —ily VO k)T (kDG (KT) Y Sty ey e (A2)

meZ3

Vector k]G is defined as in Ref. [10] - that is as vector k; folded
back into the first Brillouin zone M; matrix N and vector ky (here
for n =N -m) are defined in Section 2 of the main text. The self-
force is obtained by setting r; =1, in (A.1):

FSelf(r)
=F(r,r)

1 o ‘ |
=7 3 (—ik) U e UUe)C (KS) Y Sy +ie-togme’ ¥ 72T

k1.ky m

! G i > .
== ;(—ikﬂG(k(f)U(kl) S0k + ke v
1 m

> ki G(K§)U k1) Y Uky + knm) sin(kym - 1)

kq m

1
Y
(A.3)

where the last equality holds because E(k) and U(R) are even
functions of vector k. Since ky.m - = 27 (151 +mySy +m3s3) with

sg =T1g/hg, the self-force is periodic over distances hg and we can
write

F*(r) = " b™ sin(27 (my51 + mys; + m3s3)) (A4)
m
where
1 ~ . N
™ = — v > ki G (k)T (k1)U Ry + Rnim).- (A5)

k4

Decomposing the wavevector ki as k1 = kn + kn.py With ky = kf
the folded position into the first Brillouin zone M and m’ € Z3, we
find that the term with k, gives a contribution to the self-force
that vanishes by symmetry, since kj is odd while G(k,) is even
and

™)=Y Ukninm) U Rn N snm)

m'eZ3

(A.6)

is an even function of k, for any fixed vector m. This result corre-
sponds to the absence of self-force in the case of ik-differentiation
[in that scheme the particle-mesh pair force is indeed given
by (A.2) with ky replaced by k?]. Eq. (A.5) reduces therefore
to

1 ~ . N
p™ = - > Ckn) Y K UKknnm) U (KnsNm +Nm)-
kneM m'eZ3
(A7)
Since b™ = —b~™ we can rewrite the previous expression as
pm _ p=m

2

1 ~
pom — =km 5 > Gk [ () (A8)

ky

where symmetries were used to factor out the vector Ky.u. This

formula for coefficient b™ is equivalent to expression (9) given in
the main text.

Formulae (11)-(12) for the Madelung self-energy Eys(r) of a
particle can be obtained by integrating term by term the Fourier
series (A.4) for the self-force. Alternatively, it can also be de-
duced directly by noticing that Eps(r) is given by the first line
of Eq. (A.3) in which factor (—iky) is replaced by %
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ABSTRACT: We demonstrate explicitly how the two seemingly different particle mesh Ewald methods, the smooth particle
mesh Ewald (SPME) and the particle—particle particle mesh (P3M), can be mathematically transformed into each other. This
allows us in particular to convert the error estimate of the P3M method in the energy-conserving scheme (also known as “P3M
with analytic differentiation”) into an error estimate for the SPME method, via a simple change of the lattice Green function. Our
error estimate is valid for any values of the SPME parameters (mesh size, spline interpolation order, Ewald splitting parameter,
real-space cutoff distance), including odd orders of splines. The problem with the self-forces is avoided thanks to an analytical
formula that allows to subtract them directly within the particle mesh calculation. Plots of the accuracy of the SPME forces are
provided for a wide range of parameter values. The main use of the error estimate is to allow a simulation program to scan
quickly the multidimensional parameter space to find the best set of parameters to achieve a target accuracy at the smallest
computational cost. As a byproduct, we show how a SPME code can be transformed into a P3M version by changing a few lines
of code. We demonstrate also that the P3M lattice Green function can be approximated by a closed form expression, computable

on-the-fly, that provides essentially the same accuracy as the full function.

1. INTRODUCTION

Particle mesh methods, such as particle—particle particle mesh
(P3M)' and smooth particle mesh Ewald (SPME),* are ef-
ficient methods to compute long-range Coulomb (or gravita-
tional) forces in simulations of many-particle systems.>* By
using fast Fourier transform (FFT) routines to solve the
Poisson equation in Fourier space, they convert the task of
computing O(N?) pairwise interactions into a task that scales as
O(N log N) with the number of particles. To improve the
accuracy, the pair interaction is moreover decomposed into a
short-ranged component that decays rapidly in real space and a
smooth long-ranged component that decays rapidly in Fourier
space.’ The short-ranged interactions are computed via a
double loop over particle—particle interactions, while the long-
range components are computed by particle—mesh mapping
of the density (charge or mass), convolution of the mesh-
based density with the appropriate Green function, and mesh—
particle mapping of the resulting potential.

Several variants of P3M algorithms exist, associated to
different choices of the splitting function used to decompose
the interaction into a short- and a long-ranged part and to
different choices of the differentiation scheme used to compute
forces from the mesh-based potential. The differentiation
schemes fall in two classes: energy- and momentum-conserving
schemes.® In momentum conserving schemes, the potential is
differentiated numerically (using finite differences in real space
or by multiplication by ik in Fourier space) and then inter-
polated to the particle positions in continuous space. In the
energy conserving scheme, forces are obtained from the exact
gradient of the potential energy of the system discretized on the
grid. That latter scheme conserves energy but not momentum."”

v ACS Publications  © 2012 American Chemical Society
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The accuracy of the P3M method has been studied in depth for
different choices of ingredients in the method."**~'* Thanks to
that analysis, the sources of errors in P3M algorithms are fully
understood, and the accuracy of the method has been opti-
mized via the use of error-minimizing lattice Green functions,
that help reducing truncation and aliasing errors. A further
benefit of that analysis is that the error of the method is under
full control: An analytical formula predicts the accuracy as
function of the various “free” (user defined) parameters of the
method. Using this a priori error estimate, a simulation pro-
gram can determine automatically the set of P3M parameters
(mesh size, interpolation order, Ewald splitting parameter, real-
space cutoff) that is optimal, in the sense that it achieves the
prescribed accuracy at a minimal computational cost.

The purpose of this paper is to show how the SPME method
can be transformed into a P3M method and vice versa, and that
the error analysis of the P3M method can be adapted to
understand and predict the errors of the SPME method.” We
focus in this paper on SPME, as it supersedes particle mesh
Ewald (PME)*® in practice, and it is implemented in several
mainstream molecular dynamics simulation packages, such as
GROMACS,"" AMBER,"* and NAMD."® Whereas the deriva-
tion of SPME and P3M are different, the result of the SPME
derivation is a special case of the more general P3M method,
in which the splitting function is the error function. In the
SPME approach, the Green function for the system dis-
cretized on the lattice differs from the continuous-space inter-
action by contributions inherited from the employed exponential
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Euler spline approximation. This contrasts with the P3M ap-
proach, where the lattice Green function is optimized to ensure
that the mesh calculation give results as close as possible, in a
least-squares sense, to those of a continuous-space calculation.
A further difference between the two approaches lies in the
choice of the differentiation scheme. P3M is often implemented
with a momentum-conserving differentiation scheme (the orig-
inal implementation'* used finite differences, several later
implementations employ ik differentiation), while the SPME
method uses normally the “analytical differentiation” (AD)
scheme, which is an energy-conserving scheme introduced in
the 1970s.%'® Since the AD scheme provides better accuracy in
less operations than the finite differences scheme, it can be a
cost-effective solution provided that the small local violation of
momentum conservation inherent to that scheme can be ac-
cepted in the simulations. The optimization of the lattice Green
function of a P3M method that uses the AD scheme can be
found in refs 6 and 16. In this work, we give the link between
the different notation and terminology used in the P3M and
SPME methods, building upon the presentation and compar-
ison of particle mesh methods of ref 9. By viewing the SPME
method as a P3M method that uses analytical differentiation
and a lattice Green function that differs from the optimal P3M
error-minimizing one, we show how the a priori error estimates
derived for P3M can be converted into an error estimate for the
SPME method.

The error estimate for the SPME method introduced in this
paper can be used to tune easily the parameters of the method
[size of the mesh in each direction (M;, M,, M;), charge inter-
polation order (P), Ewald splitting parameter (a), and real-
space cutoff distance (r.)] to maximize efficiency and hence
save valuable computer and user time. Compared to a SPME
error estimate derived recenﬂy,17 our error estimate is more
general and simpler to use. It is valid for any interpolation
order, and it is also given by an analytic formula which can be
evaluated quickly. Contrary to the error estimate derived in ref 17,
our approach does not require an expensive calculation of the
root-mean-square (rms) error arising from self-forces: We
subtract these self-forces directly within the particle mesh cal-
culation using a formula we derived in ref 10.

The paper is organized as follows. In Section 2, we recall the
main formulas of the P3M method in the general case of a tri-
clinic cell, with a special emphasis on the analytical differ-
entiation scheme and the definition and meaning of the lattice
Green function. This provides the background needed in Section 3
to derive the mathematical link between the two methods,
which is embodied in the lattice Green function (eq 3.7) of the
SPME method. In Section 4, we give the error estimate for the
SPME method and expose also how the SPME algorithm can
be modified in practice to use the optimized lattice Green func-
tion derived within the P3M approach. The numerical results
presented is Section S demonstrate the accuracy and usefulness
of the error estimate. We show that the P3M lattice Green
function optimized for computing the energy, for which a
closed form expression exists, provides virtually the same ac-
curacy as the true optimal lattice Green function. For cutoffs
and accuracies typically employed in atomistic simulations (e.g.,
9 A cutoff and rms force error of ~107*), the increase in
accuracy brought by modifying SPME to use the optimal P3M
lattice Green function turns out to be small. Section 6 contains
a summary of the findings and concluding remarks.

2. SUMMARY OF P3M METHOD

We consider an overall neutral system of point charges g; at
locations r; (i = 1, .., N) in a unit cell of volume V defined by
edge vectors ag, f§ = 1, 2, 3. The charges interact via Coulomb’s
law, and periodic boundary conditions are applied, i.e., the cell
is replicated along the directions of the edge vectors a,’s, which
need not to be orthogonal. The objective is to compute
efficiently the energy E of the system

=) 5

n€Z3t] 1

g

lr; — tj+ L nl

(2.1)
and the forces acting on each particle, which are defined by
F;= —V.E.In eq 2.1, L = diag(la|, la,|, la;]) is a diagonal matrix
formed with the lengths of the primitive cell translation vectors,
and the sum over vectors n (which have integer com-
ponents) account for the periodic boundary conditions. The
prime indicates the omission of the i = j term when n = 0. The
sum is only conditionally convergent, and we assume here the
usual spherical summation order with conducting boundary
conditions."®

The P3M method is based on three main ideas: (i) decom-
position of the pair interaction into a short-range interaction
(calculated in real space) and a smooth long-range interaction
with a fast decay in Fourier space; (ii) discretization of the
system onto a mesh to take advantage of the FFT algorithm to
solve, in Fourier space, the Poisson equation associated to the
long-range forces (this equation reduces to a simple multi-
plication by a lattice Green function); and (iii) use of a lattice
Green function that optimizes the accuracy of the calculation.

2.1. Decomposition of the Pair Interaction. The
splitting of the interaction into a short- and a long-range part
is performed in P3M using the same principle as in the Ewald
method,>*° namely by introducing a compensating charge dis-
tribution around each particle. In the Ewald method, this
screening distribution is a Gaussian of width 1/(2a), which
leads to the following decomposition of the interaction:

1 — erf(ar) + erf(or)
r (22)

where erf(x) is the error function and the free parameter a
controls the relative importance of both contributions. In that
decomposition, the long-range part ¢(r) = erf(ar)/r corre-
sponds to the interaction of a point charge with a Gaussian
charge distribution of width 1/(2c), while the short-range part
w(r) = (1—erf(ar))/r corresponds to the interaction of a point
charge with a point charge screened by the Gaussian charge
distribution. In the P3M method, several shapes for the screen-
ing charge distribution have been considered, among which the
Gaussian shape (called S3) corresponds to the above Ewald
splitting.>"** Slnce the various screening distributions gave
similar accuracies,"*® it is assumed here that P3M is imple-
mented with standard Gaussian screening (for other choices,
see e.g. ref 24). Since the potential y/(r) is short ranged, y can
be computed easily by direct summation in real space. The
long-range interaction ¢ is sometimes called the “reciprocal-
space interaction”, because interactions ¢) between the particles
are most easily computed in reciprocal (Fourier) space. The
Fourier transform of that interaction:

o0 = [otme e =2
k

§=wm+mw=

)
exp(—k/(4a7)) 23)
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has a fast decay with k. Upon rewriting the long-range inter-
actions between particles in Fourier space (Ewald method), the
energy of the system can be written as the sum of the real-space
energy E(r) = 1/2),c7 Zg:l'qiqu(lri -1+ L-nl), the
reciprocal-space energy

() 2 L1 N oy is )2
B =22 20 aIp(k)l

k#£0 (2.4)

and the self-energy E®) = —(a/\/ir)ziqiz. In eq 2.4, the struc-

ture factor

N .
f)(k) — Z qie—lk-ri
i= (2.5)

is the Fourier transform of the charge density p(r) = Y.,q;6(r — r,).
The sum over k runs over all reciprocal lattice points (except
k = 0): The wave vector k is of the form

k, = 2n(ma;’ + nyay + nya3) (2.6)
with n = (n,, n,, ny) € Z* a triplet of integers, and the reci-
procal lattice vectors a;f are defined by the relations a;-az = 6,4
(the Kronecker §), for a, f = 1, 2, 3. The reciprocal lattice
vectors are thus given by ai* = (1/V)(ay, X ay) with cyclic
permutations for aj* and a}, and V = a,-(a, X a;). Notice that
the self-energy term E® subtracts the Ewald self- energy ¢(0) of
each particle included in the reciprocal energy E®,

2.2. Mesh Calculation of the Reciprocal Energy. The
computation of eq 2.4 requires a priori O(N*) operations (or
O(N*?) if the cutoff used in the real-space calculation depends
on the Ewald splitting parameter « in a specific way) > because
eq 2.5 is a sum of N terms and needs to be evaluated for a
number of wave vectors that grows linearly with the volume of
the simulation box and hence with the number of particles. The
basic idea in particle mesh methods is to reduce the com-
putational cost to O(N log N) by replacing the continuous
Fourier transform p(k) in eq 2.4 by a FFT. To this end, the
system is discretized onto a grid with fixed lattice spacing, that
is, each direction a, of the unit cell is divided into N, mesh
points. The edges of a mesh cell have lengths h, = la,|/N}, h, =
la,l/ N, and hs = la;|/N;. The charge g, at each mesh point r,, is
computed using an assignment function W(r):

r = Z qu("n - )
i

(2.7)

where periodic boundary conditions are implicitly assumed in
eq 2.7. If analytical differentiation is used, W(r) must be
differentiable. An assignment function that distributes a charge
to its P nearest mesh points (separately in each dimension) is
called a P order assignment function. It is usually chosen to be
of the product form

WP r) = ws)w(sy)w(s) (2.8)

where w(s) is an even function with finite support [—P/2, P/2]
and

s s s
r= —Iul + —2a2 + —3a3
Ny 2 N3 (29)
where s, = Nyaf-r € [0, N,] is the coordinate of r along

direction a, scaled by the number of mesh points N,. Hockney
and Eastwood’s choice for w(s) is a B-spline of order P. More
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. . . 1,916,212
details on charge assignment can be found in refs 21621,23 7o

can introduce the mesh-based charge density by setting
NiN,N3

1% Tn
where r, EM and M = {r, = (n;/N;)a; + (n,/N,)a, + (n;/N;)
a;:n,=0,1,.,N,— 1, a=1,2, 3} denotes the set of all mesh
points. Notice that py(r,) can be written as a convolu-

tion of the (periodic) charge density p(r) with the assignment
function:

pM("n) = (2.10)

NN, N:- , , ,
() = =22 [ o)W = )

Once the charges are assigned to the mesh, the finite Fourier
transform of the mesh-based charge density

Z pM(rn)e ik

(2.11)

pr(k) = FFT
PM( ) [PM] NN N3

(2.12)

may be computed via the FFT algorithm (we denote finite
Fourier transforms by a tilde instead of a hat to distinguish
them from usual Fourier transforms). Notice that the volume
element d*r of the usual transform takes here the form of the
volume of a mesh cell V/(IN,N,N;). Py (k) is defined for wave
vectors in the (finite) reciprocal lattice

M = {k, = 2n(maj" + nya3 + ma3): ny € Z,
Ingl < (Ny — 1)/2, « =1, 2, 3} (2.13)

In the P3M method, the reciprocal Ewald energy eq 2.4 is
approximated by the mesh formula

=27 T GWipy(0P
V k%0
kew (2.14)

The reciprocal interaction @ (k) is thus replaced by a lattice
Green function (or “influence function”) G(k), which will be
chosen, as suggested by Eastwood,® in a way that optimizes the
accuracy of the mesh calculation. For later purposes, it is useful
to note that eq 2.4 can be expressed in real-space as

N
k 1
E( == Z qiqucont.(’i - r})

ij=1 (2.15)

where G (r) = V7' Y10 exp(ik-r)p(k) is the continuous-
space Green function of the system under periodic boundary
conditions. If that Green function reduces to @(k) in Fourier
space [Gen (k) = @(k) for keM), it differs from ¢(r) in real
space, since it is given by the inverse Fourier series (rather than
full) transform of @ (k). That difference accounts precisely for
the periodic boundary conditions that are embedded in the
Green function. When the system is discretized onto the mesh,
the energy is computed using eq 2.14 or equivalently in real
space by

gk _ 1
Ep3m =

Y 4,4, Gl = 1)

€M (2.16)

where G(r,) = FET ![G](r,) is the lattice Green function in
real space. The reciprocal-space energy (eq 2.15) can also be
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written as E® = (1/ Z)Ziqid)(k)(ri) in term of the (reciprocal
space) electrostatic potential at point r defined by

q)(k)(r) = ‘[/P(r/)ccont.(r - r’)dsr' (2.17)

_In Fourier space, this convolution becomes the product
Q(k)(k) = p(k)Geone.(k), which can be approximated on the
mesh by

N R ~

(k) = (k)G (k)

2.3. Calculation of Forces. Once the potential ®® is
known, the forces acting on the particles are obtained by dif-
ferentiating the energy. This step can be performed in several
ways:

(2.18)

(i) finite-differences scheme: differentiation by computing
finite differences in real space

(ii) analytical differentiation (AD) scheme: forces are ob-

tained by differentiating exactly the mesh-based energy

(eq 2.16):

k k
Eb = _ViEI(J:&%VI
Ty €EM

—q. Y o)W - 1)

r, €M

(Viqr”)qrn,G(rn —ry)

(2.19)

where we used that G(r,) is even and ®®(r,)
>..eM 4, G(r, — r,) is the potential at mesh point r,.

Forces are therefore calculated in this scheme by interpolat-
ing the mesh-based potential back to a particle position
using the gradient VW(r) of the charge assignment
function.

ik-differentiation scheme: differentiation in Fourier space
by multiplying the potential by ik.

(i)

In the first two schemes, one computes the inverse FFT of
the (scalar) electrostatic potential (eq 2.18) to get CD(k)(rn) in
real space and calculate then the forces either by using finite
differences or by using the exact analytic gradient VW(r). It
should be emphasized that the analytical differentiation scheme
amounts to computing the exact gradient of an approximate
energy (the energy, eq 2.16, of the discretized system), while
the ik-differentiation scheme corresponds to approximating
the formula for the force (ie., the gradient of the exact energy,
eq 2.15) as well as possible on a mesh.

The ik-differentiation scheme, also known as force-
interpolation scheme, is the most accurate one, but it requires
to compute the inverse FFT of a vectorial field. The force-
interpolation scheme amounts to calculating the electric (or
gravitational) field at each mesh point and to interpolating this
vectorial “force” field back to the particle positions. In the
context of particle mesh methods, force interpolation was
introduced first in the PME method and then in P3M by
Bertschwinger et al® The ik-differentiation and finite-differ-
ences schemes are known as “momentum conserving schemes”,
as they conserve momentum but not the energy."

The forces obtained with analytical differentiation are
conservative (since they are the exact gradient of an energy),
so the AD scheme is an energy-conserving scheme. In Lewis’
original energy-conserving scheme,'® analytical differentiation is
used together with a potential that is solved by using a specific
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finite-difference form of Poisson’s equation, but Lan%don show-
ed that almost any potential solver can be used.” The AD
scheme conserves the energy (in the limit of small time steps)
but not momentum."” When using this scheme in a simulation,
a correction must be applied to the forces to enforce at least
the conservation of the center-of-mass momentum.” That
correction has unfortunately the collateral effect of breaking the
exact conservation of energy.

For a more thorough discussion of the merits and draw-
backs of each scheme and comparison of accuracies, see refs
1, 3, and 9. P3M is often associated with finite differences
because Hockney and Eastwood advocated the use of this
scheme in their book' (that scheme turned out to be the
most effective at that time where memory constraints were
strong and where the computations were done at low force
accuracy [interpolation order 1 or 2] due to the small computing
power). We will refer to a P3M method with ik-differentiation as
“P3M-ik” and to a P3M method with analytical differentiation as
“P3M-AD”.

2.4. Optimal Lattice Green Functions. In the simplest
implementation of P3M, the lattice Green function would be
taken to be equal to the continuous-space Green function:

G(kn) = Gcont.(kn) = (b(kn)

But this simple Poisson solver gives poor accuracy, because it
neglects the reshaping effect due to the charge assignment onto
the mesh, which amounts to giving a finite size to the particles.
The mesh-based charge density can indeed be seen as resulting
from the sampling, at grid points, of a continuous smoothed
charge density obtained by replacing each point charge by a
cloud of charge density W(r)." We stress that this reshaping
effect is due purely to charge assignment, and it is not related to
the Ewald Gaussian screening contained in the reciprocal
interaction @(k). Because of this assignment (or interpolation)
smoothing, the high-frequency harmonics of the mesh-based
charge density py (k) are damped compared to those of p(k).
In P3M, the lattice Green function is adjusted to compensate
for this damping and also to reduce other errors arising from
truncation and aliasing.

Since eq 2.11 is a convolution, the (continuous) Fourier
transform of p(r) is given by the product (k) = U(k)p(k),
where U(k) is equal to the Fourier transform W(k) of the
charge assignment function divided by the volume of a mesh
cell. For a B-spline assignment function of order P, one has

(2:20)

A NiN>N3 .

O(k) = %W(k)
[ sin(mny /Np) P sin(mtny /Ny) P sin(mny/Ny) P
- Jtnl/Nl ‘J'I:nz/NZ TCH3/N3

(221)

If the harmonic content of function Py (k) is negligible
beyond the Nyquist frequency 7/h; (for each direction f = 1,2, 3),
no information is lost by the sampling on the mesh, and the
discrete Fourier transform yields the exact spectrum: py(k) =
pu(k) = U(k)p(k). From this relation, and by comparing
eqs 2.14 to 2.4, we find that the accuracy of the Poisson solver
can be increased by setting the lattice Green function to

(2.22)
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That function contains a “sharpening” factor 1/ (7 (k,) that
compensates for the smoothing introduced by the mapping
of the charges onto the mesh and by the back interpola-
tion of the mesh results to continuous space. The use of the
adjusted Green function, eq 2.22, in place of eq 2.20
improves substantially the accuracy of the particle mesh
calculation.

A key idea in P3M is to consider G(k,) as an adjustable
function, that has to be optimized such that the results of the
mesh calculation are as close as possible to the results of the
original continuous problem. The optimal P3M lattice Green
function is the one that minimizes the rms error of the mesh
calculation. The optimal lattice Green function includes cor-
rections beyond the previous sharpening factor. The optimi-
zation of the lattice Green function enhances the accuracy at no
computational cost because: (i) if one disregards caching issues,
G(k,,) is a fixed quantity (apart in constant pressure simulations)
that can be tabulated; and (ii) the lattice Green function opti-
mized for computing the energy, which can be computed on-
the-fly since it is known in closed analytical form, provides in
practice virtually the same accuracy as the true optimal lattice
Green function associated to the P3M-AD and P3M-ik force
calculations (see Section 5).

To derive the optimal P3M lattice Green function, one needs
the exact relation between the structure factors p,,(k) and p(k),
which can be obtained using the sampling and convolution
theorems (see ref 1 or eq 5.2 of ref 27):

pM(k) = Z O(kn+Nm)ﬁ(kn+Nm)r k= kn em
mez>
(2.23)

where N = diag(Ny, N,, N;) is a diagonal matrix formed with
the numbers of mesh points in each dimension. In agreement
with eq 2.6, the vector

kn+Nm = ZTC((nl + mlNl)al* + (I’lz + m2N2)u§

+ (n3 + m3N3)a3) = ky + kyipm (224)
is equal to the vector k, shifted outside the first Brillouin zone
by reciprocal lattice vector ky,,. Equation 2.23 embodies in a
simple formula the effects on the spectrum induced by the
charge assignment and the sampling of the charge density on a
mesh. The sum over integer triplets m shows that spurious con-
tributions from the high-frequency spectrum of U(k)p(k) are
introduced into the first Brillouin zone M. These unwanted
copies of the other Brillouin zones into the first one are known
as aliasing errors." To reduce aliasing errors, the charge assign-
ment function U(k) must decay quickly in k-space (it must also
decay to zero over a short distance in real-space to avoid having
to assign the charges to a too large number of grid points). If
aliasing (m # 0) contributions are neglected in eq 2.23, one
recovers the relation py(k) = U(k)p(k) that leads to the
modified lattice Green function, eq 2.22.

Formula 2.23 can be used to predict analytically, for any
positions of two particles within the simulation box, the error of
the P3M pair interaction (energy, force, etc.) compared to the
exact continuous-space interaction. By minimizing the rms
error of this pair interaction, one finds the optimal P3M lattice

940

Green function. The optimal lattice Green function for com-
puting the energy reads””

N ~2
Zm (p(kn+Nm)U (kn+Nm)

Go (kn) = N
a (%, 0 (kg
< o)

(S, O )’

where the last expression holds thanks to the fast decay of @(k).
The sum over m in the numerator originates from the mini-
mization of truncation errors, which are small if @(k) decays
rapidly, and the sum over m in the denominator arises from
aliasing errors. As can be seen by comparing the optimal lattice
Green function, eq 2.25, to the simpler result, eq 2.22, the
“sharpening” factor 1/{?(k) is somewhat damped in eq 2.25 to
compensate partially for aliasing errors. The denominator in eq
2.25 can actually be calculated analytically. For the first few
spline interpolation orders, one has for instance:*®

Y O*n(n + Nm))

(2.25)

mezZ
1—2z2/3 forP =2
1 - 22+ 22415 forP =3
=1 - 42273 + 2245 + 4257315 forP =14

1 - 522/3 + 72479 — 1729/189 forP =5
+228/2835

(2.26)
where z = sin (zn/N) and the full function is

A2 ~2
D0 kpenm) = [ X 07 Cnlnj+ Npm))
m j=1,2,3 meZ
(227)

This provides a closed form expression for the lattice Green
function, eq 2.25, which is most useful for computing this
function on-the-fly.

Expressions for the optimal lattice Green function to com-
pute forces, both with finite differences or ik-differentiation, are

given in refs 1 and 8. The optimal influence function for the
P3M-AD algorithm reads®'®

Yo (I)(kn+Nm)kr%+Nmf]2(kn+Nm)
(T O s i) Ty O et k4 N
0% (k,)k2
(B U i) Ty 0 G i

(228)

In all earlier expressions, the sum over m € Z* converges
quickly. The lattice Green functions can therefore be evaluated
in practice by truncating the sum at lmyl = 2 in each direction

(ﬁ =12, 3)~
3. LINK BETWEEN SPME AND P3M: THE SPME
LATTICE GREEN FUNCTION

The SPME method corresponds to a specific form of particle—
particle particle mesh algorithm. It uses the traditional Ewald

Gopt(kn) =

= o(ky,)
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splitting, eq 2.2, of the interaction and an FFT-based Poisson
solver to compute the reciprocal-space potential (contrary to
P3M, the lattice Green function of the Poisson solver is not
optimized in SPME). The SPME method differs from the
standard P3M method mainly by the choice of the analytical
differentiation scheme and by the point of view taken when
discretizing the system onto a mesh (which leads to the SPME
lattice Green function).

The combination of an FFT-based Poisson solver with the
analytical differentiation (energy-conserving) scheme corresponds
to the P3M-AD algorithm introduced in the previous section.
In a comparison of schemes, Eastwood found that the P3M-AD
method was not competitive and discarded the method, but his
analysis was limited to one-dimensional problems.® In three di-
mensions, the use of the AD scheme results in a very fast and
efficient algorithm, since it requires fewer FFT’s than ik-dif-
ferentiation (the main drawback of the method lies in local
violations of momentum conservation). That choice of
ingredients makes the SPME method very effective.

In the SPME methods, the discretization of eqs 2.4 and 2.5
onto a mesh is viewed alternatively as interpolation of the ex-
ponential factor exp(ik-r;) from its values at nearby grid points.
This is done using Lagrange interpolation in the PME method,
while SPME uses exponential Euler splines. The latter approxi-
mation amounts to setting

p(k) ~ b(k)py(k) (3.1)
and hence to calculate
11 ~ A ~
=== d)b(k)PIpy k)P
2V P
#0
ke (32)

where Py (k) is computed using a B-spline of order P as
assignment function, which is identical, up to a shift of P/2, to
the charge assignment function introduced in P3M:

MPXs) = w(s — P/2) (33)

The shift of the charge mesh in SPME by P/2 compared to
eq 2.7 is of course irrelevant since the system obeys periodic
boundary conditions. In eq 3.2, b(k) is given by b(k,) =
b(n,)b(n,)b(n;), where for even P (see ref 2 for the treatment
of odd P values)

2P/ N

b(ng) = 5
Z M(P)(Z)CZEinal/N(x
=1 (34)

The SPME formula, eq 3.2, for the energy is identical to the
P3M formula, eq 2.14, with specific choices of the lattice
influence function and of the charge assignment function. In
the SPME algorithm, the exponential Euler spline approxima-
tion gives thus rise to a modified lattice Green function

= ~ 2

GspmE(k) = ¢(k)Ib(K)! (3.9)

That expression for Geppe(k) corrects and generalizes eq 28
of ref 9 to general triclinic unit cells. We note that the denominator
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in b(k) is a FFT of M¥)(s) and is hence given by an aliasing
sum:
. a9 .,.9% , 93
elkn'(ﬁl"rvzﬁ'ﬁs)P

NiN,N3 ~
T Zm M(_kn+Nm)

. a4 .9 93
elkn'(ﬁl"'ﬁz"'m)P/z
Zm U(kn+Nm)

where we used eqs 3.3, 2.8, and 2.21 and the symmetry U(—k) =
U(k) in the second equality. The lattice Green function of
SPME can eventually be rewritten as

¢(k,)
(Zm LA](kn+lﬂm))2

in terms of the harmonics U(k) of the spline assignment
function defined in P3M (eq 2.21). Comparing eq 3.7 to the
optimal P3M influence function for the energy, eq 2.25, we see
that if aliasing terms m # O are neglected, both functions
reduce to the same lattice Green function, eq 2.22, containing
the sharpening factor 1/ (k).

We note finally that Eastwood’s idea of minimizing rms errors
of the mesh calculation can also be implemented in a SPME
approach, and this has been done in the case of a SPME method
with ik-differentiation.'”*® The lattice Green function of the
resulting optimized SPME-ik algorithm should then be equivalent
to the optimal P3M-ik lattice Green function (both methods were
found in ref 19 to have a similar accuracy). Contrary to the P3M
approach, the SPME route does however not enlighten the
connection between the adjusted lattice Green function and the
errors that originate from interpolation smoothing and aliasing.

b(ky,)

(3.6)

Gspme(ky) =
(3.7)

4. FROM P3M TO SPME AND BACK: CONVERTING
ALGORITHMS AND ERROR ESTIMATES

To convert a SPME algorithm into a P3M algorithm, or vice versa,
with the same differentiation scheme (that is SPME-ik <> P3M-ik
or SPME < P3M-AD), it suffices to change the influence function
in the program. Since P3M is not always implemented with
Gaussian screening, one might furthermore have to make sure that
the real-space part of the P3M algorithm does compute the real-
space energy associated to the Ewald splitting, eq 2.2.

The conversion SPME — P3M-AD is done for example by
replacing eqs 3.7 by 2.28, which is done in practice by replacing
the SPME array |b(k,)I* = (1/(X,,U(k,ixm))* where U(k) is
defined in eq 2.21 by the array

lbgpe (k) = 0"tk
b (2, 0 pgngm) T O g K i
(4.1)
0’ (k,)
(2, 0% (k) 42)

The last expression, eq 4.2, corresponds to using the lattice
Green function, eq 2.25, optimized for the energy instead of
eq 2.28. Numerical tests have shown that the use of this simpler
lattice Green function, which does not need to be tabulated
since it can be written in closed form using eq 2.26, does not
lead to any noticeable loss of accuracy.
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Using the array Ibopt(k,l)l2 in a SPME algorithm will ensure
that the FFT Poisson solver is optimized, which will improve
somewhat the accuracy at no computational cost. As mentioned
in the previous section, an optimized lattice Green function for
SPME in the case of the ik-differentiation scheme has been
derived within the SPME approach, resulting in an algorithm
that is basically identical to the P3M-ik algorithm.'*?®

Similarly, one can convert the error estimate derived for the
P3M-AD method into an error estimate for the SPME method.
The mean-square error of the forces

1 N

(AFP = < 3 (5 - By

i=1

(4.3)
can be written as the sum of a real- and a reciprocal-space
contributions:

(AF)? = (AF)? 4 (Ap(R)2 (44)

if both errors are assumed to be statistically independent. These
errors can be predicted exactly for random uniformly dis-
tributed charge distributions, as function of the system’s para-
meters (number N of charged particles, valencies {g;}, volume
V) and of the method’s parameters: Ewald splitting parameter
a, real-space cutoff r, mesh size (N;, N,, N;) and inter-
polation order P of the charge assignment function. The
accuracy of the real-space part of the calculation is controlled by
a formula derived by Kolafa and Perram:*

) 26_0‘2&% 2
JrNV frt !

The accuracy of the reciprocal-space part of the calculation is
controlled by’

N
(k) _y-1/Q 2
AF \% \/;iglqi

where

Q= /V /V (Fpan(rp r2) = F (1, 72))2dr dry

(4.7)

AF(r
(45)

(4.6)

measures the error in the P3M force Fpy\(ry, r,) on a test unit
charge at r; due to a unit charge at r,, for all possible positions
of both particles in the simulation box [F®)_ (r,, r,)] is the exact
force which can be calculated with an Ewald sum]. Rewriting
eq 4.7 in Fourier space and using the explicit expressions for the
approximate and the exact forces, Hockney and Eastwood
showed that error Q is given by a quadratic polynomial in the
influence function

Q= Y ARG (k) - 2B(k)G(K)] + C

k#0
ke (4.8)
where C is the constant defined by
~ 2 ~ 2
C= Z (P(k)k = 2 Z (p(kn-&-lgm)kn-f-mm
k#0 ky#0 m
k,eM (4.9)
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and expressions for A(k) and B(k) for both ik and analytical
differentiation schemes can be found in refs 8 and 16 and are
recalled below for convenience:

Aky)

A2 A2
(X, 0 e um)( Y O (g Vhmgnm?) for AD scheme

m m

for ik scheme

(X 0k )k

(4.10)
and
B(ky)
2 R
Z U (kn+Nm)‘P(kn+Nm)kr%+Nm for AD scheme
_ m
~2 ~ .
2 U™ (k4 Nm) DKyt Nk k- N fOr ik scheme
m
(4.11)

The optimal lattice Green function is the one for which error
Q is minimal. It is easy to see that minimizing eq 4.8 yields
Gopt(k) = B(k)/A(k). The numerator in eq 2.28 is therefore the
expression of B(k) in the case of analytical differentiation, while
the denominator is A(k).

Formula 4.6 together with eq 4.8 predicts the accuracy of the
particle mesh calculation as function of the system’s and
method’s parameters. It applies not only to the P3M, P3M-ik,
and P3M-AD methods [in which case Q reduces to its minimal
value Q. = C — Z Bz(k)/A(k)], but also to the PME

k#0
and SPME methods. In the case of the SPME method, we
simply substitute the SPME influence function, eq 3.7, in eq 4.8
and use the expressions for A(k) and B(k) that correspond to
analytical differentiation.

When using the analytical differentiation scheme (ie., the
SPME or P3M-AD method), each particle is subjected to a self-
force that depends on the particle position relative to a mesh
cell."'%%° It is important to note that the contribution of the
self-forces to the rms error AF® is not included in the above
error estimate. The rms error due to self-interactions can also
be predicted analytically, as has been done for example in the
case of the P3M error estimate for the energy”” (which includes
contributions due to self-energies) and for self-energies and
self-torques in a dipolar P3M algorithm.>" Instead of including
the contribution of self-interactions into the error estimate, it is
actually better to simply subtract the self-interactions directly
within the particle mesh calculation. This can be done easily
thanks to the analytical formulas for the self-interactions (self-
energy and self-force in the case of the SPME and P3M-AD
algorithms) derived in ref 10. Alternatively, the self-forces can
also be measured and tabulated before the start of a simulation,
as first suggested by Cerutti et al.*® The analysis of ref 10 shows
that the subtraction of self-forces in the P3M-AD or SPME
algorithm improves the accuracy of the calculation by a factor
between 0% and 30%, depending on the values of the method’s
parameters. All numerical results presented in the next section
apply to a SPME algorithm in which the self-forces are subtracted.

5. NUMERICAL RESULTS

We choose the same test system as in ref 9. In the smallest setup,
it consists in N = 100 particles randomly distributed within a cubic
box of length L = 10, half of them carry a positive, the other half
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a negative unit charge. Forces are measured in units of C 2/ L2
where the unit of charge C and the unit of length £ are arbitrary
(C and L could be, for example, the electronic charge and one
nanometer or a solar mass and a parsec in a cosmological
simulation). By appropriately choosing the unit £, the density of
the system, n = N/L* = 0.1 £73 can correspond to any desired
physical density. Once the unit .L is chosen, results for another
density n' can moreover be deduced from the results for density n
by simply scaling the length £ by a factor s = (n/)"/. Under the
scaling £ — sL, the density is indeed multiplied by s = n'/n,
while the forces are multiplied by s, the Ewald parameter « is
multiplied by s™', and the mesh spacing h and the real-space
cutoff r. are multiplied by s. The numerical results presented
here for the test system exhibit therefore the accuracy of the
SPME method for homogeneous (and uncorrelated) systems
of arbitrary density. Since the charge valencies {q;} appear
moreover only via the simple factor Y ,g? in the error estimate,
eq 4.6, the results can be converted straightforwardly to a
system with other charge valencies. An example showing how
to predict the accuracy of the SPME forces in a simulation of
water from the accuracy curves of the test system will be given
below (Section 5.3.3).

By extensivity, identical results would be obtained in larger
systems, for instance N = 100 000 particles in a box of length
L = 100, provided the size of the mesh is increased at the same
time proportionally (here 10 times). No new effect is expected
indeed to appear when increasing the box size because all
wavelengths are uncoupled (the sole characteristic length in this
test system is the mean interparticle distance). We checked this
point explicitly by performing calculations in larger simulation
boxes (all at density 0.1 £7%), in particular N = 800 particles in a
box L = 20 and N = 12 500 in a box L = 50. We found that the
small setup (L = 10) has already reached the thermodynamic
limit, as far as the accuracy of forces is concerned, for almost all
values of the Ewald splitting parameter a, except for very small
ones; a slight system size dependence is observed when L < 20
and «a is in region r. > 13 in Figure 1. To show curves
corresponding to the infinitely extended system even in that
region, we opted to use a box with N' = 800 particles and L = 20.

5.1. Predicted versus Actual Errors. We demonstrate the
accuracy of the error estimate, eq 4.6, by comparing predicted
errors versus actual errors measured on the test system with
L = 20 defined previously. Exact reference forces are computed
by a well converged standard Ewald sum. For better statistics,
the measured errors were calculated by averaging the rms error
obtained for 10 different random configurations of the charges.
We recall that, in our implementation of SPME, the self-forces
are subtracted within the particle mesh calculation. We varied
the mesh size from 16° to 1283 the real-space cutoff from r, =
1 to 13 and the spline order P from 2 to 7.

As displayed in Figures 1 and 2, we observe excellent
agreement between the actual errors and those predicted by
eqs 4.5 (real-space error estimate) and 4.6—4.11 (reciprocal-
space error estimate). The curves in Figure 1 hold for a B-spline
interpolation order P = 4, a value that is often a good com-
promise between accuracy and speed of calculation. Figure 2
shows, in the case of a mesh of size M = 16, how the accuracy
depends on order P. Increasing P improves of course the
accuracy, but this comes at an increased cost for the steps of
mapping charges onto the mesh and back-interpolating results
from the mesh; these operations scale indeed as O(P®) with
respect to the spline order.
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Figure 1. Actual and estimated errors of the SPME method as function
the Ewald splitting parameter a. The system has a uniform density
equal to 0.1 charged particles per £L* (800 particles in box L = 20).
Dotted lines are the estimated errors for the direct part of the Ewald
summation, for real-space cutoffs (r.) varying from 1 to 13 (in units of
L). Dashed lines are the error estimate for the reciprocal-space part of
the SPME method with self-forces subtracted. The B-spline
interpolation order is set to 4, and various mesh sizes are considered:
16% 323, 64° and 128°. Red lines show the estimate for the total error
for two choices of parameters: mesh size 16* with r. = 4 and mesh size
323 with r. = 9. Actual measured errors for these two sets of
parameters are shown as circles.
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Figure 2. Actual and estimated errors of the SPME method as function
of a. The system is the same as in Figure 1. The cutoff in real space is
set to r, = 9 L and the mesh size is 16> (lattice spacing h = L/M =
1.25 L). The B-spline order is varied from 3 to 6. Dot-dashed lines
show the error estimate for the reciprocal-space part of the SPME
calculation. Red lines are the estimated total errors. Measured errors
are shown as circles for interpolation orders 3—6.

Since the analytical error estimate is built by uniformly aver-
aging the squared error of the pair interaction over all possible
positions of the two particles within the simulation cell, this
perfect agreement when comparing to uncorrelated systems
(charges located at random) is expected by construction. Real
systems have of course correlations, but we will show in Section
5.3, on several examples, that the uncorrelated error estimate
still predicts reasonably well the accuracy in “real” systems with
correlations. The uniform uncorrelated test system, for which
the accuracy is fully understood and under control, serves thus
as a useful generic guide on the accuracy. Since it contains no
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other characteristic length scale apart from the mean inter-
particle distance, that system exhibits conveniently how the ac-
curacy of a method to compute long-range forces depends intrin-
sically on its parameters.

Figure 1 displays how the accuracy increases with respect to
the number M of mesh points per direction and with respect
to the magnitude of the real-space cutoff. At small values of
the Ewald splitting parameter @, errors in the direct space part
of the calculation dominate, while reciprocal-space errors
dominate when «a is large. For a given mesh size M and a
given cutoff r,, the parameter a affects only the accuracy and
not the computational cost of the calculation. The value of a
must therefore be chosen to be at, or at least close to, the point
where the error reaches a minimum. The location of that point
of highest accuracy is given in good approximation by the
condition that the real- and reciprocal-space errors have the
same magnitude: AF?” = AF®, That equation, which defines
the optimal value of ¢ for a given M and r,, can easily be solved
numerically. From Figure 1, we see that to reach an accuracy of,
say, 107 (in units of C*/L?), one can use for example a mesh
of size 32% in association with a real-space cutoff . = 9 (and a =~
0.32) or a mesh 64° with a real-space cutoff r. = 5 (and @ =~
0.58). The smaller real-space cutoff makes the direct space part
of the calculation faster, but the increased size of the mesh
makes the reciprocal space part of the calculation slower. The
best choice between the previous two sets of parameters is
naturally the one that takes, overall, the least computational
time. Note that if particles interact not only via Coulomb’s law
(or the force of gravity) but also via other short-range forces, it
might be necessary to keep the real-space cutoff r, above a
minimum value to ensure that these other short-range forces
are computed within the required accuracy. This constraint on the
cutoff may be relaxed in some cases since short-range forces that
derive from a central potential can be computed using a P3M
computation with a Green function adjusted to get the right force.

Figures 1 and 2 demonstrate that the error estimate is
accurate for most possible values of the parameters (r., M, P, @)
of the SPME method, and specifically it is very accurate near
the parameter set yielding minimal error. Such plots, or the
formulas 4.5 and 4.6 themselves, can be used in association with
timings measurements to determine optimal working parame-
ters for the SPME method, i.e., parameters that yield a target
accuracy at a minimal computational cost. The open-source
soft-matter simulation package ESPResSo> contains such an
automatic tuning routine for the parameters of a P3M method.

5.2. SPME with Optimized Lattice Green Function. The
FFT Poisson solver is not fully optimized in the SPME method
with analytical differentiation, since the SPME lattice Green
function is determined by the exponential Euler spline inter-
polation employed in the charge mapping onto the mesh,
whereas this function (which may be tabulated in the algori-
thm) can actually be adjusted to improve the accuracy of the
method, as done in the P3M approach. We recall that if P3M is
implemented with analytical differentiation (P3M-AD algo-
rithm), then the SPME and P3M-AD methods differ, at a com-
putational level, only by the choice of the lattice Green func-
tion. As shown in Section 4, the lattice Green function in a
SPME algorithm can be changed to the error-minimizing lattice
Green function of P3M-AD by setting the tabulated array
Ib(k)I* to expression 4.1 instead of its usual SPME expression.

Figure 3 shows that modifying the lattice Green function to
use the P3M-AD optimal lattice Green function improves the
accuracy only marginally. This may be traced back to the
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Figure 3. Comparison of reciprocal-space rms errors forces as function
of & for three mesh methods: standard SPME (dashed lines), P3M-AD
[or equivalently SPME with optimized lattice Green function] (solid
lines), and P3M-AD with the closed form approximation 2.25 as the
lattice Green function (crosses). Self-forces are subtracted within the
particle mesh calculations. The system is the same as in Figure 2. The
mesh size is 16> (lattice spacing h = 1.25 L), and the B-spline order is
varied from 3 to 7. The real-space error estimate is shown for r, = 9

and 4 L (dotted lines).

smallness of the aliasing (m # 0) terms in the lattice Green
functions. Neglecting entirely all aliasing terms, the SPME and
P3M lattice Green functions both reduce to the same expres-
sion, namely the influence function 2.22 which contains a shar-
pening factor 1/0?(k,) that compensates for interpolation
smoothing. Equation 2.22 may be called the m = 0 approxi-
mation for the lattice Green function, though we stress that it
can be derived trivially without any reference to the aliasing
theorem (see reasoning before eq 2.22). If one uses eq 2.22 as
the lattice Green function, the resulting accuracy is close to those
of the SPME and P3M-AD methods (in-between the two curves
or slightly less accurate than SPME depending on the value of a).

Interestingly, the lattice Green function optimized for the
energy, eq 2.25, provides essentially the same accuracy as the
true optimal P3M-AD lattice Green function, as evidenced in
Figure 3. This is a useful result because eq 2.25 is known in
closed analytical form and can be computed on-the-fly in
simulations. The small deviations at high values of & are due to
truncation errors; these unimportant deviations can be removed
by using the full expression for the P3M lattice Green function
optimized for the energy, ie., keeping the aliasing sum in the
numerator of eq 2.25. The fact that P3M-AD is very slightly
more accurate than SPME demonstrates that the aliasing
sum that optimizes the accuracy is indeed the one that appears
in eq 225 [(Zmﬁz(k,ﬁum))z/f]z(kn)] and not the one
[(Zmﬁ(k,,,,mm))z] that appears in SPME.

From the practical point of view, the fact that the SPME
lattice Green function is very close to the true optimal lattice
Green function confirms the effectiveness of the SPME ap-
proach in the standard case where the charge density is dis-
cretized on a single mesh. The accuracy gain provided by the
true optimal lattice Green function increases when using
coarser meshes. If changing the lattice Green function in a
standard SPME algorithm may seem unnecessary, it can be
expected that it can provide substantial improvement in the
accuracy in the case of the interlaced (also known as staggered)
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SPME algorithm,30 since interlaced P3M-AD can be more than
10 times more accurate than interlaced SPME.>

5.3. Applications to Correlated Systems. The a priori
error estimate introduced in Section 4 is expected to predict
only approximately the accuracy in correlated systems, since it
assumes all interionic distances to be equiprobable [recall the
uniform weighting in definition, eq 4.7, of the mean-square
error QJ, whereas in reality some distances are more likely than
others because of correlations. We observed, however, on
several examples of real systems that the uncorrelated error esti-
mate still predicts reasonably well the error even in systems
with strong correlations, in agreement with the findings of ref 9.
We present comparisons of predicted versus measured errors
for three different correlated condensed matter systems: an
ionic melt, an ionic crystal, and a liquid water system.

5.3.1. System 1: lonic Melt. We consider the same NaCl
melt as in ref 34. The system consists of a cubic box of size L =
25.557 A containing 512 particles (256 Na* and 256 CI~ ions)
that interact via the Fumi—Tosi potential:

Gj Dy 99
vj =Ajexp(B(oj —r)) — — — — + —
r r

(5.1)

Parameters A, B, o, Cj, and D; are set to the values given in
Table 1 of ref 34. Short-range forces are truncated at . = 9 A,
while the long-range Coulomb forces are computed with the
P3M method. A short simulation of duration 100 ps was run, at
temperature fixed to 1078 K using a Langevin thermostat, to
get 10 independent representative configurations of the system.
Exact reference forces for these 10 configurations were com-
puted using a well-converged Ewald summation.

Figure 4a shows that the actual rms errors of the Coulombic
forces, computed using the SPME method for the 10 con-
figurations, are somewhat smaller (by a factor between 1 and 2)
than the errors expected from the error estimate for a random
system. The presence of correlations in this system reduces
hence the rms errors with respect to an uncorrelated system.
This can be understood as arising from the screening of the
electric field by the counterion atmosphere: The field (and
hence the forces) decays faster than in the uncorrelated system
where no such screening occurs. It can moreover be seen that
the optimal value of & predicted by the error estimate (for a

given mesh size and spline interpolation order) corresponds
also essentially to the optimal value for the ionic melt system.
As the actual accuracy is higher than the expected accuracy, it is
safe, for this particular system, to use the uncorrelated error
estimate when tuning the parameters of the SPME method.

As pointed out earlier, Figure 1 contains results on the ac-
curacy of forces in systems of arbitrary density. The density of
the test system (0.1 charged particle per £*) can be made equal
to the density of the ionic melt system (0.03 charged particle
per A%) by setting the unit of length to £ = 1.48 A. Since the
employed mesh spacing is h = 25.557/16 ~ 1.6 A = 1.08 £, the
expected accuracy of the mesh calculation in the jonic melt
system (solid line in Figure 4a) lies in between the curves for
mesh spacing & = 1.25 and 0.625 in Figure 1. One may take also
the opposite path, i.e., convert the accuracy curves from Figure 1
into accuracy curves for Figure 4a, which implies switching to
units ¢>/A and adjusting the density to that of the ionic melt.
This is achieved by setting £ = 1 A and by converting the
curves in Figure 1 via the scaling £ — sL with s = 148, as
explained at the beginning of Section S.

5.3.2. System 2: NaCl Crystal. We consider a NaCl crystal,
which is a system where the charges are very strongly cor-
related. We take again the same parameters for the simulation
box and for the Fumi—Tosi interactions as in ref 34. The crystal
is made up of 512 particles in a box of size 22.728 A, which is
equivalent to 4 X 4 X 4 units cells with lattice parameter 5.682 A
(the equilibrium value at ambient pressure). Exact reference forces
were computed for 10 independent configurations extracted from
a 100 ps long simulation of the crystal at 300 K.

Figure 4b shows the comparison between the predicted and
the actual errors for SPME forces computed with a mesh of
size 16®. One observes again that the mesh calculation pro-
vides more accurate results than expected on the basis of a
random system, at least for the region of a values of interest.
This lessening of the rms errors in the correlated system is due
to partial cancellations of the forces (at zero temperature, all
forces would vanish exactly by symmetry).

5.3.3. System 3: SPC/E Water. Since aqueous simulation
boxes are ubiquitous in chemical physics and biophysical simula-
tions, we check how the error estimate performs in the case of a
water simulation box. We take the water box provided with the
GROMACS molecular dynamics simulation package.'" It contains,
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Figure 4. Predicted (solid and dashed lines) and measured (circles) rms accuracy of Coulombic forces as function of @ in a simulation box
containing 256 Na* and 256 Cl~ ions for two different state points: (a) a liquid state (temperature T = 1078 K, box size L = 25.557 A) and (b) a
crystalline state (T = 300 K, L = 22.728 A). The SPME method is used with a real-space cutoff r. = 9 A and a mesh size M = 16%; the used values of

the B-spline interpolation order are indicated in the legend box.
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in a box of size L = 18.6206 A, 216 water molecules defined by the
SPC/E water model.>® There are therefore in total 648 charged
sites in the box: 216 negative sites (O) with charge —0.8476 e and
432 positive sites (H) with charge 04238 e. In this system, the
charges are strongly correlated within the molecules (rigid model)
and between molecules via the hydrogen-bond network.

The considered water system has a density of 0.1 charged
particle/A3. Setting the unit of length £ in Figures 1 and 2 to
1 A, the plots exhibit directly the expected accuracy [in units
/A = 1389 x 10* kJ/(mol-nm)] for a system with that
density. The parameter file provided with GROMACS for this
water simulation box specifies, either directly or indirectly, the
use of the following SPME parameters: real-space cutoff r. =
9 A, mesh size M = 16’, interpolation order P = 4, and Ewald
parameter @ = 0.347 A. The employed lattice spacing is
therefore h ~ 1.16 A. Since the lattice spacing used in Figure 2
is slightly coarser (1.25 A), the reciprocal-space errors will be
slightly smaller in the water simulation than in Figure 2.

The predicted and measured errors for the water simulation
box are shown in Figure S. In that figure, the predicted accuracies
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Figure 5. Predicted (solid and dashed lines) and measured (circles)
rms accuracy of the forces as function of @, in a simulation box of size
L = 18.6206 A containing 216 SPC water molecules. The parameters
for the SPME method are: real-space cutoff r. = 9 A, mesh size M =
16%, and two values are considered for the B-spline interpolation order:
P=4andé6.

have been recalculated using the error estimate, eq 4.4, in the
case of the water simulation box of size L = 18.6206 A. Com-
pared to the rms errors in Figure 2, the reciprocal-space errors
are reduced by a factor 0.359 due to the different charge
valencies factor (Y g7):

216-(—0.8476* + 2.04238%) 2328
648 648

~ Q.
359 (52)

One can also observe a further reduction of the reciprocal-space
errors by about 25% due to the use of a slightly smaller mesh
spacing. The error estimate, valid in principle only for uniform
and uncorrelated systems, predicts the actual accuracy of the
Coulombic forces in the water system within a factor of about
3.7 As the errors are overestimated, the error estimate can be
used safely in that system. It is not surprising to see a decrease
of the rms errors because charges are associated into neutral
molecules, which leads to partial cancellations between the forces
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acting on the charges (at large distances, the force between two
molecules reduces to a dipole—dipole interaction).

The optimal values of @ predicted by the error estimate (a,
0.29 in the case P = 4) are also the optimal values for the water
system. Figure S shows incidentally that value a = 0.347 A
specified in the GROMACS parameter file is slightly too large
when used with the order P = 4: The rms error of the forces
would be reduced by almost a factor of 2 if the optimal value of
a were used. In the case P = 6, the specified value is optimal.

The previous three examples show that correlations in real
homogeneous systems tend to reduce the rms errors, with
respect to those expected for an uncorrelated system, be-
cause of screening effects. If this seems to be the general
tendency, it cannot be excluded that correlations can lead to a
build up of errors in some specific systems, especially if the
system is both strongly correlated and strongly inhomogeneous.
When using the error estimate, together with timings mea-
surements, to find an efficient set of particle mesh parameters
for a given “real” system, one has to keep in mind that the real
accuracy might differ from the prescribed accuracy (which is
guaranteed to be satisfied only in the absence of correlations).
1t is therefore recommended to perform once (or periodically if
correlations build up during a simulation) an explicit check of
the real accuracy. If the real accuracy turns out to be higher
than the expected accuracy, as in the previous examples, the
parameters are safe to use. In the opposite case, other param-
eters must be found, for instance by specifying a higher target
accuracy in the tuning routines based on the error estimate.

~
¢ =

6. CONCLUSIONS

We exploited the theoretical link between the SPME and P3M-
AD methods to demonstrate that the P3M-AD error estimate
can be adapted straightforwardly to predict the accuracy of the
SPME method as well. On the theoretical side, the existence of
the link between these two methods, embodied in expression
3.7 of the SPME lattice Green function, allows to understand
the origin of errors in the SPME method using the same power-
ful concepts and tools (Fourier analysis, sampling theorem,
harmonics aliasing) introduced in the error analysis and optimi-
zation of the P3M method.

We demonstrated that the a priori error estimate [eqs 4.6
and 4.7] is pinpoint accurate for random uncorrelated systems.
It is valid for any values of the SPME parameters, including odd
B-spline interpolations orders, contrary to the error estimate
derived in ref 17. Our approach avoids also the expensive
calculation of the contribution of the self-forces to the rms
errors, since we subtract the self-forces within the particle mesh
algorithm using the analytical formula derived in ref 10.

The plots in Figures 1—3 can be used to check the accuracy
of a SPME calculation and to find the optimal value of the
Ewald splitting parameter, for almost any values of the param-
eters. The figures cover a large range of real-space cutoffs
(r. from 1 to 13) of mesh spacings (from 0.156 to 1.25), and
the B-spline order is varied from 2 to 6. A simple scaling of the
values can be introduced to deduce from the provided plots the
accuracy of the SPME forces in a system of arbitrary density,
containing charges with arbitrary valencies. An example of such
a scaling is given to predict the accuracy of the forces in a box
containing water molecules at normal conditions. In agreement
with previous findings, the error estimate is found to predict
quite well the accuracy, even though the charges in this system
are correlated. The main use of the a priori error estimate is to
allow a simulation program to determine automatically the best
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set of parameters to achieve a target accuracy at a minimal
computational cost. Optimal parameters determined in this way
depend in general on implementation details of the algorithm
and on the machine architecture over which the program is
running. An example of an automatic tuning routine for the
parameters of the P3M method can be found in the open-
source soft-matter simulation package ESPResSo.*>

We showed moreover that by changing the lattice Green
function in a SPME algorithm in favor of the optimized lattice
Green function of P3M (which can be either tabulated or
computed on-the-fly thanks to a closed form approximation
that does not lead to any accuracy loss), the accuracy of the
algorithm can be improved marginally. If this change might
seem unnecessary for the standard SPME algorithm, it can be
expected that it can provide a substantial improvement in
accuracy in the case of the interlaced (also known as staggered)
SPME algorithm.>® Our derived error estimate for SPME can
moreover be generalized easily to the case of the interlaced
SPME method, since the effect of interlacing can be straight-
forwardly introduced into the a priori error estimate 4.7 (see
refs 1 and 33). A detailed analysis of the accuracy and per-
formance of the interlaced SPME and interlaced P3M algo-
rithms will be the subject of a future work.
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Abstract

We report a Molecular Dynamics simulation study of the diffusion process of formaldehyde (CH,0) in proton-disordered ice Th at
atmospheric pressure, in the temperature range 200-273 K. CH,O molecules diffuse in ice predominantly by jumping between B sites
(bond-breaking mechanism), but substitutional diffusion can also be observed. At 260 K, the diffusion constant is predicted to be
4% 1077 cm?/s with the TIP4P-Ew water model, and 3 x 107 cm?/s with the TIP4P/Ice water model.

© 2006 Elsevier B.V. All rights reserved.

1. Introduction

Interest in the interactions between trace gases and ice
surfaces has been stimulated in recent years by the recogni-
tion of the crucial role that ice surfaces can play in catalytic
ozone destruction and in partitioning of photochemically
active trace gases between air and ice [1]. More recently,
the role of the snowpack in the atmospheric chemistry of
gases such as formaldehyde (CH,O) and NO, above
snow-covered surfaces has also been evidenced and it
appears now essential to take into account the trace
gases/snow interactions in the atmospheric studies above
polar regions [2-4].

However, understanding the possible exchange of such
trace gases between snow and the lower atmosphere
requires the knowledge of their incorporation, diffusion,
and release mechanisms in snow crystals. Recent studies
have in particular focused on the formaldehyde molecule
[5-11], because its photolysis produces oxidizing radicals
that enhance the oxidizing capacity of the atmosphere in
polar regions, where the other sources of these radicals
are reduced. Although the location of CH,O in snow

" Corresponding author. Fax: +33 3 81 66 64 75.
E-mail address: vincent.ballenegger@univ-fcomte.fr (V. Ballenegger).

0009-2614/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.cplett.2006.10.014

appeared controversial from the conclusions of these stud-
ies, the diffusion coefficient of CH,O in ice is certainly one
among several key parameters that need to be known to
quantify the contribution of the snowpack to the atmo-
spheric chemistry of CH,O [11].

Unfortunately, diffusion measurements of trace gases in
ice are scarce due to experimental challenges. Conflicting
results have been reported for HCI, with diffusion coeffi-
cients ranging from D= 10" cm?/s to D= 10""cm?/s
at 7= 185 K [12-17]. This wide range of diffusion coeffi-
cients has been attributed to different ice preparation con-
ditions, species concentrations, variable defects and grain
boundaries, and trapping phenomena [17]. Notice that a
strong acid such as HCI certainly dissociates at the above
temperatures, influencing thereby the diffusion mechanism.
A partially oxidized organic compound such as formalde-
hyde does not dissociate in ice, but the experimental studies
of its diffusion are still very rare. To our knowledge, only
one value can be found in the literature, namely
D =8x 107" cm?/s at 258 K [11]. A similar value has been
reported for the diffusion of methanol in ice, but at a much
lower temperature (D = 2 x 10! cm?/s at 185 K) [18].

In the present Letter, we use Molecular Dynamics
(MD) simulations to characterize the diffusion mecha-
nisms of formaldehyde in ice at a molecular level, and
to provide an accurate value of the diffusion coefficient
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of CH,O in a perfect 3D proton-disordered ice Th crystal
at atmospheric pressure, for temperatures in the range
200-273 K. Indeed, such simulations have been recently
proved to be an accurate tool for investigating the diffu-
sion mechanisms of small guest particles in ice, such as
He, H20, COz, Nz, 02 and CH4 [19—22]

2. Computational method
2.1. Intermolecular potentials

Many effective pair potentials have been devised to
simulate water at liquid densities. We decided to use the
TIP4P model of Jorgensen et al. [23], as reparametrized
by Horn et al. [24] for use with Ewald summations,
because this four-site model is a good compromise
between accuracy and speed of computation. The melting
temperature of TIP4P-Ew ice at atmospheric pressure is
244 + 3 K [25]. Although higher than the melting temper-
atures of the SPC/E and standard TIP4P models, this
value is still significantly below the experimental result
273 K. For comparison purposes, we performed also the
same simulations with the new TIP4P/Ice model [26],
which was designed to reproduce correctly the melting
temperature of ice Ih.

For consistency with the chosen water model, we treat
the formaldehyde molecule as a rigid body having only
translational and rotational degrees of freedom. The inter-
action sites of a CH,O molecule are taken from the OPLS
force field, and are summarized in Table 1 of Ref. [27]. The
cross interaction between a formaldehyde and a water mol-
ecule is defined by using the usual Lorentz—Berthelot com-
bining rules (geometric mean of C® and C''® van der
Waals coefficients) for each sitesite interaction pair. The
combination of OPLS and TIP4P parameters has been val-
idated in Ref. [27].

As the models used in this study are slightly different
from the original TIP4P model, we carried out energy min-

Table 1
Diffusion constant of formaldehyde in ice, computed with the TIP4P-Ew
water model (a) and with the TIP4P/Ice water model (b)

T (K) D (1077 cm?/s)
(a) TIP4P-Ew

210 0.44
220 0.78
230 1.45
235 1.80
240 1.92
245 227
250 2.37
(b) TIP4PlIce

230 1.00
240 1.53
250 2.73
260 2.31
270 3.29
275 3.71

imization calculations for the CH,O-H,O dimer, and com-
pared with quantum chemistry calculations (B3LYP/6-
31+G(d,p) and MP2/6-311+G(d,p)). Both models,
TIP4P-Ew and TIP4P/Ice, lead to the same geometry with
comparable bond lengths and bond angles. However this
configuration is slightly distorted when compared to the
ab initio or TIP4P dimer configurations. From an energetic
point of view, very similar binding energies are obtained
with TIP4P-Ew (—229 meV) compared to TIP4P (—221
meV) and ab initio values (—220 meV (B3LYP) and
—228 meV (MP2)), whereas the TIP4P/Ice model tends to
overestimate the CH,O-H,O interaction (—245 meV).
Since the energy discrepancies (more important in the case
of the TIP4P/Ice) do not alter significantly the binding
properties of CH,O with H,0, both models should repro-
duce the CH,O-H,O and CH,O/ice interaction within rea-
sonable accuracy.

2.2. Simulation details of ice Ih

The system consists in an orthorhombic simulation cell,
with edges a = 2.69, b = 3.14 and ¢ = 2.89 (in nm units),
containing 768 water molecules for one CH,O molecule.
In the starting configuration, the water molecules are
arranged according to the crystallographic structure of
hexagonal ice Th [28]. The protons are oriented randomly,
under the restriction that the Bernal-Fowler ice rules are
respected [28] and that the system carries no net dipole
moment. The simulation cell accommodates a lattice made
up of 8 layers, each containing 6 x 8 hexagonal rings, that
are stacked vertically (i.e. along the z- or c-axis). The form-
aldehyde molecule is placed initially at the centre of an
interstitial cavity.

The MD simulations were performed using GROMACS
[29], in the NpT ensemble. The temperature and pressure
are kept constant by coupling the system to a Berendsen
thermostat and barostat. Periodic boundary conditions
are applied in all three directions, and long-range electro-
static interactions are calculated using Ewald summations
(Ewald splitting parameter o« =3.47 nm~'). The cut-off
for Lennard-Jones and real-space coulombic interactions
was set to 0.9nm. The Smooth Particle Mesh Ewald
method was used to compute reciprocal electrostatic forces
and energies; the mesh had a size of 5x6x 6 cells, and
cubic splines were used.

The equations of motion were integrated using the leap-
frog algorithm with a time step of 2 fs. Each production
run lasted at least 100 ns. This very long simulation time
is necessary to gather enough statistics on the diffusion of
the CH,O molecule, which is a slow process at low
temperatures.

2.3. Determination of diffusion constant
In an isotropic medium, the diffusion constant D of a

molecule is related to its mean square displacement
(MSD) according to Einstein’s formula
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{(r(0) —1(0))")
6t (1)

(r(z) is the position of the centre of mass of the molecule).
Admittedly, ice is anisotropic, but we observed in our sim-
ulations that the diffusion of formaldehyde parallel and
perpendicular to the c-axis are of the same order of magni-
tude. We analyse therefore the simulation data by using the
isotropic formula.

The ensemble average in the MSD cannot be performed
here as usual by averaging over different molecules (since
there is only one formaldehyde molecule in the system).
The MSD must therefore be computed by averaging the
squared displacement measured in several independent tra-
jectories. (This averaging is important because the molecule
can travel back and forth and end up very close to its start-
ing position at the end of a simulation). In practice, we use
a very long trajectory (duration Ty, = 100 ns) that we
regard as being composed of N ‘independent’ trajectories
of duration At = T./N. The ensemble average is then
approximated by

Z e (O ~ ngl@(Tsim —t—t)(r(t+¢) *l'(tl-))z
((r(r) =r(0))") ~ ST 1= 1)

D = lim

1—0o0

2)
where #; = iAt is the starting time of the ith segment of the
trajectory, and @ is the Heaviside function. At short times,
0 < 1 < At, the MSD is thus obtained as an average of the
displacements observed in the N segments, while obviously
less statistics is available at longer times. Fig. 1 contains an
example of the above ‘ensemble’ averaging for the MSD of
a typical trajectory. We use very small ‘restart’ times
At = Tg;/N to ensure optimal exploitation of the data
(At =200 ps is small enough for T, = 100 ns).

Mean Square Displacement (nm?)

(r(t)-r(0))” (without average)
average with At =10 ns
—— average with At=2ns
—— average with At=0.2 ns

s I I I
0 20 40 60 80 100

Time (ns)

Fig. 1. Mean square displacement of a formaldehyde molecule in proton-
disordered ice at 235 K. The ensemble average (2) is computed for three
increasingly small ‘restart’ times Atz. The diffusion coefficient is obtained
from the slope of a linear fit of the data for times 7 < 7 ns, as shown in the
inset (dashed line). Linear behaviour is not observed at larger times
because of insufficient statistics.

3. Results and discussion
3.1. Diffusion constant

The diffusion of formaldehyde in ice was simulated at
constant atmospheric pressure for various temperatures
in the range 210-275 K using two different water models:
TIP4P-Ew and TIP4P/Ice (see previous section for simula-
tion parameters). The diffusion constant is measured in
each run using formulae (1) and (2), and Table 1 summa-
rizes the results.

The highest temperatures chosen (250 K for TIP4P-Ew
and 275 K for TIP4P/Ice) are slightly above the melting
temperature of these models, but the ice crystal did not
melt on the timescale of the simulation (100 ns). Such meta-
stable superheated phases do not exist experimentally, but
are known to occur in simulations of bulk systems [25,30],
because simulation times are much shorter than the typical
time needed to cross the activation energy barrier for
melting.

Fig. 2 represents the evolution of the diffusion constant
as a function of the (inverse) temperature for the two sim-
ulated models. The error bars are rough estimates of the
uncertainties based on the convergence of D: they corre-
spond to the maximum difference between D and the values
of the diffusion constants which would be obtained by con-
sidering only the first, resp. the last, 50 ns of the simulation.
For both models, the points clearly follow a linear relation-
ship, showing that the diffusion process obeys, not surpris-
ingly, to Arrhenius law

D= DO eXp(—Ediff/kT) (3)

where Eg;yis the activation energy of the diffusion process.

For the TIP4P-Ew model, we get Egr=20.2 kJ/mol
and Dg=5x10"3cm?/s, while Egs= 14.3kJ/mol and
Do =2x10"*cm?/s for the TIP4P/Ice model. In the
range 230-250 K, the diffusion constant predicted by both
models agree within simulation uncertainties. With the
results of the TIP4P/Ice model at higher temperatures

S
o
T

Diffusion constant [cmz/s]

O TIP4P-Ew
I | O TIP4P/Ice

-8 L Il L Il L Il L Il L Il L Il L
0
127778 1/263,16  1/250 1/238,1  1/227,27 1/217,39  1/208,33  1/200

UT K]

Fig. 2. Arrhenius plot of the diffusion constant of formaldehyde in ice Th
for two different water models.
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Fig. 3. Left column: Trajectory of the formaldehyde molecule (oxygen atom) during the first 70 ns of the simulation at 250 K (TIP4P-Ew water). The path
is shown as a dotted line projected onto the (0001), (2110) and (1210) planes. Right column: some stable sites in the trajectory. The position of the
oxygen atom is shown as a black line when the potential energy the formaldehyde molecule is at its low value. Gray lines represent the centre of mass of the

molecule in stable sites with high potential energy.

(where statistics is quite good), we see however that the
activation energy of the latter model is about 30% lower.
The difference between the two models can be made smal-
ler if we rescale the TIP4P results to interpret the value at
the melting point of the model (245 K), as corresponding
effectively to the experimental melting temperature
(273 K), while leaving unchanged the result at the lowest
simulated temperature (210 K). If predicting an accurate
value of the activation energy is not easy, the simulations
give however theoretical estimates for the order of magni-
tude of the diffusion constant in the whole temperature
range 200-273 K.

3.2. Stable sites and diffusion mechanism

Fig. 3 shows the diffusion path followed by the formal-
dehyde molecule, or more precisely its oxygen atom, in the
simulation at 250 K (in this section, all references are to the
simulations performed with the TIP4P-Ew model). The
trajectory of the O atom is projected onto the (0001),

(2110) and (1210) planes', and has been smoothed, by a
running average over a 20 ps window, to reduce thermal
noise. It has been shown by previous authors that a small
apolar guest molecule, such as He, Ne, Ar or H,, diffuse
by jumping between Tu (trigonal uncapped) interstitial
sites, without distorting the ice lattice [19,21]. The Tu site
is located on the axis of the open hexagonal channels along
the c-axis, and can accomodate larger molecules than the
Tc interstitial site (see Fig. 4). It has been shown moreover
that large apolar molecules, such as O,, N, and CH,, dif-
fuse in ice by jumping between so-called B (bond) sites,
by the bond-breaking mechanism [19,22]. The B site is
located at the centre of an O-O bond in the basal plane
(the centre of an O-O bond parallel to the c-axis corre-
sponds to a similar, but not crystallographically equivalent,
Bc site). In the bond-breaking mechanism, the dominant

! In the Miller—Bravais notation appropriate for hexagonal structures,
the third index is redundunt [i = — & — k in (hkil)] and is used to show the
equivalent directions by cyclic permutations of the indices.
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e = L] -

- -

|
|
|
|

C

Fig. 4. Orthorhombic unit cell for ice Th (a = 4.519 A, b=aV3,c=17357TA at 253 K). The locations of the Tu and Tc interstitial sites are shown by little
spheres and cubes respectively. The Tu sites are located on the axis of the open hexagonal channels along the c-axis, midway between two layers. The
smaller Tc (trigonal capped) interstitial sites are located at the same height, midway between oxygen atoms that are aligned vertically (i.e. along the c-axis)

and that are not adjacent in a hexagonal ring.

factor governing the diffusion is the repulsive steric interac-
tions between the guest and the H,O molecules. These
interactions distort the structure of the ice lattice, breaking
an O-O bond to accomodate the guest molecule in a B site.
The two water molecules of the former O-O bond are dis-
placed from their original lattice positions, and are pushed
towards them because of the remaining hydrogen bonds
with the surrounding H>,O molecules.

A comparison of the diffusion path of CH,O (Fig. 3)
and the positions of the interstitial sites (Fig. 4) shows that
this molecule does not diffuse via interstitial sites: the Tu
and Tc sites do not accomodate the large CH,O molecule.
This finding is consistent with the results obtained for N,
0,, CH,4 and CO, [19,22].

Identifying the stable sites of CH,O in the ice lattice is a
difficult task. It is done both by analysing the time evolu-
tion of the potential energy E() of the formaldehyde mol-
ecule, and by monitoring the positions r(¢) of different sites
(i = centre of mass, oxygen, carbon) of the molecule along
the trajectory. E((¢) is plotted in Fig. 5 for the diffusion path
represented in Fig. 3 (a running average has been applied
to reduce thermal noise). This quantity takes either a low
value of about —52 kJ/mol, or a higher value of about
—37 kJ/mol. The lower value corresponds to configura-
tions with in average two hydrogen bonds between the oxy-

T T T
1 H-bond (or less)

60} \

2 H-bonds (or more)

. | . | . | . | .

0 20 40 60 80 100
Time (ns)

Potential energy of formaldehyde molecule (kJ/mol)

Fig. 5. Potential energy of a diffusing formaldehyde molecule at 250 K.
The discontinuous black and grey horizontal lines indicate the time during
which the formaldehyde forms one, resp. more than one, hydrogen bond
(in average) with the surrounding water molecules.

gen atom and the neighbouring water molecules. Although
these configurations minimize Eg(7), they occur only 24% of
the time at the considered temperature (250 K). The higher
energy sites are favoured because they lead to a lower total
energy for the system (CH,O and lattice). The analysis of
configurations r,(¢) characterized by the lower values of
E; shows that they correspond to rg positions at a lattice
point normally occupied by the oxygen atom of a water
molecule (see Fig. 3). These sites corresponds therefore to
the formaldehyde replacing a water molecule, which has
been pushed out from its lattice position. As a conse-
quence, jumps between such sites correspond to the so-
called ‘substitutional’ diffusion mechanism. Configurations
with high energies E; correspond by contrast to the formal-
dehyde occupying a B site, as shown by the position rcp(?)
of its centre of mass (see Fig. 3). Formaldehyde diffuses
therefore predominantly by jumping between B sites by
the bond-breaking mechanism, though substitutional diffu-
sion does also occur.

4. Conclusion

In this study, long simulations (100 ns) were used to eluci-
date the diffusion mechanism of formaldehyde in ice Th, and
to get accurate values for the diffusion constant of this com-
pound. In the considered temperature range 200-273 K, we
found that CH,O diffuses predominantly by jumping
between B sites, though substitutional diffusion does also
happen. Because formaldehyde can accept two hydrogen
bonds with surrounding water molecules, its diffusion path
is more subtle than the pure bond-breaking mechanism that
characterizes the diffusion of large apolar molecules.

The time over which the formaldehyde molecule jumps
between stable sites is about 20 ps. Since this is one order
of magnitude larger than the characteristic time of molecu-
lar motion (1 ps), free energy calculations can be used to
calculate precisely the jump probability between B sites
(using Transition State Theory [31]). The simulation times
used in this study are however long enough to allow rela-
tively accurate estimates of the diffusion constant. This
quantity obeys Arrhenius law, as expected for an activated
process. Using the activation energies reported after Eq.
(3), we find that the diffusion constant of CH,O at 260 K
is D=4x10""cm?/s with the TIP4P-Ew water model,
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and D =3 x 1077 cm?/s with the TIP4P/Ice water model.
These values are much larger than the experimental result
of Perrier et al. [11], who measured D = 8x 107" cm?/s
at 258 K in a macroscopic ice sample. Theory and experi-
ment are known to agree in experimentally well controlled
materials, such as in semiconductors and zeolites [32,33].
The present discrepancy may be due to trapping phenom-
ena in the ice crystal, which inevitably contains defects
and grain boundaries. Further experimental work on diffu-
sion of CH,O (and air molecules O,, N,, CO,, CH4) would
be most welcome, especially if it probes the diffusion on a
molecular scale in a single crystal.
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Abstract

In this paper, we use a statistical thermodynamic approach to quantify the efficiency with which clathrates on the surface of Titan trap
noble gases. We consider different values of the Ar, Kr, Xe, CH4, C;Hg and N, abundances in the gas phase that may be representative of
Titan’s early atmosphere. We discuss the effect of the various parameters that are chosen to represent the interactions between the guest
species and the ice cage in our calculations. We also discuss the results of varying the size of the clathrate cages. We show that the
trapping efficiency of clathrates is high enough to significantly decrease the atmospheric concentrations of Xe and, to a lesser extent, of
Kr, irrespective of the initial gas phase composition, provided that these clathrates are abundant enough on the surface of Titan. In
contrast, we find that Ar is poorly trapped in clathrates and, as a consequence, that the atmospheric abundance of argon should remain
almost constant. We conclude that the mechanism of trapping noble gases via clathration can explain the deficiency in primordial Xe and
Kr observed in Titan’s atmosphere by Huygens, but that this mechanism is not sufficient to explain the deficiency in Ar.

© 2008 Elsevier Ltd. All rights reserved.

Keywords: Titan; Clathrates; Atmosphere; Noble gases; Cassini-Huygens

1. Introduction

Saturn’s largest satellite, Titan, has a thick atmosphere,
primarily consisting of nitrogen, with a few percent of
methane (Niemann et al., 2005). An unexpected feature of
this atmosphere is that no primordial noble gases, other
than Ar, were detected by the gas chromatograph mass
spectrometer (GCMS) aboard the Huygens probe during
its descent on January 14, 2005. The detected Ar includes
primordial **Ar (the main isotope) and the radiogenic
isotope *°Ar, which is a decay product of “°’K (Niemann
et al., 2005). The other primordial noble gases **Ar, Kr
and Xe, were not detected by the GCMS instrument,
yielding upper limits of 10~® for their mole fractions in
the gas phase. Furthermore, the value of the *®Ar/"*N ratio
is about six orders of magnitude lower than the solar
value, indicating that the amount of *°Ar is surprisingly
low within Titan’s atmosphere (Niemann et al., 2005).

*Corresponding author. Tel.: +33381666478; fax: +33381666475.
E-mail address: caroline.thomas@univ-fcomte.fr (C. Thomas).

0032-0633/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/].pss.2008.04.009

These observations seem to be at odds with the idea that
noble gases are widespread in the bodies of the solar system.
Indeed, these elements have been measured in situ in the
atmospheres of the Earth, Mars and Venus, as well as in
meteorites (Owen et al., 1992). The abundances of Ar, Kr
and Xe were also measured to be oversolar by the Galileo
probe in the atmosphere of Jupiter (Owen et al., 1999).

In order to explain the observed deficiency of primordial
noble gases in Titan’s atmosphere, Osegovic and Max (2005)
proposed that the noble gases within the atmosphere could
be trapped in clathrates located on the surface of Titan. The
authors calculated the composition of clathrates on the
surface of Titan using the program CSMHYD (developed by
Sloan, 1998) and showed that such crystalline ice structures
may act as a sink for Xe. The facts that the code used by
Osegovic and Max (2005) is not suitable below about 140 K
for gas mixtures of interest, and that the authors did not
explicitly calculate the trapping efficiencies of Ar and Kr in
clathrates on the surface of Titan led Thomas et al. (2007) to
reconsider their results. In particular, Thomas et al. (2007)
performed more accurate calculations of the trapping of
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noble gases in clathrates using a statistical thermodynamic
model based on experimental data and on the original work
of van der Waals and Platteeuw (1959). On this basis,
Thomas et al. (2007) showed that Xe and Kr could have been
progressively absorbed in clathrates located at the surface of
Titan during its thermal history, in contrast with Ar, which is
poorly trapped in these crystalline structures. They then
concluded that their calculations are only partly consistent
with the Huygens probe measurements, since the presence of
clathrates on the surface of Titan cannot explain the
primordial Ar deficiency in its atmosphere.

In this paper, we aim to extend the work of Thomas et al.
(2007) by considering the clathration of a more plausible
gas mixture representative of the composition of Titan’s
atmosphere, in which we include Ar, Kr and Xe all
together. Indeed, Osegovic and Max (2005) and Thomas
et al. (2007) both considered atmospheric compositions
containing only one noble gas at a time. As we shall see, the
competition between the various species strongly affects the
efficiency with which they are trapped in clathrates. In
addition, because the incorporation conditions of guest
species in clathrates depend on the structural character-
istics of the crystalline network and on the intermolecular
potentials, we examine the influence of the size of cages and
of the interaction potential parameters on our calculations.
The study of the influence of these parameters is motivated
by two distinct facts. First, it is known that the size of the
clathrate cages depends on the temperature (Shpakov et al.,
1998; Belosludov et al., 2003; Takeya et al., 2006), and
secondly, several different sets of Kihara parameters are
available in the literature (Parrish and Prausnitz, 1972;
Diaz Pefia et al., 1982; Jager, 2001). As a result, this study
of sensitivity to parameters allows us to better quantify the
accuracy of the results.

In Section 2, we describe the statistical model used to
calculate the composition of the clathrates. This hybrid
model is based on the work of van der Waals and
Platteeuw (1959), and on available experimental data. We
also compare the dissociation pressure of clathrates
obtained from our model with that obtained from the
CSMHYD program (Sloan, 1998). CSMHYD uses a more
sophisticated and rigorous approach, but is limited to
carrying out calculations above about 140 K (Sloan, 1998).
In Section 3, we investigate the sensitivity of our model to
various parameters, and also examine the influence of these
parameters on the predicted clathrate composition. In
Section 4, the statistical approach developed in Section 2 is
used to calculate the relative abundances of guests trapped
in clathrates that may exist on the surface of Titan. Several
hypotheses for the abundance of noble gases in the
atmosphere of Titan are tested. Section 5 is devoted to
the summary and discussion of our results.

2. Theoretical background

To calculate the relative abundance of guest species
incorporated in a clathrate from a coexisting gas of

specified composition at given temperature and pressure,
we follow the formalism developed by Lunine and
Stevenson (1985), which is based on the statistical mecha-
nics approach of van der Waals and Platteeuw (1959). Such
an approach relies on four key assumptions: the host
molecules contribution to the free energy is independent of
the clathrate occupancy (this assumption implies in
particular that the guest species do not distort the cages),
the cages are singly occupied, there are no interactions
between guest species in neighboring cages, and classical
statistics is valid, i.e., quantum effects are negligible
(Sloan, 1998).

In this formalism, the occupancy fraction of a guest
species G for a given type ¢ (¢ = small or large) of cage, and
for a given type of clathrate structure (I or II) can be
written as

_ CePc
1+>,Cy Py’

where Cg, is the Langmuir constant of guest species G in
the cage of type ¢, and Pg is the partial pressure of guest
species G. Note that this assumes that the sample behaves
as an ideal gas. The partial pressure is given by Pg =
xg X P, with xs the molar fraction of guest species G in the
initial gas phase, and P the total pressure. The sum, ), in
the denominator runs over all species J which are present in
the initial gas phase.

The Langmuir constants indicate the strength of the
interaction between each guest species and each type of
cage. This interaction can be accurately described, to a first
approximation, on the basis of the spherically averaged
Kihara potential wg(r) between the guest species G and the
water molecules forming the surrounding cage (McKoy
and Sinanoglu, 1963), written as

VG, (1)

wg(r) = 2zeg —Ug 5(10)(;’) + 96 54 1)(r)
R(l:] r G RC G

- 26 (590) + 2 590 )
Rgr ¢ Rc ¢ ’

where R, represents the radius of the cavity assumed to be
spherical. z is the coordination number of the cell and r the
distance from the guest molecule to the cavity center. The
parameters R. and z depend on the structure of the
clathrate and on the type of the cage (small or large), and
are given in Table 1. The functions 5(GN)(V) are defined as

E(N)(V)=l I_L_a_c 7N_ 1+L_a_(] -
G N R. R R. Rc
3)

where ag, 66 and &g are the Kihara parameters for the
interactions between guest species and water. The choice
of the Kihara parameters for the guest species considered
in the present study is discussed in the next section.
The parameters chosen for our calculations are given in
Table 2.

5
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Table 1
Parameters for the cavities

Clathrate structure 1 11

Cavity type Small Large Small Large
R: (A) 3.975 4.300 3.910 4.730
b 2 6 16 8

z 20 24 20 28

R, is the radius of the cavity (values taken from Parrish and Prausnitz,
1972). b represents the number of small (bs) or large (b;) cages per unit cell
for a given structure of clathrate (I or II), z is the coordination number in a
cavity.

Table 2

Three different sets of parameters for the Kihara potential

Ref. Molecule o (A) ¢/kp (K) a(A)

(a) CH,4 3.2398 153.17 0.300
C,Hg 3.2941 174.97 0.400
N, 3.2199 127.95 0.350
Xe 3.1906 201.34 0.280
Ar 2.9434 170.50 0.184
Kr 2.9739 198.34 0.230

(b) CH,4 3.019 205.66 0.313
C,Hg¢ 3.038 399.07 0.485
N, 2.728 145.45 0.385
Xe 3.268 302.49 0.307
Ar 2.829 155.30 0.226
Kr 3.094 212.70 0.224

(c) CH,4 3.1514 154.88 0.3834
C,Hg 3.2422 189.08 0.5651
N, 3.0224 127.67 0.3526
Xe 3.3215 192.95 0.2357
Ar - - -
Kr - - -

g is the Lennard-Jones diameter, ¢ is the depth of the potential well, and a
is the radius of the impenetrable core. These parameters come from the
papers of (a) Parrish and Prausnitz (1972), (b) Diaz Pena et al. (1982) and
(c) Jager (2001).

The Langmuir constants are then determined by
integrating the Kihara potential within the cage as

47 R wa(r)\ »
Ca. —kB—T/O exp(— kBT)r dr, 4)

where T represents the temperature and kg the Boltzmann
constant.

Finally, the relative abundance f; of a guest species G in
a clathrate (of structure I or II) is defined as the ratio of the
average number of guest molecules of species G in the
clathrate over the average total number of enclathrated
molecules :

_ bsygs+ beye,
b vy +bedvie’

where the sums in the denominator run over all species
present in the system, and b5 and b, are the number of small
and large cages per unit cell, respectively. Note that the

S (©)

relative abundances of guest species incorporated in a
clathrate can differ strongly from the composition of the
coexisting gas phase because each molecular species has a
different affinity with the clathrate.

The calculations are performed at temperature and
pressure conditions at which the multiple guest clathrates
are formed. The corresponding temperature and pressure
values (7 = T9% and P = PY%) can be read from the
dissociation curve of the multiple guest clathrates.

In the present study, the dissociation pressure is
determined from available experimental data and from a
combination rule due to Lipenkov and Istomin (2001).
Thus, the dissociation pressure PU% of a multiple guest
clathrate is calculated from the dissociation pressure P
of a pure clathrate of guest species G as

-1
is X

P = (Z Pd?;s) : (©)
G

G

where x¢ is the molar fraction of species G in the gas phase.

The dissociation pressure P& is derived from laboratory
measurements and follows an Arrhenius law (Miller, 1961):
log(PE™) = 4 + ;, 7)
where P‘éiss and T are expressed in Pa and K, respectively.
The constants 4 and B used in the present study have been
fitted to the experimental data given by Lunine and
Stevenson (1985) and by Sloan (1998) and are listed in
Thomas et al. (2007).

The present approach differs from that proposed by
Sloan (1998) in the CSMHYD program, in which the
dissociation pressure of the multiple guest clathrate is
calculated in an iterative way by requiring that the
chemical potential in the clathrate phase is equal to that
in the gas phase. The determination of this equilibrium
requires knowledge of the thermodynamics of an empty
hydrate, such as the chemical potential, enthalpy and
volume difference between ice (chosen as a reference state)
and the empty hydrate. The experimental data available at
standard conditions (7 = 273.15K, P = l atm) allow the
CSMHYD program to calculate chemical potentials, and
hence dissociation curves, as long as the temperature and
pressure is not too far from the reference point. This
method fails to converge at temperatures below 140K for
the clathrates considered in this study. Our approach
avoids this problem, because it uses experimentally
determined dissociation curves, which are valid down to
low temperatures.

As an illustration, Fig. 1 shows a comparison between
the dissociation curve obtained from our approach (full
line) and that calculated using the CSMHYD program
(crosses) for a multiple guest clathrate corresponding to an
initial gas phase composition of 4.9% CHy, 0.1% C,Hg¢
and 95% N,. For this comparison, both calculations have
been performed with the same set of parameters (Kihara
parameters and cage geometries given by Sloan, 1998).
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Fig. 1. Dissociation curves pressure as a function of temperature for a multiple guest clathrate corresponding to an initial gas phase composition of 4.9%
of CHy, 0.1% of C,Hg and 95% of N,. The calculations have been performed using either the approach discussed in the present paper (full line) or the

CSMHYD program proposed by Sloan (1998) (crosses).

Both methods give very similar results in the range where
the CSMHYD program converges.

3. Sensitivity to parameters

The present calculations of the relative abundances of
guest species incorporated in a clathrate depend on the
structural characteristics of this clathrate (size of the cages
for example) and also on the parameters of the Kihara
potential. It is thus useful to assess the influence of these
structural characteristics and potential parameters on the
calculations, in order to better quantify the accuracy of the
results.

3.1. Discussion of the Kihara parameters

Papadimitriou et al. (2007) have recently illustrated the
sensitivity of clathrate equilibrium calculations to Kihara
parameters values, in the case of methane and propane
clathrates. Indeed, by perturbing in the range £ (1-10%)
the ¢ and ¢ Kihara parameters originally given in Sloan
(1998), they have demonstrated that these parameters have
a significant effect on the values of the Langmuir constants
and on the dissociation curves. It appears thus of fund-
amental importance to assess the accuracy of the Kihara
parameters which are used in the studies of clathrates, for
example by comparing the theoretical results with available
experimental data. However, because in the present paper
we are interested in the calculations of the relative
abundances of noble gases in clathrates on Titan which

are not experimentally available, our choice of Kihara
parameters has been based on the literature, only.

For the guest species considered here, i.e., CHy4, C,Hg,
N,, Ar, Kr, and Xe, as far as we know, there are only two
full sets of Kihara parameters in the literature (Parrish and
Prausnitz, 1972; Diaz Pena et al., 1982) which have been
used in the context of clathrate studies. These parameters
are unfortunately very different (see Table 2). The
parameters given by Parrish and Prausnitz (1972) have
been obtained by comparing calculated chemical potentials
based on the structural data of the clathrates cages given by
von Stackelberg and Miiller (1954) with experimental
results based on clathrate dissociation pressure data
(Parrish and Prausnitz, 1972). The parameters given by
Diaz Pena et al. (1982) have been fitted on experimentally
measured interaction virial coefficients for binary mixtures.
They have been recently used by Iro et al. (2003) to
quantify the trapping by clathrates of gases contained in
volatiles observed in comets. The corresponding calcula-
tions were performed by using the clathrate cage para-
meters given by Sparks et al. (1999). These two sets of
Kihara parameters (Parrish and Prausnitz, 1972; Diaz Pena
et al., 1982) can be partly compared to those recently given
for CH4, C,Hg, N, and Xe, only, in the Ph.D. work of
Jager (2001).

Table 2 shows that the ¢ and ¢ parameters used by Jager
(2001) are quite close to those given by Parrish and
Prausnitz (1972) and, as a consequence, the relative
abundances f; (with G = CHg4, C,Hg, N, or Xe) we
have calculated with these two sets of parameters are of the
same order of magnitude, and behave similarly with
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temperature. By contrast, the relative abundances calcu-
lated with the parameters given by Diaz Pefia et al. (1982)
are very different from those calculated with the two other
sets of Kihara parameters, as expected from the conclu-
sions of Papadimitriou et al. (2007).

Because the potential and structural parameters given
by Parrish and Prausnitz (1972) (Table 1) have been
self-consistently determined on experimentally measured
clathrates properties, and also because they give results
similar to those obtained when using Jager’s (2001)
parameters for a reduced set of species, we choose here
the Parrish and Prausnitz’s parameters for the rest of
our study.

3.2. Influence of the size of the cages

In the present paper, we have chosen the potential and
structural parameters given by Parrish and Prausnitz
(1972) (Table 1). However, it has been shown that the size
of the cages can vary as a function of the temperature
(thermal expansion or contraction) and also of the size of
the guest species (Shpakov et al., 1998; Takeya et al., 2006;
Belosludov et al., 2003; Hester et al., 2007). Indeed, the
structural parameter R, increases with temperature and
with the size of the guest species, whereas it decreases when
small guest species are encaged. For example, the lattice
constant of the methane hydrate is increased by 0.3%
between 83 and 173 K (Takeya et al., 2000).

In order to quantify the influence of variations of the size
of the cages on the relative abundances calculated for the
multiple guest clathrate considered in the present study, we
have modified by £ (1-5%) the R, values given in Table 1.
These variations are compatible with typical thermal
expansion or contraction in the temperature range
90270 K (Shpakov et al., 1998; Takeya et al., 2006;
Belosludov et al., 2003; Hester et al., 2007).

Fig. 2 shows the evolution with temperature of f,,, fx,
and fy. (calculated from Eq. (5)) in a multiple guest
clathrate, for both structures I and II, and for variations
of the size of the cages equal to 1% and +5%. The
calculations have been performed for an initial gas
phase containing CH,, C,Hg, Nj, Ar, Kr and Xe. The
gas phase abundance of CHy (4.92%) has been taken
from Niemann et al. (2005), whereas the values for C,Hg
(0.1%), Ar (0.1%), Kr (0.1%) and Xe (0.1%) are based
on our previous study (Thomas et al., 2007). The
relative abundance of N, (94.68%) has been determined
accordingly.

Our results show that a small variation (+1%) of the size
of the cages has only a very small effect on the trapping of
noble gases in the corresponding multiple guest clathrate,
irrespective of the temperature (Fig. 2). In particular, the
behavior (i.e., increase or decrease) with temperature is
not affected by small variations of the size of the cages.
A similar small effect is also observed for an expansion of
the cage by 5%. By contrast, a large contraction of the
cages (R. decreased by 5%) leads to strong modifications

of the relative abundances f; (G = Ar, Kr, Xe) which can
vary by several orders of magnitude.

The evolution of the relative abundances of all guests in
the clathrates is also given in Fig. 3 as a function of the
sizes of the cages, for given pressure and temperature. The
corresponding calculations have been performed at a
pressure P = 1.5bar (i.e., the present atmospheric pressure
at the surface of Titan), and at the corresponding
temperature given by the dissociation curve, i.e., T3 =
176 K (see below). Fig. 3 clearly shows that, for the given P
and T conditions, the contractions of the cages have a
larger effect than the expansions on the relative abun-
dances calculated in clathrates and that these effects are
also strongly dependent on the interaction parameters
between the guest species and the cages. As a consequence,
the relative abundances in clathrates of the noble gases
considered in the present paper appear to be much more
dependent on the size of the cages than those calculated for
CHy4, C,Hg and N,. This feature can be related to the
values of the ¢ parameters of the Kihara potential (see
Table 2) which are larger for the noble gases than for
the other species. Moreover, the relative abundances of the
smallest species (i.e., the noble gases which have the
smallest values of the ¢ Kihara parameters) are increased
when decreasing the sizes of the cages.

To summarize, the results given in Figs. 2 and 3 show
that thermal variations of the cages need to be taken into
account if these variations are greater than a few percents.
Unfortunately, these variations with temperature are often
not known, except for a small number of specific systems,
such as the methane clathrate between 83 and 173K
(Takeya et al., 2006) for which the variations of the cages
have been shown to be very small. In a first approximation,
such thermal variations will thus be neglected in our
calculations of the f'; evolution on Titan, as a function of
the temperature.

4. Trapping of noble gases by clathrates on Titan

The statistical approach outlined in Section 2 is used to
calculate the relative abundances of CHy4, C,Hg, Ny, Ar, Kr
and Xe in a multiple guest clathrate (structures I and II), as
a function of the temperature. As discussed above, the
interactions between the guests and the surrounding cages
have been calculated by using the Kihara potential with the
parameters given by Parrish and Prausnitz (1972), and by
disregarding the possible influence of the thermal varia-
tions of the cages.

The initial gas phase abundance of CH4 (4.92%) is taken
from Niemann et al. (2005), whereas three different sets of
initial abundances are considered for N,, C,Hg, Ar, Kr,
and Xe in the atmosphere of Titan. The first set of values
(hereafter case 1) is derived from the atmospheric
composition considered by Osegovic and Max (2005) and
was also used in our previous study (Thomas et al., 2007).
The second set of values is calculated under the assumption
that each ratio of noble gas to methane gas in the
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Fig. 2. Relative abundances of Ar, Kr, and Xe in clathrates as a function of temperature for structures I and II. The solid lines represent the results
obtained with the parameters of the cages given in Table 1. The dash-dot-dotted and long dashed lines correspond to calculations performed with size of
the cages increased by, respectively 1% and 5%. The medium dashed and dotted lines are results obtained with size of the cages decreased, respectively, by

1% and 5%.

atmosphere of Titan corresponds to the solar abundance
(Lodders, 2003) with all carbon postulated to be in the
form of methane (hereafter case 2). The third set of values
is calculated under the assumption that each noble gas to
methane gas phase ratio derives from the value calculated
by Alibert and Mousis (2007) for planetesimals produced
in the feeding zone of Saturn and ultimately accreted by
the forming Titan (hereafter case 3). In each case, the
relative abundance of N, (approximately 95%) has been

determined such as  xcp, + Xar + Xkr + Xxe + XN, +
XxcH, = 1. The initial gas phase abundances for the three
cases are given in Table 3.

Fig. 4 shows that the dissociation curves calculated for
the multiple guest clathrates that form in the three
considered atmospheres exhibit a similar behavior,
although for a given temperature, the dissociation pressure
can vary by two orders of magnitude from one case to
another one (especially at low temperatures). However, for
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Fig. 3. Relative abundances of guests in clathrates as a function of the cage sizes. These results have been calculated at P = 1.5 bar, corresponding to a

dissociation temperature 7 = 176 K.

Table 3

Three initial gas phase abundances corresponding to the systems
considered by Osegovic and Max (2005) (case 1), the solar nebula (case
2), and Saturnian planetesimals (case 3)

Molecule Molar fractions (%)
Case 1 Case 2 Case 3
Ar 0.1 7.1264 x 1072 2.10506
Kr 0.1 3.44 x 1073 1.38 x 1073
Xe 0.1 3.8 x 1076 1.6 x 107*
CH, 4.92 4.92 4.92
N, 94.68 95 92
CHe 0.1 8.6978 x 1073 0.9734

a pressure corresponding to the present pressure at the
surface of Titan (i.e., P = 1.5bar), the dissociation
temperatures given by Fig. 4 for the three cases are within
a 20K range, with corresponding values 79 = 176,167,
and 185K, for cases 1, 2 and 3, respectively. These results
indicate that the influence of the initial abundances in the
gas phase is quite weak on the stability of the correspond-
ing multiple guest clathrate.

Then, we have calculated the variations with tempera-
ture of the relative abundances f; in the multiple guest
clathrate considered in the present study, in each case.

Fig. 5 shows the corresponding results calculated for a
multiple guest clathrate of structure I or II. For case 1, this
figure shows that the relative abundances of Ar, Kr, CHy4
and N, decrease when the formation temperature of the
clathrate decreases, in contrast with the relative abun-
dances of Xe and C,Hg which slightly increase when the
temperature decreases. This indicates that the efficiency of
the trapping by multiple guest clathrates decreases with
temperature for Ar and Kr, whereas it slightly increases for
Xe. This result differs from that obtained in our previous
study (Thomas et al., 2007) in which the trapping of both
Xe and Kr was found to increase when the temperature
decreases. However, in this previous study, we performed

the calculations by assuming the presence of only one noble
gas in the initial gas phase, the two others being excluded.
The difference obtained in the present study for a gas phase
containing the three noble gases, indicates that there is a
strong competition between the trapping of Xe, Kr, and
Ar, when considering that they can be trapped all together.
Similar conclusions are obtained when considering the two
other cases, although the trapping of Xe is found to
increase much more than in case 1 when the temperature
decreases. Also, in cases 2 and 3, the trapping of Kr
appears almost constant in the whole range of tempera-
tures considered in the present study. Note that the
absolute values of the relative abundances are very
different for the three cases due to the different composi-
tions of the initial gas phase.

As a consequence, it is much more useful to compare the
efficiency of the trapping mechanism in each case by
calculating the abundance ratios for the three considered
noble gases Ar, Kr and Xe. Such a ratio is defined as in our
previous paper (Thomas et al., 2007), i.e., as the ratio
between the relative abundance f; of a given noble gas in
the multiple guest clathrate and its initial gas phase
abundance x¢ (see Table 3). The ratios calculated for Xe,
Kr, and Ar in the three cases considered here are given in
Table 4. These ratios have been calculated at the particular
point on the dissociation curves (Fig. 4) corresponding to
the present atmospheric pressure at the ground level of
Titan (i.e., P = 1.5bar and T = T9%).

Table 4 shows that for this particular point of the
dissociation curve, the relative abundances of Xe and Kr
trapped in multiple guest clathrates are much higher than
in the initial gas phase, irrespective of the initial gas phase
composition. By contrast, the relative abundance of Ar is
similar in gas phase and in the multiple guest clathrate.
These results indicate that the efficiency of the trapping by
clathrate may be high enough to significantly decrease the
atmospheric concentrations of Xe and, to a lesser extent, of
Kr, irrespective of the initial gas phase composition,
provided that clathrates are abundant enough at the
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Fig. 4. Dissociation pressures of multiple guest clathrates, as a function of temperature for the three cases considered in the present study (see text): case 1

(solid line), case 2 (dotted line), and case 3 (dashed line).

surface of Titan. On the contrary, with an abundance ratio
close to 1, Ar is poorly trapped in clathrates and the
Ar atmospheric abundance consequently should remain
almost constant.

5. Summary and discussion

We have extended the work of Thomas et al. (2007) by
considering the clathration of a gas mixture presumably
representing the composition of Titan’s atmosphere, where
Ar, Kr and Xe are included all together. In this context, we
have developed a hybrid statistical model derived from the
works of van der Waals and Platteeuw (1959) and
Lipenkov and Istomin (2001), and using available experi-
mental data to constrain the clathrates composition.
Because it has been shown that clathrates equilibrium
calculations are very sensitive to the guest species—cage
interaction potential, we have compared different sets of
potential parameters existing in the literature. Our calcula-
tions were performed using the parameters calculated by
Parrish and Prausnitz (1972), because these parameters
form a consistent set for our application to clathrates on
Titan. We have also assessed the influence of the thermal
variations of the size of the cages to better quantify the
accuracy of the composition prediction. We show that
these variations need to be taken into account if they are
greater than a few percents. We have then considered
several initial gas phase compositions, including different
sets of noble gases abundances, that may be representative
of Titan’s early atmosphere. We finally show that the
trapping efficiency of clathrates is high enough to
significantly decrease the atmospheric concentrations of

Xe and, in a lesser extent, of Kr, irrespective of the initial
gas phase composition, provided that these clathrates are
abundant enough at the surface of Titan. On the contrary,
with an abundance ratio close to 1, Ar is poorly trapped in
clathrates and its atmospheric abundance should remain
consequently almost constant. Despite the fact that we
consider simultaneously three noble gases in the gas phase
composition, in contrast with Thomas et al. (2007), we
obtain the same conclusions: the noble gases trapping
mechanism via clathration can explain the deficiency in
primordial Xe and Kr observed by Huygens in Titan’s
atmosphere, but not that in Ar.

We note that, even if the Visible and Infrared Mapping
Spectrometer (VIMS) onboard Cassini was able to see the
surface unimpeded, the bulk composition of Titan’s crust is
still unknown. Hence, the presence of clathrates on the
surface of Titan is difficult to quantify.

Thomas et al. (2007) calculated that the total sink of Xe
or Kr in clathrates would represent a layer at the surface of
Titan whose equivalent thickness would not exceed
~50cm. The sink of these noble gases in clathrates requires
the presence of available crystalline water ice on the surface
or in the near subsurface of Titan. If an open porosity
exists within the top few hundreds meters in the icy mantle
of Titan, by analogy with the terrestrial icy polar caps, the
amount of available water ice in contact with the atmo-
sphere of Titan would thus increase and help the formation
of clathrates inside the pores. Moreover, in presence of
methane clathrate on the surface of Titan, diffusive
exchange of noble gases with methane might occur in the
cavities, thus favoring their trapping in clathrates. One
must also note that the efficiency of the noble gases
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Fig. 5. Fractions of guests in clathrates, as a function of temperature for structures I and 1I; (top) case 1, (middle) case 2, (bottom) case 3.

trapping by clathrates on Titan can be limited by the very
slow (and poorly known) kinetics at these low temperatures
and the availability of water ice to clathration. It is then
difficult to estimate the timescale needed to remove the
proposed quantities of noble gases from the atmosphere of
Titan.

To explain the deficiency in Ar in a way consistent with
the present results, we can invoke the Titan’s formation
scenario proposed by Alibert and Mousis (2007) and
Mousis et al. (2007). According to this scenario, the lack of
CO in the atmosphere of Titan can be explained if Titan
was formed from planetesimals that have been partially

vaporized in the Saturn’s subnebula. The vaporization
temperature in the Saturn’s subnebula (~50 K) needed to
explain the loss of CO in planetesimals ultimately accreted
by Titan is also high enough to imply the sublimation of Ar
and, in a lower extent, that of Kr (see e.g. Fig. 9 of Alibert
and Mousis, 2007). Indeed, Kr can also be partially
trapped in methane clathrates formed in the solar nebula
(Mousis et al., 2007). On the other hand, Xe still remains
trapped in planetesimals because its incorporation occurs
in conditions close to those required for the methane
clathration in the nebula (Alibert and Mousis, 2007,
Mousis et al., 2007).
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Table 4

Abundance ratios of noble gas in clathrates to noble gas in the initial gas phase for Ar, Kr and Xe

Case Initial molar fraction in gas Abundance ratio structure I Abundance ratio structure II
Ar gas

1 0.1 x 1072 0.4 L5

2 7.1264 x 107 0.8 5

3 2.10506 x 1072 0.7 4.6
Kr gas

1 0.1 x 1072 7.6 353

2 3.44 x 1077 18.3 143.7

3 138 x 107 11.6 89.5
Xe gas

1 0.1 x 1072 308 473

2 38 x 107 863.4 2356

3 1.6 x 107 269.2 948.7

These ratios are calculated at P = 1.5bar, and at the corresponding temperature on the dissociation curves (see Fig. 4). This temperature is equal to 176 K

for case 1, 167K for case 2, and 185 K for case 3.

It is important to mention that the composition of Titan’s
today atmosphere is almost certainly different from that in
past. In particular, the nitrogen isotopes in Titan’s atmosphere
suggest significant mass loss over time. Moreover, we do not
know the outgassing history of methane. In particular, if the
methane outgassing is recent (Tobie et al., 2006), the lack of
infrared opacity prior to that era must result in freezing out of
nitrogen. It is likely that the composition, pressure and
temperatures in Titan’s atmosphere have differed significantly
in the past, which will affect the composition and formation
efficiency of clathrates on the surface.

Finally, we note that there remains the possibility that the
noble gas abundances are telling a story that entirely differs
from the scenario we propose, in which neither molecular
nitrogen nor noble gases were initially accreted in clathrates
(Atreya et al., 2006, 2007). In this context, Titan would have
formed from solids produced at such high temperatures that
they would have accreted nitrogen essentially as ammonia
hydrate. Planetesimals formed in such conditions would be
directly impoverished in noble gases since their trapping in
clathrates require lower temperature and pressure conditions
(Atreya et al., 2006, 2007).
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